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PREFACE

The single objective of this book is to provide engineers with the capability, tools, and
confidence to solve real-world heat transfer problems. This objective has resulted in
a textbook that differs from existing heat transfer textbooks in several ways. First,
this textbook includes many topics that are typically not covered in undergraduate
heat transfer textbooks. Examples are the detailed presentations of mathematical solu-
tion methods such as Bessel functions, Laplace transforms, separation of variables,
Duhamel’s theorem, and Monte Carlo methods as well as high order explicit and implicit
numerical integration algorithms. These analytical and numerical solution methods are
applied to advanced topics that are ordinarily not considered in a heat transfer textbook.

Judged by its content, this textbook should be considered as a graduate text. There is
sufficient material for two-semester courses in heat transfer. However, the presentation
does not presume previous knowledge or expertise. This book can be (and has been)
successfully used in a single-semester undergraduate heat transfer course by appropri-
ately selecting from the available topics. Our recommendations on what topics can be
included in a first heat transfer course are provided in the suggested syllabus. The rea-
son that this book can be used for a first course (despite its expanded content) and the
reason it is also an effective graduate-level textbook is that all concepts and methods
are presented in detail, starting at the beginning. The derivation of important results is
presented completely, without skipping steps, in order to improve readability, reduce
student frustration, and improve retention. You will not find many places in this text-
book where it states that “it can be shown that...” The use of examples, solved and
explained in detail, is ubiquitous in this textbook. The examples are not trivial, “text-
book” exercises, but rather complex and timely real-world problems that are of interest
by themselves. As with the presentation, the solutions to these examples are complete
and do not skip steps.

Another significant difference between this textbook and most existing heat trans-
fer textbooks is its integration of modern computational tools. The engineering student
and practicing engineer of today is expected to be proficient with engineering computer
tools. Engineering education must evolve accordingly. Most real engineering problems
cannot be solved using a sequential set of calculations that can be accomplished with
a pencil or hand calculator. Engineers must have the ability to quickly solve problems
using the powerful computational tools that are available and essential for design, para-
metric study, and optimization of real-world systems. This book integrates the computa-
tional software packages Maple, MATLAB, FEHT, and Engineering Equation Solver
(EES) directly with the heat transfer material. The specific commands and output asso-
ciated with these software packages are presented as the theory is developed so that the
integration is seamless rather than separated.

The computational software tools used in this book share some important charac-
teristics. They are used in industry and have existed for more than a decade; therefore,
while this software will certainly continue to evolve, it is not likely to disappear. Educa-
tional versions of these software packages are available, and therefore the use of these
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tools should not represent an economic hardship to any academic institution or stu-
dent. Useful versions of EES and FEHT are provided on the website that accompanies
this textbook (www.cambridge.org/nellisandklein). With the help provided in the book,
these tools are easy to learn and use. Students can become proficient with all of them in
a reasonable amount of time. Learning the computer tools will not detract significantly
from material coverage. To facilitate this learning process, tutorials for each of the soft-
ware packages are provided on the companion website. The book itself is structured so
that more advanced features of the software are introduced progressively, allowing stu-
dents to become increasingly proficient using these tools as they progress through the
text.

Most (if not all) of the tables and charts that have traditionally been required to
solve heat transfer problems (for example, to determine properties, view factors, shape
factors, convection relations, etc.) have been made available as functions and procedures
in the EES software so that they can be easily accessed and used to solve problems.
Indeed, the library of heat transfer functions that has been developed and integrated
with EES as part of the preparation of this textbook enables a profound shift in the
focus of the educational process. It is trivial to obtain, for example, a shape factor, a view
factor, or a convection heat transfer coefficient using the heat transfer library. Therefore,
it is possible to assign problems involving design and optimization studies that would be
computationally impossible without the computer tools.

Integrating the study of heat transfer with computer tools does not diminish the
depth of understanding of the underlying physics. Conversely, our experience indicates
that the innate understanding of the subject matter is enhanced by appropriate use of
these tools for several reasons. First, the software allows the student to tackle practical
and relevant problems as opposed to the comparatively simple problems that must oth-
erwise be assigned. Real-world engineering problems are more satisfying to the student.
Therefore, the marriage of computer tools with theory motivates students to understand
the governing physics as well as learn how to apply the computer tools. The use of these
tools allows for coverage of more advanced material and more interesting and relevant
problems. When a solution is obtained, students can carry out a more extensive investi-
gation of its behavior and therefore obtain a more intuitive and complete understanding
of the subject of heat transfer.

This book is unusual in its linking of classical theory and modern computing tools.
It fills an obvious void that we have encountered in teaching both undergraduate and
graduate heat transfer courses. The text was developed over many years from our expe-
riences teaching Introduction to Heat Transfer (an undergraduate course) and Heat
Transfer (a first-year graduate course) at the University of Wisconsin. It is our hope that
this text will not only be useful during the heat transfer course, but also provide a life-
long resource for practicing engineers.

G. F. Nellis
S. A. Klein
May, 2008
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STUDY GUIDE

This book has been developed for use in either a graduate or undergraduate level course
in heat transfer. A sample program of study is laid out below for a one-semester graduate
course (consisting of 45 class sessions).

Graduate heat transfer class

Day Sections in Book Topic

1 11 Conduction heat transfer
2 1.2 1-D steady conduction and resistance concepts
3 2.8 Resistance approximations
4 1.3 1-D steady conduction with generation
5 14,1.5 Numerical solutions with EES and MATLAB
6 1.6 Fin solution, fin efficiency, and finned surfaces
7 1.7 Other constant cross-section extended surface problems
8 1.8 Bessel function solutions
9 2.2 2-D conduction, separation of variables
10 2.2 2-D conduction, separation of variables
11 24 Superposition
12 31 Transient, lumped capacitance problems — analytical
solutions
13 3.2 Transient, lumped capacitance problems — numerical
solutions
14 33 Semi-infinite bodies, diffusive time constant
15 33 Semi-infinite bodies, self-similar solution
16 34 Laplace transform solutions to lumped capacitance problems
17 34 Laplace transform solutions to 1-D transient problems
18 35 Separation of variables for 1-D transient problems
19 3.8 Numerical solutions to 1-D transient problems
20 4.1 Laminar boundary layer concepts
21 42,43 The boundary layer equations & dimensionless parameters
22 4.4 Blasius solution for flow over a flat plate
23 4.5,4.6 Turbulent boundary layer concepts, Reynolds averaged
equations
24 4.7 Mixing length models and the laws of the wall
25 4.8 Integral solutions
26 4.8,4.9 Integral solutions, external flow correlations
27 51,52 Internal flow concepts and correlations
28 53 The energy balance
29 54 Analytical solutions to internal flow problems
30 55 Numerical solutions to internal flow problems
31 6.1,6.2 Natural convection concepts and correlations
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32
33
34
35
36
37
38
39
40
4
4
43
44
45

8.1
82,83
8.5

8.7
8.8,8.10
10.1,10.2
10.3
10.3
10.4
10.5
10.5
10.5
10.7
10.7

Study Guide

Introduction to heat exchangers

The LMTD and ¢-NTU forms of the solutions
Heat exchangers with phase change

Axial conduction in heat exchangers

Perforated plate heat exchangers and regenerators
Introduction to radiation, Blackbody emissive power
View factors and the space resistance

Blackbody radiation exchange

Real surfaces, Kirchoff’s law

Gray surface radiation exchange

Gray surface radiation exchange

Semi-gray surface radiation exchange
Introduction to Monte Carlo techniques
Introduction to Monte Carlo techniques

A sample program of study is laid out below for a one-semester undergraduate course
(consisting of 45 class sessions).

Undergraduate heat transfer class

16
17

18
19
20
21
22
23
24
25

Sections in Book  Topic

Al Review of thermodynamics, Using EES

1.2.2-1.2.3 1-D steady conduction, resistance concepts and circuits

1.2.4-1.2.6 1-D steady conduction in radial systems, other thermal
resistance
More thermal resistance problems

1.3.1-1.3.3 1-D steady conduction with generation

1.4 Numerical solutions with EES

1.6.1-1.6.3 The extended surface approximation and the fin solution

1.6.4-1.6.6 Fin behavior, fin efficiency, and finned surfaces

1.9.1 Numerical solutions to extended surface problems

2.1 2-D steady-state conduction, shape factors

2.8.1-2.8.2 Resistance approximations

2.9 Conduction through composite materials

2.5 Numerical solution to 2-D steady-state problems with EES

31 Lumped capacitance assumption, the lumped time constant

321,322 Numerical solution to lumped problems (Euler’s, Heun’s,
Crank-Nicolson)

3.3.1-33.2 Semi-infinite body, the diffusive time constant

332,334 Approximate models of diffusion, other semi-infinite
solutions

3.5.1-352 Solutions to 1-D transient conduction in a bounded geometry

3.8.1-3.8.2 Numerical solution to 1-D transient conduction using EES

4.1 Introduction to laminar boundary layer concepts

42,43 Dimensionless numbers

4.5 Introduction to turbulent boundary layer concepts

4.9.1-49.2 Correlations for external flow over a plate

4.9.3-494 Correlations for external flow over spheres and cylinders

51 Internal flow concepts



Study Guide

26
27
28
29
30
31

32
33

34

35
36
37
38

39
40
41
42
43
44
45

52
53

6.1
6.2.1-6.2.3
6.2.4-6.2.7

71,72
73,7.43,7.5

8.1

8.2

8.3.1-8.3.3
8.34

8.10.1, 8.10.3-4

10.1,10.2
10.3.1-10.3.2
10.3.3

10.4
10.5.1-10.5.3

10.6

Internal flow correlations

Energy balance for internal flows

Internal flow problems

Introduction to natural convection

Natural convection correlations

Natural convection correlations and combined forced/free
convection

Pool boiling

Correlations for flow boiling, flow condensation, and film
condensation

Introduction to heat exchangers, compact heat exchanger
correlations

The LMTD Method

The e-NTU Method

Limiting behaviors of the e-NTU Method

Regenerators, solution for balanced & symmetric
regenerator, packings

Introduction to radiation, blackbody emission

View factors

Blackbody radiation exchange

Real surfaces and Kirchoff’s law

Gray surface radiation exchange

Gray surface radiation exchange

Radiation with other heat transfer mechanisms
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NOMENCLATURE

Att

a,sat

Ceff

Cms

Cnb
Crurb,u

Cturb, |4

i™ coefficient of a series solution

cross-sectional area (m?)

minimum flow area (m?)

projected area (m?)

surface area (m?)

surface area of a fin (m?)

prime (total) surface area of a finned surface (m?)

aspect ratio of a rectangular duct

area ratio of fin tip to fin surface area

attenuation (-)

parameter in the blowing factor (-)

blowing factor (-)

Biot number (-)

boiling number (-)

Brinkman number

specific heat capacity (J/kg-K)

concentration (-)

speed of light (m/s)

specific heat capacity of an air-water mixture on a unit mass of air basis
(J/kga-K)

specific heat capacity of an air-water mixture along the saturation line on a
unit mass of air basis (J/kg,-K)

effective specific heat capacity of a composite (J/kg-K)

ratio of the energy carried by a micro-scale energy carrier to its
temperature (J/K)

specific heat capacity at constant volume (J/kg-K)

total heat capacity (J/K)

capacitance rate of a flow (W/K)

undetermined constants

dimensionless coefficient for critical heat flux correlation (-)
drag coefficient (-)

friction coefficient (-)

average friction coefficient (-)

coefficient for laminar plate natural convection correlation (-)
dimensionless coefficient for nucleate boiling correlation (-)
capacity ratio (-)

coefficient for turbulent, horizontal upward plate natural conv.
correlation (-)

coefficient for turbulent, vertical plate natural convection correlation (-)
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Co
CTE
D

o1

Nomenclature

convection number (-)

coefficient of thermal expansion (1/K)

diameter (m)

diffusion coefficient (m?/s)

hydraulic diameter (m)

differential in the x-direction (m)

differential in the y-direction (m)

size of surface roughness (m)

convergence or numerical error

rate of thermal energy carried by a mass flow (W)

total emissive power (W/m?)

total blackbody emissive power (W/m?)

spectral emissive power (W/m?-um)

blackbody spectral emissive power (W/m?-um)

Eckert number (-)

frequency (Hz)

dimensionless stream function, for Blasius solution (-)

friction factor (-)

average friction factor (-)

friction factor for liquid-only flow in flow boiling (-)

force (N)

correction-factor for log-mean temperature difference (-)
external fractional function (-)

view factor from surface i to surface j (-)

the “F-hat” parameter characterizing radiation from surface i to surface j (-)
fractional duty for a pinch-point analysis (-)

Fourier number (-)

Froude number (-)

modified Froude number (-)

acceleration of gravity (m/s®)

rate of thermal energy generation (W)

rate of thermal energy generation per unit volume (W/m?)
effective rate of generation per unit volume of a composite (W/m?)
rate of thermal energy generation per unit volume due to viscous
dissipation (W/m?)

mass flux or mass velocity (kg/m?-s)

total irradiation (W/m?)

spectral irradiation (W/m?-pm)

Galileo number (-)

Grashof number (-)

Graetz number (-)

local heat transfer coefficient (W/m2-K)

average heat transfer coefficient (W/m?-K)

dimensionless heat transfer coefficient for flow boiling correlation (-)
mass transfer coefficient (m/s)

average mass transfer coefficient (m/s)

superficial heat transfer coefficient for the liquid phase (W/m?-K)



Nomenclature XXiX

h rad

Lt

L*
Lchar
Lchar, Vs

the equivalent heat transfer coefficient associated with radiation (W/m?-K)
index of node (-)

index of eigenvalue (-)

index of term in a series solution (-)

specific enthalpy (J/kg-K)

square root of negative one, v/—1

specific enthalpy of an air-water mixture on a per unit mass of air basis
(J/kga)

current (ampere)

intensity of emitted radiation (W/m?-um-steradian)

intensity of incident radiation (W/m?-um-steradian)

index of node (-)

index of eigenvalue (-)

radiosity (W/m?)

Colburn jy factor (-)

thermal conductivity (W/m-K)

Bolzmann’s constant (J/K)

contraction loss coefficient (-)

expansion loss coefficient (-)

effective thermal conductivity of a composite (W/m-K)

Knudsen number (-)

Lennard-Jones 12-6 potential characteristic length for species 1 (m)
characteristic length of a mixture of species 1 and species 2 (m)
length (m)

dimensionless length for a hydrodynamically developing internal flow (-)
dimensionless length for a thermally developing internal flow (-)
characteristic length of the problem (m)

the characteristic size of the viscous sublayer (m)

length for conduction (m)

length in the flow direction (m)

mixing length (m)

distance between interactions of micro-scale energy or momentum carriers
(m)

Lewis number (-)

number of nodes (-)

mass (kg)

fin parameter (1/m)

mass flow rate (kg/s)

mass flow rate per unit area (kg/m2-s)

mass of microscale momentum carrier (kg/carrier)

mass fraction (-)

molar mass (kg/kgmol)

number density (#/m?)

number density of the micro-scale energy carriers (#/m?)

molar transfer rate per unit area (kgmol/m?>-s)

number of nodes (-)

number of moles (kgmol)

number of species in a mixture (-)

Nusselt number (-)
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Nu average Nusselt number (-)
NTU number of transfer units (-)
p pressure (Pa)
pitch (m)
p LMTD effectiveness (-)
probability distribution (-)
Poo free-stream pressure (Pa)
p dimensionless pressure (-)
Pe Peclet number (-)
per perimeter (m)
Pr Prandtl number (-)
Prugp turbulent Prandtl number (-)
q rate of heat transfer (W)
Gitoj rate of radiation heat transfer from surface i to surface j (W)
Gmax maximum possible rate of heat transfer, for an effectiveness solution (W)
q’ heat flux, rate of heat transfer per unit area (W/m?)
q’ surface heat flux (W/m?)
4’ i critical heat flux for boiling (W/m?)
' total energy transfer by heat (J)
0 dimensionless total energy transfer by heat (-)
r radial coordinate (m)
radius (m)
F dimensionless radial coordinate (-)
R thermal resistance (K/W)
ideal gas constant (J/kg-K)
LMTD capacitance ratio (-)
Rz thermal resistance approximation based on average area limit (K/W)
R thermal resistance to axial conduction in a heat exchanger (K/W)
R thermal resistance approximation based on adiabatic limit (K/W)
Ry thermal resistance of the boundary layer (K/W)
R. thermal resistance due to solid-to-solid contact (K/W)
Reonv thermal resistance to convection from a surface (K/W)
Reyi thermal resistance to radial conduction through a cylindrical shell (K/W)
R, electrical resistance (ohm)
Ry thermal resistance due to fouling (K/W)
Riin thermal resistance of a fin (K/W)
R;; the radiation space resistance between surfaces i and j (1/m?)
Riso thermal resistance approximation based on isothermal limit (K/W)
Ry thermal resistance approximation based on average length limit (K/W)
R, thermal resistance to radial conduction through a plane wall (K/W)
R, thermal resistance to radiation (K/W)
Ry the radiation surface resistance for surface i (1/m?)
Rsemi-oo thermal resistance approximation for a semi-infinite body (K/W)
Rpn thermal resistance to radial conduction through a spherical shell (K/W)
R0 thermal resistance of a finned surface (K/W)
Runiv universal gas constant (8314 J/kgmol-K)
R/ area-specific contact resistance (K-m?/W)
R}f area-specific fouling resistance (K-m?/W)

Ra Rayleigh number (-)
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Re
Recrit
RH
RR

S

S

Sc
Sh
Sh
St
t
Lsim
th
tol

Uchar

Reynolds number (-)

critical Reynold number for transition to turbulence (-)

relative humidity (-)

radius ratio of an annular duct (-)

Laplace transformation variable (1/s)

generic coordinate (m)

shape factor (m)

channel spacing (m)

Schmidt number (-)

Sherwood number (-)

average Sherwood number (-)

Stanton number (-)

time (s)

simulated time (s)

thickness (m)

convergence tolerance

temperature (K)

base temperature of fin (K)

film temperature (K)

mean or bulk temperature (K)

surface temperature (K)

saturation temperature (K)

free-stream or fluid temperature (K)

eddy temperature fluctuation (K)

fluctuating component of temperature (K)

average temperature (K)

temperature solution that is a function of r, for separation of variables
temperature solution that is a function of ¢, for separation of variables
temperature solution that is a function of x, for separation of variables
temperature solution that is a function of y, for separation of variables
thickness (m)

internal energy (J)

utilization (-)

specific internal energy (J/kg)

velocity in the x-direction (m/s)

characteristic velocity (m/s)

frontal or upstream velocity (m/s)

mean or bulk velocity (m/s)

free-stream velocity (m/s)

eddy velocity (m/s)

inner velocity (-)

dimensionless x-velocity (-)

fluctuating component of x-velocity (m/s)

average x-velocity (m/s)

conductance (W/K)

velocity in the y- or r-directions (m/s)

y-velocity at the outer edge of the boundary layer, approximate scale of
y-velocity in a boundary layer (m/s)

mean velocity of micro-scale energy or momentum carriers (m/s)
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dimensionless y-velocity (-)

fluctuating component of y-velocity (m/s)
average y-velocity (m/s)

volume (m?)

voltage (V)

volume flow rate (m?3/s)

void fraction (-)

velocity in the z-direction (m/s)

rate of work transfer (W)

width (m)

total amount of work transferred (J)
x-coordinate (m)

quality (-)

X dimensionless x-coordinate (-)

X particular solution that is only a function of x
Xfd,h hydrodynamic entry length (m)

Xfd s thermal entry length (m)

Xy Lockhart Martinelli parameter (-)

y y-coordinate (m)

mole fraction (-)

inner position (-)

v dimensionless y-coordinate (-)

Y particular solution that is only a function of y
z z-coordinate (m)

Sssg < <slew

=

Greek Symbols

o thermal diffusivity (m?/s)
absorption coefficient (1/m)
absorptivity or absorptance (-), total hemispherical absorptivity (-)
surface area per unit volume (1/m)

Oleff effective thermal diffusivity of a composite (m?/s)

oy, hemispherical absorptivity (-)

) spectral directional absorptivity (-)

B volumetric thermal expansion coefficient (1/K)

) film thickness for condensation (m)
boundary layer thickness (m)

34 mass transfer diffusion penetration depth (m)
concentration boundary layer thickness (m)

Sm momentum diffusion penetration depth (m)
momentum boundary layer thickness (m)

Sus viscous sublayer thickness (m)

8 energy diffusion penetration depth (m)
thermal boundary layer thickness (m)

Aifys latent heat of fusion (J/kg)

Alygp latent heat of vaporization (J/kg)

Ap pressure drop (N/m?)

Ar distance in r-direction between adjacent nodes (m)
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AT
AT,
ATy
At

Al‘crit
Ax
Ay

&

Efin
ey
&)
Er0.0
EM
&1
€12

¢

Nfin

> &

b

SIS

D

OR

ot

06X

o0Xt

oY

oYt

0Zt

temperature difference (K)

excess temperature (K)

log-mean temperature difference (K)

time step (s)

time period (s)

critical time step (s)

distance in x-direction between adjacent nodes (m)

distance in y-direction between adjacent nodes (m)

heat exchanger effectiveness (-)

emissivity or emittance (-), total hemispherical emissivity (-)

fin effectiveness (-)

eddy diffusivity for heat transfer (m?/s)

hemispherical emissivity (-)

spectral, directional emissivity (-)

eddy diffusivity of momentum (m?/s)

Lennard-Jones 12-6 potential characteristic energy for species 1 (J)
characteristic energy parameter for a mixture of species 1 and species 2 (J)
porosity (-)

phase angle (rad)

spherical coordinate (rad)

similarity parameter (-)

efficiency (-)

fin efficiency (-)

overall efficiency of a finned surface (-)

von Kdrmdn constant

dimensionless axial conduction parameter (-)

wavelength of radiation (um)

i eigenvalue of a solution (1/m)

viscosity (N-s/m?)

frequency of radiation (1/s)

temperature difference (K)

angle (rad)

spherical coordinate (rad)

dimensionless temperature difference (-)

inner temperature difference (-)

temperature difference solution that is only a function of r, for separation
of variables

temperature difference solution that is only a function of ¢, for separation
of variables

temperature difference solution that is only a function of x, for separation
of variables

temperature difference solution that is only a function of x and ¢, for
reduction of multi-dimensional transient problems

temperature difference solution that is only a function of y, for separation
of variables

temperature difference solution that is only a function of y and ¢, for
reduction of multi-dimensional transient problems

temperature difference solution that is only a function of z and ¢, for
reduction of multi-dimensional transient problems
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P density (kg/m?)
reflectivity or reflectance (-), total hemispherical reflectivity (-)
Pe electrical resistivity (ohm-m)
Peff effective density of a composite (kg/m?)
05, hemispherical reflectivity (-)
Prbe spectral, directional reflectivity (-)
o surface tension (N/m),

molecular radius (m)
ratio of free-flow to frontal area (-)
Stefan-Boltzmann constant (5.67 x 10 W/m?-K*)
T time constant (s)
shear stress (Pa)
transmittivity or transmittance (-), total hemispherical transmittivity (-)

Taiff diffusive time constant (s)

Tlumped lumped capacitance time constant (s)
7 hemispherical transmittivity (-)

Thoe spectral, directional transmittivity (-)
T shear stress at surface (N/m?)

v kinematic viscosity (m?/s)

w angular velocity (rad/s)

humidity ratio (kgy/kg,)
solid angle (steradian)

Qp dimensionless collision integral for diffusion (-)
v stream function (m?/s)
e tilt angle (rad)

curvature parameter for vertical cylinder, natural convection
correlation (-)

& the i dimensionless eigenvalue (-)
Superscripts
o at infinite dilution
Subscripts
a air
abs absorbed
ac axial conduction (in heat exchangers)
an analytical
app apparent
approximate
b blackbody
bl boundary layer
bottom bottom
¢ condensate film
corrected
C cold
cold-side of a heat exchanger
cc complex conjugate, for complex combination problems
char characteristic

cf counter-flow heat exchanger



Nomenclature

cond
conv
crit
CTHB
dc
df
diff
eff
emit
evap
ext

f

fc
fd,h
fdt
fin
h

H

hs
HTCB
i

ini
int

no-fin
out

conduction, conductive
convection, convective
critical

cold-to-hot blow process
dry coil

downward facing

diffusive transfer

effective

emitted

evaporative

external

fluid

forced convection
hydrodynamically fully developed
thermally fully developed
fin, finned

homogeneous solution

hot

hot-side of a heat exchanger
constant heat flux boundary condition
on a hemisphere
hot-to-cold blow process
node i

surface i

species i

inner

inlet

initial

internal

interface

integration period

node j

surface j

liquid

laminar

left-hand side
lumped-capacitance

mean or bulk

melting

maximum or maximum possible
minimum or minimum possible
modified

micro-scale carrier

normal

without axial conduction (in heat exchangers)

nucleate boiling
natural convection
without a fin

outer

outlet

particular (or non-homogeneous) solution
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pf parallel-flow heat exchanger
pp pinch-point
r regenerator matrix
at position r
rad radiation, radiative
ref reference
RHS right-hand side
s at the surface
sat saturated
saturated section of a heat exchanger
sat,l saturated liquid
sat,v saturated vapor
sc sub-cooled section of a heat exchanger
semi-oo semi-infinite
sh super-heated section of a heat exchanger
sph sphere
sur surroundings
sus sustained solution
T constant temperature boundary condition
at temperature 7’
top top
tot total
turb turbulent
uf upward-facing
unfin not finned
v vapor
vertical
viscous dissipation
w water
wb wet-bulb
wc wet coil
x at position x
in the x-direction
X~ in the negative x-direction
xt in the positive x-direction
y at position y
in the y-direction
00 free-stream, fluid
90° solution that is 90° out of phase, for complex combination problems

Other notes

A arbitrary variable
A fluctuating component of variable A
value of variable A on a unit length basis
A" value of variable A on a unit area basis
A" value of variable A on a unit volume basis
A dimensionless form of variable A
A a guess value or approximate value for variable A
A Laplace transform of the function A



Nomenclature

average of variable A

denotes that variable A is a vector
denotes that variable A is a matrix
differential change in the variable A
uncertainty in the variable A

AA finite change in the variable A

O(A) order of magnitude of the variable A
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1 One-Dimensional, Steady-State Conduction

1.1 Conduction Heat Transfer

1.1.1 Introduction

Thermodynamics defines heat as a transfer of energy across the boundary of a system
as a result of a temperature difference. According to this definition, heat by itself is an
energy transfer process and it is therefore redundant to use the expression ‘heat trans-
fer’. Heat has no option but to transfer and the expression ‘heat transfer’ reinforces the
incorrect concept that heat is a property of a system that can be ‘transferred’ to another
system. This concept was originally proposed in the 1800’s as the caloric theory (Keenan,
1958); heat was believed to be an invisible substance (having mass) that transferred from
one system to another as a result of a temperature difference. Although the caloric the-
ory has been disproved, it is still common to refer to ‘heat transfer’.

Heat is the transfer of energy due to a temperature gradient. This transfer process
can occur by two very different mechanisms, referred to as conduction and radiation.
Conduction heat transfer occurs due to the interactions of molecular (or smaller) scale
energy carriers within a material. Radiation heat transfer is energy transferred as elec-
tromagnetic waves. In a flowing fluid, conduction heat transfer occurs in the presence
of energy transfer due to bulk motion (which is not a heat transfer) and this leads to a
substantially more complex situation that is referred to as convection.

1.1.2 Thermal Conductivity

Conduction heat transfer occurs due to the interactions of micro-scale energy carriers
within a material; the type of energy carriers depends upon the structure of the mate-
rial. For example, in a gas or a liquid, the energy carriers are individual molecules
whereas the energy carriers in a solid may be electrons or phonons (i.e., vibrations
in the structure of the solid). The transfer of energy by conduction is fundamentally
related to the interactions of these energy carriers; more energetic (i.e., higher tem-
perature) energy carriers transfer energy to less energetic (i.e., lower temperature)
ones, resulting in a net flow of energy from hot to cold (i.e., heat transfer). Regard-
less of the type of energy carriers involved, conduction heat transfer can be charac-
terized by Fourier’s law, provided that the length and time scales of the problem are
large relative to the distance and time between energy carrier interactions. Fourier’s law
relates the heat flux in any direction to the temperature gradient in that direction. For
example:

T aT
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Figure 1-1: Conductivity functions in EES for (a) compressible substances and (b) incompressible
substances.

where ¢” is the heat flux in the x-direction and k is the thermal conductivity of the mate-
rial. Fourier’s law actually provides the definition of thermal conductivity:

_ q//
aT
ax

k =

(1-2)

Thermal conductivity is a material property that varies widely depending on the type of
material and its state. Thermal conductivity has been extensively measured and values
have been tabulated in various references (e.g., NIST (2005)). The thermal conductivity
of many substances is available within the Engineering Equation Solver (EES) program.
It is suggested that the reader go through the tutorial that is provided in Appendix A.1
in order to become familiar with EES. Appendix A.1 can be found on the web site
associated with this book (www.cambridge.org/nellisandklein). To access the thermal
conductivity functions in EES, select Function Info from the Options menu and select
the Fluid Properties button; this action displays the properties that are available for
compressible fluids. Navigate to Conductivity in the left hand window and select the fluid
of interest in the right hand window (e.g., Water), as shown in Figure 1-1(a). Select Paste
in order to place the call to the Conductivity function into the Equations Window. Select
the Solid/liquid properties button in order to access the properties for incompressible
fluids and solids, as shown in Figure 1-1(b).

The EES code below specifies the unit system to be used (SI) and then computes the
conductivity of water, air, and aluminum (k,,, k,, and k,/) at T =20°C and p = 1.0 atm,

$UnitSystem SI MASS RAD PAK J
$Tabstops 0.2 0.4 0.6 3.5 in

T=converttemp(C,K,20 [C])
P=1.0 [atm]*convert(atm,Pa)

“temperature”
“pressure”

k_w=Conductivity(Water,T=T,P=P)
k_a=Conductivity(Air,T=T)
k_al=k_(‘Aluminum’, T)

“conductivity of water at T and P”
“conductivity of air at T and P”
“conductivity of aluminum at T”

which leads to k,, = 0.59 W/m-K, k, = 0.025 W/m-K, and k,; = 236 W/m-K. The con-
ductivity of aluminum (an electrically conductive metal) is approximately 10,000x that
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Temperature

Figure 1-2: Energy flow through a plane at posi-
tion x.

Position

of air (a dilute gas, at these conditions), with water (a liquid) falling somewhere between
these values.

It is possible to understand the thermal conductivity of various materials based on the
underlying characteristics of their energy carriers, the microscopic physical entities that
are responsible for conduction. For example, the kinetic theory of gases may be used to
provide an estimate of the thermal conductivity of a gas and the thermal conductivity
of electrically conductive metals can be understood based on a careful study of electron
behavior.

Consider conduction through a material in which a temperature gradient has been
established in the x-direction, as shown in Figure 1-2. We can evaluate (approximately)
the net rate of energy transferred through a plane that is located at position x. The
flux of energy carriers passing through the plane from left-to-right (i.e., in the positive
x-direction) is proportional to the number density of the energy carriers (n,,;) and their
mean velocity (v,s). The energy carriers that are moving in the positive x-direction expe-
rienced their last interaction at approximately x—L,,; (on average), where L, is the dis-
tance between energy carrier interactions. (Actually, the last interaction would not occur
exactly at this position since the energy carriers are moving relative to each other and
also in the y- and z-directions.) The energy associated with these left-to-right moving
carriers is proportional to the temperature at position x-L,; (T, ). The energy per
unit area passing through the plane from left-to-right (¢, ) is given approximately by:

/A
qx+ ~ Nms Ums Cms Tx—Lms (1'3)
Ne— e ————

#carriers energy
area-time carrier

where ¢, 1S the ratio of the energy of the carrier to its temperature. Similarly, the energy
per unit area carried through the plane in the negative x-direction by the energy carriers
that are moving from right-to-left (¢7_) is given approximately by:

6'];/, ~ Nms Ums Cms TX+L,m- (1'4)

The net conduction heat flux passing through the plane (¢”) is the difference between
gy, and gy_,

i]” R Hps Ums Cms (Tx—Lm\- — Txir,, (1-5)

which can be rearranged to yield:

/

T — T
( X+ Ly X—Lys (1_6)
LmS

Recall from calculus that the definition of the temperature gradient is:

g T Tx+dx - Tx—dx
0x dx—0 2dx

A2 —Hns Ums Cms Lims

q/

(1-7)
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Figure 1-3: Thermal conductivity of various materials as a function of temperature.

In the limit that the length between energy carrier interactions (L) is much less than
the length scale that characterizes the problem (L, ):

(Tx+Lms - Tx—Lm) ~ lim Tx+dx - Tx—dx _ g (1-8)
2L, dx—0 2dx ox
Equation (1-8) can be substituted into Eq. (1-6) to yield:
oT
q// R =2 Hs Vs Cns Lins — (1'9)
—_——— ——— 0x
ok

The ratio of the length between energy carrier interactions to the length scale that char-
acterizes the problem is referred to as the Knudsen number. The Knudsen number (Kn)
should be calculated in order to ensure that continuum concepts (like Fourier’s law) are
applicable:

Lms
Lchar

Kn = (1-10)
If the Knudsen number is not small then continuum theory breaks down. This limit may
be reached in micro- and nano-scale systems where L., becomes small as well as in
problems involving rarefied gas where L,,; becomes large. Specialized theory for heat
transfer is required in these limits and the interested reader is referred to books such as
Tien et al. (1998), Chen (2005), and Cercignani (2000).

Comparing Eq. (1-9) with Fourier’s law, Eq. (1-1), shows that the thermal conduc-
tivity is proportional to the product of the number of energy carriers per unit volume,
their average velocity, the mean distance between their interactions, and the ratio of the
amount of energy carried by each energy carrier to its temperature:

k o Fys Vs Cms Lims (1-11)

The scaling relation expressed by Eq. (1-11) is informative. Figure 1-3 illustrates the
thermal conductivity of several common materials as a function of temperature.

Notice that metals have the largest thermal conductivity, followed by other solids
and liquids, while gases have the lowest conductivity. Gases are diffuse and thus the
number density of the energy carriers (gas molecules) is substantially less than for other
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forms of matter. Pure metals have the highest thermal conductivity because energy is
carried primarily by electrons which are numerous and fast moving. The thermal con-
ductivity and electrical resistivity of pure metals are related (by the Weidemann-Franz
law) because both electricity and thermal energy are transported by the same mecha-
nism, electron flow. Alloys have lower thermal conductivity because the electron motion
is substantially impeded by the impurities within the structure of the material; this effect
is analogous to reducing the parameter L,,; in Eq. (1-11). In non-metals, the energy is
carried by phonons (or lattice vibrations), while in liquids the energy is carried by
molecules.

Thermal Conductivity of a Gas

This extended section of the book can be found on the website (www.cambridge.org/
nellisandklein) and discusses the application of Eq. (1-11) to the particular case of an
ideal gas where the energy carriers are gas molecules.

1.2 Steady-State 1-D Conduction without Generation

1.2.1 Introduction

Chapters 1 through 3 examine conduction problems using a variety of conceptual, ana-
lytical, and numerical techniques. We will begin with simple problems and move eventu-
ally to complex problems, starting with truly one-dimensional (1-D), steady-state prob-
lems and working finally to two-dimensional and transient problems. Throughout this
book, problems will be solved both analytically and numerically. The development of
an analytical or a numerical solution is accomplished using essentially the same steps
regardless of the complexity of the problem; therefore, each class of problem will be
solved in a uniform and rigorous fashion. The use of computer software tools facilitates
the development of both analytical and numerical solutions; therefore, these tools are
introduced and used side-by-side with the theory.

1.2.2 The Plane Wall

In general, the temperature in a material will be a function of position (x, y, and z, in
Cartesian coordinates) and time (¢). The definition of steady-state is that the temper-
ature is unchanging with time. There are certain idealized problems in which the tem-
perature varies in only one direction (e.g., the x-direction). These are one-dimensional
(1-D), steady-state problems. The classic example is a plane wall (i.e., a wall with a con-
stant cross-sectional area, A, in the x-direction) that is insulated around its edges. In
order for the temperature distribution to be 1-D, each face of the wall must be subjected
to a uniform boundary condition. For example, Figure 1-4 illustrates a plane wall in
which the left face (x = 0) is maintained at T while the right face (x = L) is held at T¢.

|<—L—>
LS
==

. . . T
Figure 1-4: A plane wall with fixed temperature boundary condi- ~#
tions.
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The first step toward developing an analytical solution for this, or any, problem
involves the definition of a differential control volume. The control volume must encom-
pass material at a uniform temperature; therefore, in this case it must be differentially
small in the x-direction (i.e., it has width dx, see Figure 1-4) but can extend across the
entire cross-sectional area of the wall as there are no temperature gradients in the y- or
z-directions. Next, the energy transfers across the control surfaces must be defined as
well as any thermal energy generation or storage terms. For the steady-state, 1-D case
considered here, there are only two energy transfers, corresponding to the rate of con-
duction heat transfer into the left side (i.e., at position x, ¢,) and out of the right side
(i.e., at position x + dx, §yi4x) Of the control volume. A steady-state energy balance for
the differential control volume is therefore:

Gx = Qx+tdx (1'19)
A Taylor series expansion of the term at x 4 dx leads to:
, . dg d’q dx*  d*q dé®
Y I I T i TR (1-20)

The analytical solution proceeds by taking the limit as dx goes to zero so that the higher
order terms in Eq. (1-20) can be neglected:

dé
Qxvdx = qx + d_z dx (1-21)
Substituting Eq. (1-21) into Eq. (1-19) leads to:
dq
1 =dy+ —d 1-22
4x = Gut o dx (1-22)
or
dg
— =0 1-23
Ir (1-23)

Equation (1-23) is typical of the initial result that is obtained by considering a differen-
tial energy balance: a differential equation that is expressed in terms of energy rather
than temperature. This form of the differential equation should be checked against your
intuition. Equation (1-23) indicates that the rate of conduction heat transfer is not a
function of x. For the problem in Figure 1-4, there are no sources or sinks of energy
and no energy storage within the wall; therefore, there is no reason for the rate of heat
transfer to vary with position.

The final step in the derivation of the governing equation is to substitute appropri-
ate rate equations that relate energy transfer rates to temperatures. The result of this
substitution will be a differential equation expressed in terms of temperature. The rate
equation for conduction is Fourier’s law:

] =—kA. — 1-24

q e (1-24)
For our problem, the temperature is only a function of position, x, and therefore the
partial differential in Eq. (1-24) can be replaced with an ordinary differential:

dT
G =—kAc— (1-25)

Substituting Eq. (1-25) into Eq. (1-23) leads to:

d aTr
s [—kAC E} ~0 (1-26)
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If the thermal conductivity is constant then Eq. (1-26) may be simplified to:
a’T
2 -0
dx?

The derivation of Eq. (1-27) is trivial and yet the steps are common to the derivation
of the governing equation for more complex problems. These steps include: (1) the def-
inition of an appropriate control volume, (2) the development of an energy balance,
(3) the expansion of terms, and (4) the substitution of rate equations.

In order to completely specify a problem, it is necessary to provide boundary con-
ditions. Boundary conditions are information about the solution at the extents of the
computational domain (i.e., the limits of the range of position and/or time over which
your solution is valid). A second order differential equation requires two boundary con-
ditions. For the problem shown in Figure 1-4, the boundary conditions are:

Tvo=Tu (1-28)
T =Tc (1-29)

(1-27)

Equations (1-27) through (1-29) represent a well-posed mathematical problem: a second
order differential equation with boundary conditions. Equation (1-27) is very simple and
can be solved by separation and direct integration:

AT

| = 1-
d_dx_ 0 (1-30)

Equation (1-30) is integrated according to:

F AT
dl=—1| =10 1-31

[a|% =] (131)
Because Eq. (1-31) is an indefinite integral (i.e., there are no limits on the integrals), an
undetermined constant (Cy) results from the integration:

dT

—=C 1-32

dx ! ( )
Equation (1-32) is separated and integrated again:

/ dT = / C dx (1-33)

T=Cix+C (1-34)

to yield

Equation (1-34) shows that the temperature distribution must be linear; any linear func-
tion (i.e., any values of the constants C; and C,) will satisfy the differential equation,
Eq. (1-27). The constants of integration are obtained by forcing Eq. (1-34) to also satisfy
the two boundary conditions, Egs. (1-28) and (1-29):

Tpu=Ci0+G (1-35)
Tc=CL+G (1-36)

Equations (1-35) and (1-36) are solved for C; and C, and substituted into Eq. (1-34) to
provide the solution:

_ (Tc— TH)x

T
L

+ Ty (1-37)
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The heat transfer at any location within the wall is obtained by substituting the temper-
ature distribution, Eq. (1-37), into Fourier’s law, Eq. (1-25):

dT kA,
dx ~ L

q =—kA. (Tu = T¢) (1-38)
Equation (1-38) shows that the heat transfer does not change with the position within
the wall; this behavior is consistent with Eq. (1-23).

The development of analytical solutions is facilitated using a symbolic software
package such as Maple. It is suggested that the reader stop and go through the tuto-
rial provided in Appendix A.2 which can be found on the web site associated with
the book (www.cambridge.org/nellisandklein) in order to become familiar with Maple.
Note that the Maple Command Applet that is discussed in Appendix A.2 is available
on the internet and can be used even if you do not have access to the Maple software.
The mathematical solution to the 1-D, steady-state conduction problem associated with
a plane wall is easy enough that there is no reason to use Maple. However, it is worth-
while to use the problem in order to illustrate some of the basic steps associated with
using Maple in anticipation of more difficult problems. Start a new problem in Maple
(select New from the File menu). Enter the governing differential equation, Eq. (1-27),
and assign it to the function ODE; note that the second derivative of 7 with respect to x
is obtained by applying the diff command twice.

> restart;
> ODE:=diff(diff(T(x),x),x)=0;

A
ODE := —T(x) =0
dx?

The solution to the ordinary differential equation is obtained using the dsolve command
and assigned to the function Ts.

> Ts:=dsolve(ODE);
Ts:=T(x)=_Clx+ _C2

The solution identified by Maple is consistent with Eq. (1-34), except that Maple uses the
variables _C1 and _C2 rather than C; and C; to represent the constants of integration.
The two boundary conditions, Egs. (1-35) and (1-36), are obtained symbolically using
the eval command to evaluate the solution at a particular position and assigned to the
functions BC1 and BC2.

> BC1:=eval(Ts,x=0)=T_H;
BC1:=(T(0)=_C2)=T_H
> BC2:=eval(Ts,x=L)=T_C;
BC2:=(T(L)= _ClL+ _C2)=T_C

The result of the eval command is almost, but not quite what is needed to solve for the
constants. The expressions include the extraneous statements T(0) and T(L); use the rhs
function in order to return just the expression on the right hand side.
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> BC1:=rhs(eval(Ts,x=0))=T_H;
BCl:=_C2=T_H
> BC2:=rhs(eval(Ts,x=L))=T_C;
BC2:= _CIL+_C2=T_C

The constants are explicitly determined using the solve command. Note that the solve
command requires two arguments; the first is the equation or, in this case, set of equa-
tions to be solved (the boundary conditions, BC1 and BC2) and the second is the vari-
able or set of variables to solve for (the constants _C1 and _C2).

> constants:=solve({BC1,BC2},{_C1,_C2});
T_H — 'I',("]
=TT

constants .= {_C2=T_H, _Cl = i

The constants are substituted into the general solution using the subs command. The
subs command requires two arguments; the first is the set of definitions to be substituted
and the second is the set of equations to substitute them into.

> Ts:=subs(constants,Ts);

This result is the same as Eq. (1-37).

1.2.3 The Resistance Concept

Equation (1-38) is the solution for the rate of heat transfer through a plane wall. The
equation suggests that, under some limiting conditions, conduction of heat through a
solid can be thought of as a flow that is driven by a temperature difference and resisted
by a thermal resistance, in the same way that electrical current is driven by a voltage
difference and resisted by an electrical resistance. Inspection of Eq. (1-38) suggests that
the thermal resistance to conduction through a plane wall (R,,) is given by:

L

Ryw = A (1-39)
allowing Eq. (1-38) to be rewritten:
Ty —T
g=Tn"Td (1-40)
Row

The concept of a thermal resistance is broadly useful and we will often return to this idea
of a thermal resistance in order to help develop a conceptual understanding of various
heat transfer processes. The usefulness of Eqgs. (1-39) and (1-40) go beyond the simple
situation illustrated in Figure 1-4. It is possible to approximately understand conduction
heat transfer in most any situation provided that you can identify the distance that heat
must be conducted and the cross-sectional area through which the conduction occurs.
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dr
——
o SRR
i e | plia Figure 1-5: A cylinder with fixed temperature
E Do l boundary conditions.

Resistance equations provide a method for succinctly summarizing a particular solu-
tion and we will derive resistance solutions for a variety of physical situations. By cata-
loging these resistance equations, it is possible to quickly use the solution in the context
of a particular problem without having to go through all of the steps that were required
in the original derivation. For example, if we are confronted with a problem involv-
ing steady-state heat transfer through a plane wall then it is not necessary to rederive
Egs. (1-19) through (1-38); instead, Eqgs. (1-39) and (1-40) conveniently represent all of
this underlying math.

1.2.4 Resistance to Radial Conduction through a Cylinder

Figure 1-5 illustrates steady-state, radial conduction through an infinitely long cylinder
(or one with insulated ends) without thermal energy generation. The analytical solution
to this problem is derived using the steps described in Section 1.2.2. The differential
energy balance (see Figure 1-5) leads to:

é]r = Qrerr (1'41)

The r + dr term in Eq. (1-41) is expanded and Fourier’s law is substituted in order to
reach:

d dT

—|—-kA,— | =0 1-42
dr [ ¢ dri| ( )
The difference between the plane wall geometry considered in Section 1.2.2 and the
cylindrical geometry considered here is that the cross-sectional area for heat transfer,

A, in Eq. (1-42), is not constant but rather varies with radius:

d dT
— | —k2mxrL — | = 1-4
dr k ‘,_/7:" dr 0 (1-43)

where L is the length of the cylinder. Assuming that the thermal conductivity is constant,
Eq. (1-43) is simplified to:

d [ dT

and integrated twice according to the following steps:

/d[r‘il—ﬂ = /0 (1-45)

ar

—=C 1-46
d dr ! ( )



1.2 Steady-State 1-D Conduction without Generation 11

/ dT = / %dr (1-47)

T=C In(r)+GC (1-48)

where C; and C; are constants of integration, evaluated by applying the boundary con-
ditions:

Ty=C In(ry)+ G (1-49)
Te=CiIn(row) + G (1-50)

After some algebra, the temperature distribution in the cylinder is obtained:

n ()

T=Tc+(Ty—Tc) ———= (1-51)
In (rout>
Tin
The rate of heat transfer is given by:
dT 2n Lk
g=—k2nrLS- = 275X (1~ To) (1-52)
dr <rout>
In
Yin
————
1/Rey

Therefore, the thermal resistance to radial conduction through a cylinder (R.y;) is:

Fout
In ( )
Tin
Rt =ik (1-53)

It is worth noting that the thermal resistance to radial conduction through a cylinder
must be computed using the ratio of the outer to the inner radii in the numerator, regard-
less of the direction of the heat transfer.

Figure 1-6: A sphere with fixed temperature boundary
conditions.

1.2.5 Resistance to Radial Conduction through a Sphere

Figure 1-6 illustrates steady-state, radial conduction through a sphere without thermal
energy generation. The differential energy balance (see Figure 1-6) leads to:

qr = Qr+ar (1'54)
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which is expanded and used with Fourier’s law to reach:

d dT
— | —kA.— | = 1-
dr |: k dr i| 0 (1-55)

The cross-sectional area for heat transfer is the surface area of a sphere:

d , dT
- —k4jr | =0 (1-56)

Assuming that k is constant allows Eq. (1-56) to be simplified:

d [ ,dT
- [rz E} =0 (1-57)

Equation (1-57) is entered in Maple:

> restart;
> ODE:=diff(r"2*diff(T(r),r),r)=0;

ODE := 2r im))w T 1) =0
dr dr?

and solved:

> Ts:=dsolve(ODE);

_C2
Ts:=T(r)=_Cl+ —
p
The boundary conditions are:
Ti—, =Tu (1-58)
Tr—,, =Tc (1-59)
These equations are entered in Maple:
> BC1:=rhs(eval(Ts,r=r_in))=T_H;
2
BCl:= _Cl+ —=T_H
r_in
> BC2:=rhs(eval(Ts,r=r_out))=T_C;
) _C2
BC2:=_Cl1+ =1r_(C

r_out
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The constants are obtained by solving this system of two equations and two unknowns:

> constants:=solve({BC1,BC2},{_C1,_C2});
_ T_Hr_in—T _Cr_out ) — r_inr_out(—T_C+ T _H)

—r_out + r_in . —r_out + r_in

constants := {_C1

and substituted into the general solution:

> Ts:=subs(constants,Ts);
T_Hr_in—T _Cr_out r_inr_out(—T_C+ T_H)

Ts:=T(r) =
(r) —r_out +r_in (—r_out +r_in)r

The heat transfer at any radial location is given by Fourier’s law:

dT
g =—kdnr— (1-60)
dr

> g_dot:=-k*4*pi*r"2*diff(Ts,r);

2 (d dkmr_inr_out(—T _C+T_H
g_dot = —4kmi? (‘TT(I,)) _ _4kmrinr_ou ( + )
ar

—r_out + r_in

and used to compute the thermal resistance for steady-state, radial conduction through
a sphere:

Ty —Tc

Rsph = T (1'61)
> R_sph:=(T_H-T_C)/rhs(q_dot);
R sph e —r_out +r_in
=P = T Y kwr_inr_out
which can be simplified to:
)
Ry = 1o (1-62)

1.2.6 Other Resistance Formulae

Many heat transfer processes may be cast in the form of a resistance formula, allowing
problems involving various types of heat transfer to be represented conveniently using
thermal resistance networks. Resistance networks can be solved using techniques bor-
rowed from electrical engineering. Also, it is often possible to obtain a physical feel for
the problem by inspection of the thermal resistance network. For example, small resis-
tances in series with large ones will tend to be unimportant. Large resistances in parallel
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with small ones can also be neglected. This type of understanding is important and can
be obtained quickly using thermal resistance networks.

Convection Resistance

Convection is discussed in Chapters 4 through 7 and refers to heat transfer between a
surface and a moving fluid. The rate equation that characterizes the rate of convection
heat transfer (G0, ) is Newton’s law of cooling:

é[conv = EAS (Ts - Too) (1-63)
—_

l/RCOVlL‘

where 4 is the average heat transfer coefficient, A; is the surface area at temperature
T, that is exposed to fluid at temperature 7T,. Note that the heat transfer coefficient is
not a material property like thermal conductivity, but rather a complex function of the
geometry, fluid properties, and flow conditions. By inspection of Eq. (1-63), the thermal
resistance associated with convection (R oy ) is:

1
h A,

Rconv == (1'64)

Contact Resistance

Contact resistance refers to the complex phenomenon that occurs when two solid sur-
faces are brought together. Regardless of how well prepared the surfaces are, they are
not flat at the micro-scale and therefore energy carriers in either solid cannot pass
through the interface unimpeded. The energy carriers in two dissimilar materials may
not be the same in any case. The result is a temperature change at the interface that,
at the macro-scale, appears to occur over an infinitesimally small spatial extent and
grows in proportion to the rate of heat transfer across the interface. In reality, the tem-
perature does not drop discontinuously but rather over some micro-scale distance that
depends on the details of the interface. This phenomenon is usually modeled by charac-
terizing the interface as having an area-specific contact resistance (R/, often provided in
K-m?/W). The resistance to heat transfer across an interface (R.) is:

R.=~-¢ (1-65)

where A, is the contact area (the projected area of the surfaces, ignoring their
microstructure). Contact resistance is not a material property but rather a complex func-
tion of the micro-structure, the properties of the two materials involved, the contact
pressure, the interstitial material, etc. The area-specific contact resistance for interface
conditions that are commonly encountered has been measured and tabulated in vari-
ous references, for example Schneider (1985). Some representative values are listed in
Table 1-1.

The area-specific contact resistance tends to be reduced with increasing clamping
pressure and smaller surface roughness. One method for reducing contact resistance is
to insert a soft metal (e.g., indium) or grease into the interface in order to improve the
heat transfer across the interstitial gap. The values listed in Table 1-1 can be used to
determine whether contact resistance is likely to play an important role in a specific
application. However, if contact resistance is important, then more precise data for the
interface of interest should be obtained or measurements should be carried out.
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Table 1-1: Area-specific contact resistance for some interfaces, from Schneider (1985) and Fried (1969).

Materials Clamping pressure  Surface roughness Interstitial material Temperature  Area-specific contact resistance
copper-to-copper 100 kPa 0.2 um vacuum 46°C 1.5 x 10~* K-m?/W
copper-to-copper 1000 kPa 0.2 um vacuum 46°C 1.3 x 10~* K-m*/W
aluminum-to-aluminum 100 kPa 0.3 um vacuum 46°C 2.5 x 1073 K-m?/W
aluminum-to-aluminum 100 kPa 1.5 um vacuum 46°C 3.3 x 1073 K-m*/W
stainless-to-stainless 100 kPa 1.3 um vacuum 30°C 4.5 x 1073 K-m?/W
stainless-to-stainless 1000 kPa 1.3 um vacuum 30°C 2.4 x 1073 K-m?/W
stainless-to-stainless 100 kPa 0.3 um vacuum 30°C 2.9 x 1073 K-m*/W
stainless-to-stainless 1000 kPa 0.3 um vacuum 30°C 7.7 x 10~* K-m?/W
stainless-to-aluminum 100 kPa 1.2 um air 93°C 3.3 x 1074 K-m?/W
aluminum-to-aluminum 1000 kPa 0.3 um air 93°C 6.7 x 107 K-m?/W
aluminum-to-aluminum 100 kPa 10 um air 20°C 2.8 x 1074 K-m?/W
aluminum-to-aluminum 100 kPa 10 um helium 20°C 1.1 x 10~* K-m?>/W
aluminum-to-aluminum 100 kPa 10 um hydrogen 20°C 0.72 x 10~* K-m*/W
aluminum-to-aluminum 100 kPa 10 um silicone oil 20°C 0.53 x 107* K-m?>/W
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Radiation Resistance
Radiation heat transfer occurs between surfaces due to the emission and absorption of
electromagnetic waves, as described in Chapter 10. Radiation heat transfer is complex
when many surfaces at different temperatures are involved; however, in the limit that
a single surface at temperature 7 interacts with surroundings at temperature T, then
the radiation heat transfer from the surface can be calculated according to:

Graa = Asoe (T} = T,) (1-66)

sur

where A is the area of the surface, o is the Stefan-Boltzmann constant (5.67 x
1078 W/m?-K*), and ¢ is the emissivity of the surface. Emissivity is a parameter that
ranges between near 0 (for highly reflective surfaces) to near 1 (for highly absorptive
surfaces). Note that both 7 and T, must be expressed as absolute temperature (i.e., in
units K rather than °C) in Eq. (1-66).

Equation (1-66) does not seem to resemble a resistance equation because the heat
transfer is not driven by a difference in temperatures but rather by a difference in tem-
peratures to the fourth power. However, Eq. (1-66) may be expanded to yield:

é]rad = AS o¢& (Tsz + Tszur) (TS + Tsur) (Ts - Tsur) (1_67)

h rad

l/Rmd

Comparing Eq. (1-67) for radiation to Eq. (1-63) for convection shows that a ‘radiation
heat transfer coefficient’, A,,4, can be defined as:

Erad =o0¢ (T52 + T2 ) (Ts + Tsur) (1'68)

sur

The radiation heat transfer coefficient is a useful quantity for many problems because it
allows convection and radiation to be compared directly, as discussed in Section 10.6.2.

Equation (1-67) suggests that an appropriate thermal resistance for radiation heat
transfer (R,,q) is:

1
AS oe (Tvz + Tszur) (Ts‘ + Tsur)

Ryud = (1-69)

Because the absolute surface and surrounding temperatures are both typically large and
not too different from each other, Eq. (1-69) can often be approximated by:

1
Rmd ~ Y (1-70)
As;oedT
where T is the average of the surface and surrounding temperatures:
= Ts+ Teu
T — s+ Lsu (1_71)
2
With this approximation, the radiation heat transfer coefficient is:
Brag ~ 64T (1-72)

The resistance associated with radiation and the radiation heat transfer coefficient are
both clearly temperature-dependent. However, the conductivity, contact resistance, and
average heat transfer coefficient that are required to compute other types of resis-
tances are also temperature-dependent and therefore the resistance concept can only
be approximate in any case. A summary of the thermal resistance associated with sev-
eral common situations is presented in Table 1-2.
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Table 1-2: A summary of common resistance formulae.

17

Situation Resistance formula Nomenclature
Plane wall L L = wall thickness (]| to heat flow)
Rpw = kA, k = conductivity
A, = cross-sectional area (_L to heat flow)
Cylinder Fout L = cylinder length
(radial heat transfer) In ( P ) k = conductivity
Ry = Salk Fin and ro,, = inner and outer radii
Sphere 1 1 1 k = conductivity
(radial heat transfer) Ropn = Ak a - Fout rin and r,,, = inner and outer radii
Convection 1 'h = average heat transfer coefficient
Reom 7 A, A, = surface area exposed to convection
Contact between R/ R/ = area specific contact resistance
surfaces R. = A, A, = surface area in contact
Radiation R 1 A = radiating surface area
rad = ) ) s =
(exact) Asoe (T3 + T5,) (T, + T, o = Stefan-Boltzmann constant
& = emissivity
T, = absolute surface temperature
T,., = absolute surroundings
temperature
Radiation 1 Ay = radiating surface area
(approximate) Rrad o = Stefan-Boltzmann constant

AyoedT an
& = emissivity

T = average absolute temperature

Note that useful reference information, such as Table 1-2, is included in the Heat Trans-
fer Reference Section of EES in order to facilitate solving heat transfer problems with-
out requiring that you locate a written reference book. To access this section, select the
Reference Material from the Heat Transfer menu. This will open an online document
that contains material from this book. Notice that the Heat Transfer menu also includes
all of the examples that are associated with the book.

EXAMPLE 1.2-1: LIQUID OXYGEN DEWAR

Figure 1 illustrates a spherical dewar containing saturated liquid oxygen that is kept
at pressure prox = 25 psia; the saturation temperature of oxygen at this pressure is
Trox = 95.6 K.

The dewar consists of an inner and outer metal liner separated by polystyrene
foam insulation. The inner metal liner has inner radius rpj; ;, = 10.0 cm and thick-
ness th,, = 2.5 mm. The outer metal liner also has thickness th,, = 2.5 mm. The
conductivity of both metal liners is k; =15 W/m-K. The heat transfer coeffi-
cient between the oxygen within the dewar and the inner surface of the dewar is
hin = 150 W/m?-K. The outer surface of the dewar is surrounded by air at T, = 20°C
and radiates to surroundings that are also at T, = 20°C. The emissivity of the outer
surface of the dewar is ¢ = 0.7. The heat transfer coefficient between the outer
surface of the dewar and the surrounding air is hyyr = 6 W/m?-K. The area-specific
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18 One-Dimensional, Steady-State Conduction

contact resistance that characterizes the interfaces between the insulation and the
adjacent metal liners is R = 3.0 x 10~° K-m?*/W.

The thickness of the insulation between the two metal liners is th;,s = 1.0 cm.
You are trying to evaluate the impact of using polystyrene foam insulation in place
of the more expensive insulation that is currently used. Flynn (2005) suggests that
the conductivity of polystyrene foam at cryogenic temperatures is approximately
kins = 330 uW/cm-K.

a) Draw a network that represents this situation using 1-D resistances.

saturated liquid oxygen

Trox=95.6 K, R/=3x10"> K-m*/W

By = 150 W/m® -K Tt = 10.0 cm
I.= 20°C k,, =15 W/m-K
W o =6 W/m’-K = s o | k. =330 uW/
3 -7 ! R L King = u cm-K
W i P
k,, =15 W/m-K~ i g %
T g : T insulation
T i H@L@t =~ outer metal liner
inner metal liner e |— >e>i—th, =2.5 mm
insulation thi,y =1.0 cm

th,, = 2.5 mm
outer metal liner
Figure 1: Spherical dewar containing saturated liquid oxygen.
The resistance network is illustrated in Figure 2.
K K Rrad =1 .91%
Rcond, mlii = 0.0013 W Rcand, mlo = OOOIOW A A A
R =2 09£
Tpoe=956K cond s = =Py T.=2932K

A AN AN AN AN AR -

K 4 K T;', out
Rconv, in— 0.053 — Rc, ins, mlo = 0.053
w W AN
K
Re,ins, i 0.023 W Reom; ou= IOOW

The resistances include:

R o, in = cOnVeECtion from inside surface

R o i = conduction through inner metal liner

R, ..s i = contact between inner metal liner & insulation
R ona ins = conduction through insulation

R, s mio = contact between outer metal liner & insulation
R ona mio = conduction through outer metal liner

R, , = radiation

R, ony, out = COTVECtION from outer surface

Figure 2: Resistance network representing the dewar.
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The resistance network interacts with the surrounding air and surroundings (at T.)
and the saturated liquid oxygen (at Tox).

b) Estimate the rate of heat transfer to the liquid oxygen.

The solution will be carried out using EES. It is assumed that you have already
been exposed to the EES software by completing the self-guided tutorial contained
in Appendix A.1. The first step in preparing a successful solution to any problem
with EES is to enter the inputs to the problem and set their units. Experience has
shown that it is generally best to work exclusively in SI units (m, J, K, kg, Pa,
etc.) because this unit system is entirely self-consistent. If the problem statement
includes parameters in other units, they can be converted to SI units within the
“Inputs” section of the code. The upper section of your EES code should look
something like:

<
=
Ll
a
=
Ll
1~
<
=

“‘EXAMPLE 1.2-1: Liquid Oxygen Dewar”

$UnitSystem SI MASS RAD PAK J
$Tabstops 0.2 0.4 0.6 3.5 in

“Inputs”
p_LOx=25 [psia]* convert(psia,Pa) “pressure of liquid oxygen”
T_LOx=95.6 [K] “temperature of liquid oxygen”

h_bar_in =150 [W/m"2-K]
“heat transfer coefficient between the liquid oxygen and the inner wall”

r_mli_in=10 [cm]* convert(cm,m) “inner radius of the inner metal liner”
th_m=2.5 [mm]* convert(mm,m) “thickness of inner metal liner”
th_ins_cm=1.0 [cm] “thickness of insulation, in cm”
th_ins=th_ins_cm* convert(cm,m) “thickness of insulation”

e=0.7 [-] “emissivity of outside surface”
T_infinity=converttemp(C,K,20 [C]) “temperature of surroundings and surrounding air”
R”_c=3.0e-3 [K-m"2/W] “area-specific contact resistance”

k_ins=330 [microW/cm-K]*convert(microW/cm-K,W/m-K)
“mean conductivity of insulation”
k_m=15 [W/m-K] “conductivity of metal’
h_bar_out=6 [W/m"2-K] “heat transfer coefficient between outer wall and surrounding air”

The resistance to convection between the inner surface of the dewar and the oxygen
is:

R 1
com,in — =

hindm rzznli,in
R_conv_in=1/(4*pi*r_mli_in"2*h_bar_in) “convection resistance to liquid oxygen”

The inner radius of the insulation is:
I'ins,in = I'mli,in + thm

The resistance to conduction through the inner metal liner is:

R 1 < 1 1 )
d.mli = -
NI 450 Ky \Tmiin Tins.in
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20 One-Dimensional, Steady-State Conduction

and the contact resistance resistance between the inner metal liner and the insula-
tion is:

"
Reimomii = —8
c,ins,mli — 4 2
T rins,in
r_ins_in=r_mli_in+th_m “inner radius of insulation”
R_cond_mli=(1/r_mli_in-1/r_ins_in)/(4*pi*k_m) “conduction resistance of inner metal liner”

R_c_ins_mli=R"_c/(4*pi*r_ins_in"2)  “contact resistance between inner metal liner and insulation”

The outer radius of the insulation is:
T'ins,out = Tins,in + thins

The resistance to conduction through the insulation is:

1 1 1
Bcond,ins = K ( - )
47 ins \Tins,in Tins,out

and the contact resistance resistance between the insulation and the outer metal
liner is:

R//
Hc,ins,m]o = ZC
4rm rjns,out
r_ins_out=r_ins_in+th_ins “outer radius of insulation”
R_cond_ins=(1/r_ins_in-1/r_ins_out)/(4*pi*k_ins) “conduction resistance of insulation”

R_c_ins_mlo=R”_c/(4*pi*r_ins_out"2)
“contact resistance between insulation and outer metal liner”

The outer radius of the outer metal liner is:

I'mlo,out = Tins,out + thm

The resistance to conduction through the outer metal liner is:

R 1 ( 1 1 )
d,mlo = -
coneaumio T g o ki \ Tins,out I'mlo, out

and the convection resistance between the outer surface of the dewar and the air
is:

1
Hconv,out - #
hout 4 rm]i, out
r_mlo_out=r_ins_out+th_m “outer radius of outer metal liner”
R_cond_mlo=(1/r_ins_out-1/r_mlo_out)/(4*pi*k_m) “conduction resistance of outer metal liner”
R_conv_out=1/ (4*pi*r_mlo_out™2*h_bar_out) “convection resistance to surrounding air”

The surface temperature on the outside of the dewar (T, in Figure 2) cannot be
known until the problem is solved and yet it must be used to calculate the resistance
to radiation, R,qq. One of the nice things about using the EES software to solve this
problem is that the software can deal with this type of nonlinearity and provide the
solution to the implicit equations. It is this capability that simultaneously makes
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EES so powerful and yet sometimes, ironically, difficult to use. EES should be able
to solve equations regardless of the order in which they are entered. However, you
should enter equations in a sequence that allows you to solve them as you enter
them; this is exactly what you would be forced to do if you were to solve the
problem using a typical programming language (e.g., MATLAB, FORTRAN, etc.).
This technique of entering your equations in a systematic order provides you with
the opportunity to debug each subset of equations as you move along, rather than
waiting until all of the equations have been entered before you try to solve them.
Another benefit of approaching a problem in this sequential manner is that you can
consistently update the guess values associated with the variables in your problem.
EES solves your equations using a nonlinear relaxation technique and therefore the
closer the guess values of the variables are to “reasonable” values, the more likely
it is that EES will find the correct solution.

To proceed with the solution to this problem using EES, it is helpful to initially
assume a reasonable surface temperature (e.g., a reasonable guess might be the
average of the surrounding and the liquid oxygen temperatures) so that it is possible
to calculate a value of the radiation resistance:

1
am rrzzﬂi,out ge (Tsz,out + Tozo) (TS,out + Too)

Hrad =
and continue with the solution.

T_s_out = (T_LOx+T _infinity)/2

“guess for the surface temperature (removed to complete problem)”
R_rad=1/(4*pi*r_mlo_out"2*sigma#*e* (T_s_out"2+T_infinity"2)* (T_s_out+T_infinity))

“radiation resistance”

Solve the equations that have been entered (select Calculate from the Solve menu)
and check that your answers make sense. Verify that the variables and equations
have a consistent set of units by setting the units for each of the variables. The
best way to do this is to go to the Variable Information window (select Variable
Info from the Options menu) and enter the units for each variable in the Units col-
umn. Once this is done, check the units for your problem (select Check Units from
the Calculate menu) in order to make sure that all of the units are consistent with
the equations. Alternatively, units can be set by right-clicking on the variables
in the Solution Window:.
The total resistance separating the liquid oxygen from the surroundings is:

Rtota] = Hconv,in + Hcond,mli + Rc,ins,mli

1 1 \"
+Bcond,ins + Hc,ins,m]o + Hcond.m]o + (— + _)
Bconv,out Brad

and the heat transfer rate from the surroundings to the liquid oxygen is:
q _ (Too — TLOX)
Riotal

R_total=R_conv_in+R_cond_mli+R_c_ins_mli+R_cond_ins+R_c_ins_mlo&
+R_cond_mlo+(1/R_conv_out+1/R_rad)"(-1) “total resistance”
g_dot=(T_infinity-T_LOXx)/R_total “heat flow”
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At this point, we can use the heat transfer rate to recalculate the surface temperature
(as opposed to assuming it).

Ts,out = TLOX + q (Hconv,in + Hcond,m]i + Hc,ins,m]i + Hcond,ins + Hc,ins,m]o + Hcond,mlo]

It is necessary to comment out or delete the equation that provided the assumed
surface temperature and instead calculate the surface temperature correctly. This
step creates an implicit set of nonlinear equations. Before you ask EES to solve the
set of equations, it is a good idea to update the guess values for each variable (select
Update Guesses from the Calculate menu).

{T_s_out=(T_LOx+T_infinity)/2} “guess for the surface temperature”
T_s_out=T_LOx+qg_dot*(R_conv_in+ R_cond_mli+R_c_ins_mli+R_cond_ins+R_c_ins_mlo+R_cond_mlo)
“surface temperature”

The rate of heat transfer to the liquid oxygen is ¢ = 69.4 W.

Resistance networks provide substantial insight into the problem. Figure 2
shows the magnitude of each of the resistances in the network. The resistances
associated with conduction through the insulation, radiation from the surface of
the dewar, and convection from the surface of the dewar are of the same order of
magnitude and large relative to the others in the circuit. Conduction through the
insulation is much more important than conduction through the metal liners, con-
vection to the liquid oxygen or the contact resistance; these resistances can probably
be neglected in a rough analysis and certainly very little effort should be expended
to better understand these aspects of the problem.

Both radiation and convection from the outer surface are important, as they are
of similar magnitude. The convection resistance is smaller and therefore more heat
will be transferred by convection from the surface than is radiated from the surface.
If the radiation resistance had been much larger than the convection resistance (as
is often the case in forced convection problems where the convection heat transfer
coefficient is much larger) then radiation could be neglected. The smallest resistance
in a parallel network will dominate because most of the energy will tend to flow
through that resistance.

It is almost always a good idea to estimate the size of the resistances in a heat
transfer problem prior to solving the problem. Often it is possible to simplify the
analysis considerably, and the size of the resistances can certainly be used to guide
your efforts. For this problem, a detailed analysis of conduction through the metal
liner or a lengthy search for the most accurate value of the thermal conductivity of
the metal would be a misguided use of time whereas a more accurate measurement
of the conductivity of the insulation might be important.

c) Plot the rate of heat transfer to the liquid oxygen as a function of the insulation
thickness.

In order to generate the requested plot, it is necessary to parametrically vary the
insulation thickness. The specified value of the insulation thickness is commented
out

{th_ins_cm=1.0 [cm]} “thickness of insulation, in cm”
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and a parametric table is generated (select New Parametric Table from the
Tables menu) that includes the variables th_ins_cm and qg_dot (Figure 3).

New Parametric Table d |

No. of Runs [10 3| Table:|Table 2

Variables in table
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_ins_in - q_dot
1_ins_out "J th_ins_cm
r_mli_in Add == I

1_mlo_out

R_rad

R_total

| —

th_ins <= Remove

th_m

T infinity =

|¥ Show Anay Variables

X concel|

Figure 3: New Parametric Table Window.

Right-click on the th_ins_cm column and select Alter Values; vary the thickness
from 0 cm to 10 cm and solve the table (select Solve Table from the Calculate
menu). Prepare a plot of the results (select New Plot Window from the Plots menu
and then select X-Y Plot) by selecting the variable th_ins_cm for the X-Axis and
g_dot for the Y-Axis (Figure 4).

21
Tab Name: [Plot 3 [~ Print Description with plot
Descrptin: |
- X-Axis ~Y-Axis Table

th_ins_cm IPaJamelri:: Table :]
q_dot g dot ]
| Table 1 =
First Run ]1 ﬁ,
Last Run |1ll1 3.
I~ Spline fit
I~ Automatic update
Fomat [A [T Fomat [A [4 " Add legend item
s 5 T Show anay indices
Minimum |ll,tl:| Minimum |l:|-[l ™ Show error bars
Maximum |11.00 Hal'-unlzm.l] Lins ﬁ
Interval 220 Interval [40.0 Symbol None -l
+ Linear (" Log * Linear (" Log Color I_j'
[~ Grid lines [~ Gnd lines |¢ m:l X Cancel

Figure 4: New Plot Setup Window.
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Figure 5 illustrates the rate of heat transfer as a function of the insulation thickness.
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Figure 5: Heat transfer rate as a function of insulation thickness.

1.3 Steady-State 1-D Conduction with Generation

1.3.1 Introduction

The generation of thermal energy within a conductive medium may occur through ohmic
dissipation, chemical or nuclear reactions, or absorption of radiation. According to the
first law of thermodynamics, energy cannot be generated (excluding nuclear reactions);
however, it can be converted from other forms (e.g., electrical energy) to thermal energy.
The energy balance that we use to solve these problems is then strictly a thermal energy
conservation equation. The addition of thermal energy generation to the 1-D steady-
state solutions considered in Section 1.2 is straightforward and the steps required to
obtain an analytical solution are essentially the same.

1.3.2 Uniform Thermal Energy Generation in a Plane Wall

Consider a plane wall with temperatures fixed at either edge that experiences a volu-
metric generation of thermal energy, as shown in Figure 1-7.

|<—L—>
VIV
===

Figure 1-7: Plane wall with thermal energy generation and fixed
temperature boundary conditions.
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The problem is assumed to be 1-D in the x-direction and therefore an appropriate
differential control volume has width dx (see Figure 1-7). Notice the additional energy
term in the control volume that is related to the generation of thermal energy. A steady-
state energy balance includes conduction into the left-side of the control volume (g,, at
position x), generation within the control volume (g), and conduction out of the right-
side of the control voume (§y. 4y, at position x + dx):

Gx + 8 = Qrtdx (1-73)
or, after expanding the right side:
de
Gx+8&=1qu+ d—zdx (1-74)

The rate of thermal energy generation within the control volume can be expressed as the
product of the volume enclosed by the control volume and the rate of thermal energy
generation per unit volume, g (which may itself be a function of position or tempera-
ture):

g=§"Acdx (1-75)

where A, is the cross-sectional area of the wall. The conduction term is expressed using
Fourier’s law:

§= kA (1-76)

Substituting Egs. (1-76) and (1-75) into Eq. (1-74) results in

d dT
g/// AC dx = E{j (-kAC E) dx (1-77)

which can be simplified (assuming that conductivity is constant):

d dT g///
S ) = 1-78
dx < dx) k (1-78)

Equation (1-78) is separated and integrated:

dT g///
dl— )= —3-d 1-79
/ ( dx ) / K (47
If the volumetric rate of thermal energy generation is spatially uniform, then the inte-

gration leads to:

dT g///
E = —Tx + C1 (1-80)

where C; is a constant of integration. Equation (1-80) is integrated again:

/dT = f (—%x—i— C1> dx (1-81)

o5/

T = —i—kxz YOt G (1-82)

which leads to:
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where C; is another constant of integration. Note that the same solution can be obtained
using Maple. The governing differential equation, Eq. (1-78), is entered in Maple:

> restart;
> GDE:=diff(diff(T(x),x),x)=-gv/k;

12 ov
T = -2

GDE =
dx

and solved:

> Ts:=dsolve(GDE);
gl,‘.\'2 (l ) (V’
2k T e

Ts:=T(x)=—

Equation (1-82) satisfies the governing differential equation, Eq. (1-78), throughout the
computational domain (i.e., from x = 0 to x = L) for arbitrary values of C; and C;. It is
easy to use Maple to check that this is true:

> rhs(diff(diff(Ts,x),x))+gv/k;

Note that it is often a good idea to use Maple to quickly doublecheck that an analytical
solution does in fact satisfy the original governing differential equation.

All that remains is to force the general solution, Eq. (1-82), to satisfy the bound-
ary conditions by adjusting the constants C; and C,. The fixed temperature boundary
conditions shown in Figure 1-7 correspond to:

Tvo=Tn (1-83)
T =Tc (1-84)
Substituting Eq. (1-82) into Egs. (1-83) and (1-84) leads to:

C =Ty (1-85)

—g—kLz +C L+ Ty=Tc (1-86)

Solving Eq. (1-86) for C; leads to:

I Ti—T
§, (Tn-Tc)

G =% L

(1-87)
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Substituting Egs. (1-85) and (1-87) into Eq. (1-82) leads to:

o L2 [ x x\2 Ty—T
TSl - e (1-88)

Again, Maple can be used to achieve the same result. The boundary condition equations
are defined in Maple:

> BC1:=rhs(eval(Ts,x=0))=T_H;
BCl:=_C2=T_H
> BC2:=rhs(eval(Ts,x=L))=T_C;

gvL?
2k

BC2 := +_CIL+_C2=T_C

and solved for the two constants:

> constants:=solve({BC1,BC2},{_C1,_C2});

gul? — 2T _Hk + 2T _Ck
constants .= {_C2 =T_H, _Cl = & LS
2Lk

The constants are substituted into the general equation:

> Ts:=subs(constants, Ts);

gt . (guL? — 2T _Hk + 2T _Ck)x .

Ts = T(x) =
$ =T 2k 2Lk

T_H

It is good practice to examine any solution and verify that it makes sense. By inspec-
tion, it is clear that Eq. (1-88) limits to Ty at x = 0 and T¢ at x = L; therefore, the
boundary conditions were implemented correctly. Also, in the absence of any genera-
tion Eq. (1-88) limits to Eq. (1-37), the solution that was derived in Section 1.2.2 for
steady-state conduction through a plane wall without generation.

Figure 1-8 illustrates the temperature distribution for 7y = 80°C and T¢ = 20°C
with L = 1.0 cm and k£ = 1 W/m-K for various values of &”. The temperature profile
becomes more parabolic as the rate of thermal energy generation increases because
energy must be transferred toward the edges of the wall at an increasing rate. The tem-
perature gradient is proportional to the local rate of conduction heat transfer; as g”
increases, the heat transfer rate at x = L increases while the heat transfer rate enter-
ing at x = 0 decreases and eventually becomes negative (i.e., heat actually begins to
leave from both edges of the wall). This effect is evident in Figure 1-8 by observing that
the temperature gradient at x = 0 changes from a negative to a positive value as g"” is
increased.
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Figure 1-8: Temperature distribution within a plane wall with thermal energy generation (k =
1 W/m-K, Ty = 80°C, Tc =20°C, L = 1.0 cm).

The rate of heat transfer by conduction in the wall is obtained by applying Fourier’s
law to the solution for the temperature distribution:

§= kA (1-89)

Substituting Eq. (1-88) into Eq. (1-89) leads to:

x 1 kA
Gg=Ag"L (Z - 5) + LC (Tu—Tc) (1-90)
The heat transfer rate is not constant with position. Therefore, the plane wall with gen-
eration cannot be represented as a thermal resistance in the manner discussed in Sec-
tion 1.2. However, it is always a good idea to carry out a number of sanity checks on
your solution and the resistance concepts discussed in Section 1.2 provide an excellent
mechanism for doing this.

Equation (1-88) and Figure 1-8 both show that there is a maximum temperature
elevation (relative to the zero generation case) that occurs at the center of the wall.
Substituting x = L/2 into the 1st term in Eq. (1-88) shows that the magnitude of the
maximum temperature elevation is:

g/// L2

Al =755

(1-91)
Maple can provide this result as well. The zero-generation solution is obtained by sub-
stituting ¢"”’= 0 into the original solution:

> Tsng:=subs(gv=0,Ts);
(=2T _Hk + 2T _Ck)x

T_H
2 Lk -

Tsng := T(x) =
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Then the temperature elevation is the difference between the original solution and the
zero-generation solution:

> DeltaT:=rhs(Ts-Tsng);
gur N (gul? — 2T _Hk +2T _Ck)x (2T _Hk + 2T _Ck)x

DeltaT =
ca 2k 2Lk 21k

and the maximum value of the temperature elevation is evaluated at x = L/2:

> DeltaTmax=eval(DeltaT,x=L/2);
gul? gul?—2T_Hk+2T_Ck —2T_Hk+2T _Ck

DeltaTmax =
eltaTmax Y } Y 4k

This result can be simplified using the simplify command:

> simplify(%);
gvl?

DeltaTmax = >—
= Rk

Note that the % character refers to the result of the previous command (i.e., the output
of the last calculation).

The temperature elevation occurs because the energy that is generated within the
wall must be conducted to one of the external surfaces. Therefore, the temperature ele-
vation must be consistent, in terms of its order of magnitude if not its exact value, with
the temperature rise that is associated with the rate of thermal energy generation pass-
ing through an appropriately defined resistance. This is an approximate analysis and is
only meant to illustrate the process of providing a “back of the envelope” estimate or a
sanity check on a solution.

The total energy that is generated in one-half of the wall material must pass to the
adjacent edge. A very crude estimate of the temperature elevation is:

L L g 12
AT, ~ = - 1-92
max (g ¢ 2) <2kAC> 4k (1-92)

rate of thermal energy thermal resistance
generated in half the wall of half the wall
which, in this case, is within a factor of two of the exact analytical solution (the “back
of the envelope” calculation is too large because the energy generated near the surfaces
does not need to pass through half of the wall material). Again, the intent of this analysis
was not to obtain exact agreement, but rather to provide a quick check that the solution
makes sense.

1.3.3 Uniform Thermal Energy Generation in Radial Geometries

The area for conduction through the plane wall discussed in Section 1.3.2 is constant
in the coordinate direction (x). If the conduction area is a function of position, then it
cannot be canceled from each side of Eq. (1-77) and therefore the differential equation
becomes more complicated. Figure 1-9 illustrates the differential control volumes that
should be defined in order to analyze radial heat transfer in (a) a cylinder and (b) a
sphere with thermal energy generation.
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@

Figure 1-9: Differential control volume for (a) a cylinder and (b) a sphere with volumetric thermal
energy generation.

The differential control volume suggested by either Figure 1-9(a) or (b) is:

4r +8& = Griar (1-93)
which is expanded and simplified:
dg
o= —d 1-94
§=_dr (1-94)
The rate equations for ¢ and g in a cylindrical geometry, Figure 1-9(a), are:
dT
g=—k2nrL — (1-95)
dr
g=2nrLdrg"” (1-96)

I

where L is the length of the cylinder and ¢” is the rate of thermal energy generation per
unit volume. Substituting Egs. (1-95) and (1-96) into Eq. (1-94) leads to:

d dT
" = —— Vkr— 1-97
=g (v ) -9
which is integrated twice (assuming that k and g are constant) to achieve:
/)
T:—g4]: FCG )+ 0 (1-98)

where C; and C; are constants of integration that depend on the boundary conditions.
The rate equations for ¢ and g in a spherical geometry, Figure 1-9(b), are:

dT

= —kdmr? — 1-99

q T — (1-99)

g=4nrtdrg" (1-100)

Substituting Egs. (1-99) and (1-100) into Eq. (1-94) leads to:
d dT

2 L2 _
g'r = _dr< kr _dr> (1-101)

which is integrated twice to achieve:

r=-¥r1% (1-102)

r
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Table 1-3: Summary of formulae for 1-D uniform thermal energy generation cases.

Plane wall Cylinder Sphere

Governing &2T g . d daT o d
differential e -k g =1 (‘krﬁ) g'r = = ( kr’ _>
equation
Temperature ar _ g" LC dT g'r G dT g G

i &t & _ s = __5 ,_ 4
gradient ax ~ k! ar ~ 2k 7 ar ~ 3k P

) gm gﬂ/ r2 gJ//

General solution Tz—ﬁxZ+C1x+C2 T=-— 1% +CIn(r)+ G = r2+—+C2

The governing differential equation and general solutions for these 1-D geometries with
a uniform rate of thermal energy generation are summarized in Table 1-3.

EXAMPLE 1.3-1: MAGNETIC ABLATION

Thermal ablation is a technique for treating cancerous tissue by heating it to a lethal
temperature. A number of thermal ablation techniques have been suggested in order
to apply heat locally to the cancerous tissue and therefore spare surrounding healthy
tissue. One interesting technique utilizes ferromagnetic thermoseeds, as discussed
by Tompkins (1992). Small metallic spheres (thermoseeds) are embedded at precise
locations within the cancer tumor and then the region is exposed to an oscillating
magnetic field. The magnetic field does not generate thermal energy in the tissue.
However, the spheres experience a volumetric generation of thermal energy that
causes their temperature to increase and results in the conduction of heat to the
surrounding tissue. Precise placement of the thermoseed can be used to control the
application of thermal energy. The concept is shown in Figure 1.

ferromagnetic thermoseed

ks =10 W/m-K
g, =1.0W
r, =1.0 mm
Figure 1: A thermoseed used for ablation of a W
tumor. I tissue

k,=0.5W/m-K

<=
W ! t °
\\ 4
. body temperature

Te=1,=37°C

It is necessary to determine the temperature field associated with a single ther-
moseed placed in an infinite medium of tissue. The thermoseed has radius r;; =
1.0 mm and conductivity ki = 10 W/m-K. A total of gi;= 1.0 W of generation is
uniformly distributed throughout the sphere. The temperature far from the ther-
moseed is the body temperature, Tp = 37°C. The tissue has thermal conductivity
k; = 0.5 W/m-K and is assumed to be in perfect thermal contact with the ther-
moseed. The effects of metabolic heat generation (i.e., volumetric generation in the
tissue) and blood perfusion (i.e., the heat removed by blood flow in the tissue) are
not considered in this problem.
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a) Prepare a plot showing the temperature in the thermoseed and in the tissue
(i.e., the temperature from r = 0 to r > ry).

This problem is 1-D because the temperature varies only in the radial direction.
There are no circumferential non-uniformities that would lead to temperature gra-
dients in any dimension except r. However, the problem includes two, separate
computational domains that share a common boundary (i.e., the thermoseed and
the tissue). Therefore, there will be two different governing equations that must be
solved and additional boundary conditions that must be considered.

It is always good to start your problem with an input section in which all of the
given information is entered and, if necessary, converted to SI units.

“‘EXAMPLE 1.3-1: Magnetic Ablation”

$UnitSystem SI MASS RAD PAK J
$Tabstops 0.2 0.4 0.6 3.5 in

“Inputs”

r_ts=1 [mm]*convert(mm,m) “radius of the thermoseed”

k_ts=10 [W/m-K] “thermal conductivity of thermoseed”
g_dot_ts=1.0 [W] “total generation of thermal energy in thermoseed”
T_b=converttemp(C,K,37 [C]) “body temperature”

k_t=0.5 [W/m-K] “tissue thermal conductivity”

Notice a few things about the EES code. First, comments are provided to define the
nomenclature and make the code understandable; this type of annotation is impor-
tant for clarity and organization. Also, units are not ignored but rather explicitly
specified and dealt with as the problem is set up, rather than as an afterthought at
the end. The unit system that EES will use can be specified in the Properties Dialog
(select Preferences from the Options menu) from the Unit System tab or by using
the $UnitSystem directive, as shown in the EES code above. The units of numerical
constants can be set directly in square brackets following the value. For example,
the statement

r_ts=1 [mm]*convert(mm,m) “radius of the thermoseed”

tells EES that the constant 1 has units of mm and these should be converted to
units of m. Therefore the variable r_ts will have units of m. The units of r_ts are not
automatically set, as the equation involving r_ts is not a simple assignment. If you
check units at this point (select Check Units from the Calculate menu) then EES
will indicate that there is a unit conversion error. This unit error occurs because
the variable r_ts has not been assigned any units but the equations are consistent
with r_ts having units of m. It is possible to have EES set units automatically
with an option in the Options tab in the Preferences Dialog. However, this is not
recommended because the engineer doing the problem should know and set the
units for each variable.

The Formatted Equations window (select Formatted Equations from the Win-
dows menu) shows the equations and their units more clearly (Figure 2).
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E Formatted Equations

EXAMPLE 1.3-1: Magnetic Ablation

Inputs
m .

e = 1 [mm]. ‘0.001 . —‘ radius of the thermoseed
mm

ks = 10 [W/m-K] thermal conductivity of thermoseed

gs = 1 [W] total generation of thermal energy in thermoseed

Ty = ConvertTemp (C, K, 37 [C]) body temperature

kk = 0.5 [W/m-K] tissue thermal conductivity

Figure 2: Formatted Equations window.

It is good practice to set the units of all variables. One method of accomplishing this
is to right-click on a variable in the Solutions window, which brings up the Format
Selected Variables dialog. The units can be typed directly into the Units input box.
Note that right-clicking in the Units input box and selecting the Unit List menu
item provides a partial list of the SI units that EES recognizes. All of the units that
are recognized by EES can be examined by selecting Unit Conversion Info from the
Options menu. Once the units of r_ts are set to m, then a unit check (select Check
Units from the Calculate menu) should reveal no errors.

It is necessary to work with a different governing equation in each of the
two computational domains. An appropriate differential control volume for the
spherical geometry with uniform thermal energy generation was presented in Sec-
tion 1.3.3 and leads to the general solution listed in Table 1-3. The general solution
that is valid within the thermoseed (i.e., from 0 < r < ry) is:

gg 2, G

Ty=—=r24y224¢C 1
ts 6 kts r 2 ( )
where C; and C; are undetermined constants of integration and g;, is the volumetric
rate of generation of thermal energy in the thermoseed, which is the ratio of the total

rate of thermal energy generation to the volume of the thermoseed:

5 — 3 gts
b amr}
g” _dot_ts=3*g_dot_ts/(4*pi*r_ts"3) “volumetric rate of generation in the thermoseed”

The general solution that is valid within the tissue (i.e., for r > ry) is:

C
Tt=73+c4 (2
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because the volumetric rate of thermal energy generation in the tissue is zero; note
that C; and C, are undetermined constants of integration that are different from C,;
and C, in Eq. (1).

The next step is to define the boundary conditions. There are four undetermined
constants and therefore there must be four boundary conditions. At the center of
the thermoseed (r = 0) the temperature must remain finite. Substituting r = 0 into
Eq. (1) leads to:

2

0 C
T o0 — —— 11 1 C
ts,r=0 6 kts gts + kts 0 + 2

which indicates that C; must be zero:
Ci=0 3)

Alternatively, specifying that the temperature gradient at the center of the sphere
is equal to zero leads to the same conclusion, C; = 0. As the radius approaches
infinity, the tissue temperature must approach the body temperature. Substituting
r — oo into Eq. (2) leads to:

Ty=—=2+C,
(9
which indicates that:
C4 = Tb (4)

The remaining boundary conditions are defined at the interface between the ther-
moseed and the tissue. It is assumed that the sphere and tissue are in perfect
thermal contact (i.e., there is no contact resistance) so that the temperature must be
continuous at the interface:

T)Es,r:rts = Tt,r:rts
or, substituting r = ry into Egs. (1) and (2):

C C
lic,=210¢, (5)

Tts Tts

2
Tis
6kts 8ts +
An energy balance on the interface (see Figure 1) requires that the heat transfer rate
at the outer edge of the thermoseed (g,_,- in Figure 1) must equal the heat transfer
rate at the inner edge of the tissue (q,:r; in Figure 1).

qr=rt; = Qrzr;g (6)
According to Fourier’s law, Eq. (6) can be written as:
dTis dT;
—47rd ki, —— =—4nrl ki—
7 Tt Kts dr |,_,.. s Kt dr |,_,,
or
dTis dT;
Tl =St ™)
t t
*dr — dr —

Substituting Egs. (1) and (2) into Eq. (7) leads to:

rtS .11 Cl _ C3
_kts (_ 3kts 8ts I‘tzs> - kt < rtzs) (8)
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Entering Egs. (3), (4), (5), and (8) into EES will lead to the solution for the four
constants of integration without the algebra and the associated opportunities for
error.

“Determine constants of integration”
C_1=0 “temperature at center must be finite”

C_4=T b “temperature far from the thermoseed”
-r_ts"2*g” _dot_ts/(6*k_ts)+C_1/r_ts+C_2=C_3/r_ts+C_4

“continuity of temperature at the interface”
-k_ts*(-r_ts*g"” _dot_ts/(3*k_ts)-C_1/r_ts"2)=-k_t*(-C_3/r_ts"2) “equal heat flux at the interface”

Finally, we can generate a plot using the solution. Displaying the radius in mil-
limeters in the plot will make a much more reasonable scale than in meters and the
temperature should be displayed in °C. New variables, r_mm, T_ts_C, and T_t_C,
are defined for this purpose.

“Prepare a plot”

r=r_mm*convert(mm,m) “radius”

T_ts=-r"2*g” _dot_ts/(6*k_ts)+C_1/r+C_2 “thermoseed temperature”
T_ts_C=converttemp(K,C,T_ts) ‘inC”

T_t=C_3/r+C_4 “tissue temperature”
T_t_C=converttemp(K,C,T_t) “‘in C”

The units of the variables C_1, C_2, etc. should be set in the Variable Information
window and the set of equations subsequently checked for unit consistency. The
relationship between temperature and radial position will be determined using two
parametric tables. The first table will include variables r_mm and T_ts_C and the
second will include the variables r_mm and T_t_C. In the first table, r_mm is varied
from 0 to 1.0 mm (i.e., within the thermoseed) and in the second it is varied from 1.0
mm to 10.0 mm (i.e., within the tissue). A plot in which the information contained
in the two tables is overlaid leads to the temperature distribution shown in Figure 3.
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Figure 3: Temperature distribution through thermoseed and tissue.
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Figure 3 agrees with physical intuition. The temperature decays toward the body
temperature with increasing distance from the thermoseed. The rate of energy
being transferred through the tissue is constant, but the area for conduction is
growing as r’* and therefore the gradient in the temperature is dropping. The
conduction heat transfer rates at the outer edge of the sphere (i.e., r =) and
at the inner edge of the tissue (i.e., r =r])) are identical; the discontinuity in
slope is related to the fact that the thermoseed is more conductive than the

tissue.

b) Determine the maximum temperature in the tissue and the extent of the lesion
as a function of the rate of thermal energy generation in the thermoseed. The
extent of the lesion (Ijesion) is defined as the radial location where the tissue
temperature reaches the lethal temperature for tissue, approximately Tjenqr =
50°C according to Izzo (2003).

The maximum tissue temperature (T} nax) is the temperature at the interface between
the thermoseed and the tissue and is obtained by substituting r = rys into Eq. (2):

Cs
Tt,max = —+ C4
ts
T_t_max=C_3/r_ts+C_4 “maximum tissue temperature”
T_t_max_C=converttemp(K,C,T_t_max) “in C”

The extent of the lesion can be obtained by determining the radial location where
Ty = Tiethar:

Cs
Tlethal = + C4
Tlesion
T_lethal=converttemp(C,K, 50 [C]) “lethal temperature for cell death”
T_lethal=C_3/r_lesion+C_4 “determine the extent of the lesion”
r_lesion_mm=r_lesion*convert(m,mm) “in mm”

In order to investigate the maximum tissue temperature and the extent of the lesion
as a function of the thermal energy generation rate, it is necessary to prepare a
parametric table that includes the variables T_t_max_C, r_lesion, and g_dot_sp and
then vary the value of g_dot_sp within the table. Figure 4 illustrates the maxi-
mum temperature and the lesion extent as a function of the rate of thermal energy
generation in the thermoseed. Note that T} pay and rjesion have very different mag-
nitudes and therefore it is necessary to plot the variable r_lesion on a secondary
y-axis.
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Figure 4: Maximum tissue temperature and the extent of the lesion as a function of the rate of
thermal energy generation in the thermoseed.

1.3.4 Spatially Non-Uniform Generation

The first few steps in solving conduction heat transfer problems include setting up an
energy balance on a differential control volume and substituting in the appropriate rate
equations. This process results in one or more differential equations that must be solved
in order to determine the temperature distribution and heat transfer rates. The gov-
erning equations resulting from 1-D conduction with constant properties and constant
internal generation are provided in Table 1-3 for the Cartesian, cylindrical, and spheri-
cal geometries. These equations are relatively simple and we have demonstrated how to
solve them analytically by hand and, in some cases, using Maple.

The complexity of the governing equation can increase significantly if the thermal
conductivity or internal generation depends on position or temperature. In these cases,
an analytical solution to the governing equation may not be possible and the numerical
solution techniques presented in Sections 1.4 and 1.5 must be used. In many of these
cases, however, an analytical solution is possible but may require more mathematical
expertise than you have or more effort than you’d like to expend. In these cases, the
combined use of a symbolic software tool to identify the solution and an equation solver
to manipulate the solution provides a powerful combination of tools. Analytical solu-
tions are concise and elegant as well as being accurate and therefore preferable in many
ways to numerical solutions. It is often best to have both an analytical and a numerical
solution to a problem; their agreement constitutes the best possible double-check of a
solution.

EXAMPLE 1.3-2 demonstrates the combined use of the symbolic solver Maple (to
derive the symbolic solution and boundary condition equations) and the equation solver
EES (to carry out the algebra required to obtain the constants of integration and imple-
ment the solution).
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EXAMPLE 1.3-2: ABSORPTION IN A LENS

A lens is used to focus the illumination energy (i.e., radiation) that is required to
develop the resist in a lithographic manufacturing process, as shown in Figure 1.
The lens can be modeled as a plane wall with thickness L = 1.0 cm and ther-
mal conductivity k = 1.5 W/m-K. The lens is not perfectly transparent but rather
absorbs some of the illumination energy that is passed through it. The absorption
coefficient of the lens is @ = 0.1 mm~'. The flux of radiant energy that is incident
at the lens surface (x = 0) is ¢/, ; = 0.1 W/cm?®.The top and bottom surfaces of the
lens are exposed to air at T, = 20°C and the average heat transfer coefficient on

these surfaces is h = 20 W/m?-K.

incident radiant energy, q;;d =0.1 W/em’

YYVYVYVY VY T=20C

7 =20 W/m®-K

a=0.1 mm’! T..=20°C

VYV Vv vy h=20WmiK

transmitted radiant energy

Figure 1: Lens absorbing radiant energy.

The volumetric rate at which absorbed radiation is converted to thermal energy in
the lens (g"”) is proportional to the local intensity of the radiant energy flux, which is
reduced in the x-direction by absorption. The result is an exponentially distributed
volumetric generation that can be expressed as:

8" = Qraa exp (—a x) 1

a) Determine and plot the temperature distribution within the lens.

The inputs are entered into EES:

“‘EXAMPLE 1.3-2: Absorption in a lens”

$UnitSystem SI MASS RAD PAK J
$Tabstops 0.2 0.4 0.6 3.5 in

k=1.5 [W/m-K] “conductivity”

L=1 [cm]*convert(cm,m) “lens thickness”

alpha=0.1 [1/mm]*convert(1/mm,1/m) “absorption coefficient”
gf_dot_rad=0.1 [W/cm"2]*convert(W/cm"2,W/m"2) “incident energy flux”

h_bar=20 [W/m"2-K] “average heat transfer coefficient”
T_infinity=converttemp(C,K,20 [C]) “ambient air temperature”

A_c=1[m"2] “carry out the problem on a per unit area basis”
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An energy balance on an appropriate, differential control volume (see Figure 1) e
provides: =
. . . <

4x + 8 = Qx+dx =

o - 3
which is expanded and simplified: =
o

_dgq dq.,. §

T dx =]

Substituting the rate equations for ¢ and g leads to:

. d dT
§rac= o (-ka) )

where A, is the cross-sectional area of the lens. Substituting Eq. (1) into Eq. (2) and
simplifying leads to the governing differential equation for this problem.

o (5) == expa) @)

dx \dx

The governing differential equation is entered in Maple.

> restart;
> GDE:=diff(diff(T(x),x),x)=-qf_dot_rad*alpha*exp(-alpha*x)/k;

gf _dot_rad o e ¥
k

X) = —

dZ.
GDE := -

The general solution to the equation is obtained using the dsolve command:

> Ts:=dsolve(GDE);

gf _dot_rad e

Ts :=T(x) =— X
o

+ _Cix + _C2

We can check that this solution is correct by integrating Eq. (3) by hand:
dT rad @
/d<ﬁ)__/ 2 exp (—a x) dx

dT qrad
dx k

Equation (4) is integrated again:

/dT /[q’“d exp (— ax)+C1] dx

T=-— ‘25 exp (—a x) + G x + G, (5)

which leads to:

exp (—a x) + Cy 4)

which leads to:
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Note that Eq. (5) is consistent with the result from Maple. The constants of integra-
tion, C; and C,, are obtained by enforcing the boundary conditions. The boundary
conditions for this problem are derived from “interface” energy balances at the two
edges of the computational domain (x = 0 and x = L, as shown in Figure 1). It would
be correct to include the radiant energy flux in the interface balances. However, the
interface thickness is zero and therefore no radiant energy is absorbed at the inter-
face. The amount of radiant energy entering and leaving the interface is the same
and these terms would immediately cancel.

qconv,x=0 = {Qcond,x=0

QCond,XzL = qCOTlU,X=L

Substituting the rate equations for convection and conduction into the interface
energy balances leads to the boundary conditions:

EAC (Too - TX:O) = -k Ac d_T (6)
dx |,_g
—k A, dar =hA, (Teer — Tso) (7)
dx x=L

Note that it is important to consider the direction of the energy transfers during the
substitution of the rate equations. For example, §oom. x=0 is defined in Figure 1 as
being into the top surface of the lens and therefore it is driven by (T, — Tx—o) while
Goomv.x=1 1s defined as being out of the bottom surface of the lens and therefore it
is driven by (Ty—1, — Tw). The general solution for the temperature distribution, Eq.
(5), must be substituted into the boundary conditions, Egs. (6) and (7), and solved
algebraically to determine the constants C; and C,. Maple and EES can be used
together in order to solve the differential equation, derive the symbolic expressions
for the boundary conditions, carry out the required algebra to obtain C; and C;, and
manipulate the solution.

The temperature gradient is obtained symbolically from Maple using the diff
command.

> dTdx:=diff(Ts,x);

dTdx = d1(x) = ~L=dot-rad e ?

_C1
i X -

The first boundary condition, Eq. (6), requires both the temperature and the temper-
ature gradient evaluated at x = 0. The eval function in Maple is used to symbolically
determine these quantities (TO and dTdx0):

> T0:=eval(Ts,x=0);

_gf-dot_rad .

T0 :=T(0) = ok

_C2
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Use the rhs function to redefine TO to be just the expression on the right-hand side
of the above result.

ION IN A LENS

> T0:=rhs(T0);

‘_dot_rad
_gf-dot_ra N

T &=
ak

-C2

The rhs function can also be applied directly to the eval function. The statement
below determines the symbolic expression for the temperature gradient evaluated
atx=0.

> dTdx0:=rhs(eval(dTdx,x=0));

dTdx0 := *M +_C1

These expressions for TO and dTdx0 are copied and pasted into EES in order to
specify the first boundary condition. The equation format used by Maple is similar
to that used in EES and therefore only minor modifications are required. Select the
desired symbolic expressions in Maple (note that the selected text will appear to be
highlighted), use the Copy command from the Edit menu to place the selection on
the Clipboard. When pasted into EES, the equations will appear as:

“boundary condition at x=0"
TO := -1/alpha*qf_dot_rad/k+_C2 “temperature at x=0, copied from Maple”

dTdx0 := gf_dot_rad/k+_C1 “temperature gradient at x=0, copied from Maple”

All that is necessary to use this equation in EES is to change the := to = and
change the constants _C1 and _C2 to C_1 and C_2, respectively. For lengthier
expressions, the search and replace feature in EES (select Replace from the Search
manu) facilitates this process. After modification, the expressions should be:

TO= -1/alpha*qf_dot_rad/k+C_2 “temperature at x=0"
dTdx0= gf_dot_rad/k+C_1 “temperature gradient at x=0"

The boundary condition at x = 0, Eq. (6), is specified in EES:

h_bar*A_c*(T _infinity-T0)=-k*A_c*dTdx0 “boundary condition at x=0"
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The same process is used for the boundary condition at x = L, Eq. (7). The temper-
ature and temperature gradient at x = L are determined using Maple:

> TL:=rhs(eval(Ts,x=L));

gf_dot_rad =« 1)

Tl 5=
ak

+_C1L+_C2
> dTdxL:=rhs(eval(dTdx,x=L));

gf _dot_rad e D

dTdxL :=
* k

+ _C1

These expressions are copied into EES:

“boundary condition at x=L"
TL := -1/alpha*qf_dot_rad*exp(-alpha*L)/k+_C1*L+_C2 “temperature at x=L, copied from Maple”

dTdxL := gf_dot_rad*exp(-alpha*L)/k+_C1 “temperature gradient at x=L, copied from Maple”
and modified for consistency with EES:

TL= -1/alpha*qf_dot_rad*exp(-alpha*L)/k+C_1*L+C_2 “temperature at x=L, copied from Maple”
dTdxL= gf_dot_rad*exp(-alpha*L)/k+C_1 “temperature gradient at x=L, copied from Maple”

The boundary condition at x = L, Eq. (7), is specified in EES:
-k*A_c*dTdxL=h_bar*A_c*(TL-T _infinity) “boundary condition at x=L"

Solving the EES program will provide numerical values for both of the constants.
The units should be set for each of the variables, including the constants, in order
to ensure that the expressions are dimensionally consistent.

The general solution is copied from Maple to EES:

T(x) = -1/alpha*qf_dot_rad*exp(-alpha*x)/k+_C1*x+_C2 “general solution, copied from Maple”

and modified for consistency with EES:

X_mm=0 [mm] “x-position, in mm”
x=x_mm*convert(mm,m) “x_position”
T=-1/alpha*qf_dot_rad*exp(-alpha*x)/k+C_1*x+C_2 “general solution for temperature”
T_C=converttemp(K,C,T) “‘in C”

The temperature as a function of position is shown in Figure 2. Notice the
asymmetry that is produced by the non-uniform volumetric generation (i.e.,
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more thermal energy is generated towards the top of the lens than the bot-
tom and so the temperature is higher near the top surface of the lens).

36.4
36.3[

36.2]

Temperature (°C)

w W w
o g @
© © & o

35.7]

35.6°
0 1 2 3 4 5 6 7 8 9 10
Position (mm)

Figure 2: Temperature distribution in the lens.

b) Determine the location of the maximum temperature (xmqx) and the value of the
maximum temperature (Tpax) in the lens.

The location of the maximum temperature in the lens can be determined by setting
the temperature gradient, Eq. (4), to zero. The value of the maximum temperature
(Tmax) is obtained by substituting the resulting value of xpnqx into the equation for
temperature, Eq. (5). The expression for the temperature gradient is copied from
Maple, pasted into EES and modified for consistency.

gf_dot_rad*exp(-alpha*x_max)/k+C_1=0 “temperature gradient is zero at position x_max”
X_max_mm=x_max*convert(m,mm) “in mm”

The temperature at xpnqy is determined using the general solution.

T_max=-1/alpha*qf_dot_rad*exp(-alpha*x_max)/k+C_1*x_max+C_2
“maximum temperature in the lens”
T_max_C=converttemp(K,C,T_max) “in C”

It is not likely that solving the code above will immediately result in the correct
value of either x;nqx Or Thmax. These are non-linear equations and EES must iterate
to find a solution. The success of this process depends in large part on the initial
guesses and bounds used for the unknown variables. In most cases, any reasonable
values of the guess and bounds will work. For this problem, set the lower and upper
bounds on xp,yx to 0 (the top of the lens) and 0.01 m (1.0 cm, the bottom of the lens),
respectively, and the guess for xp.x to 0.005 m (the middle of the lens) using the

IN A LENS
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Variable Information dialog (Figure 3). Upon solving, EES will correctly predict
that X0x = 0.38 cm and Tyqx = 36.35°C.

21|
¥ Show arriy variables
[~ Show string variables @ EI
Variable [Guess ~] Lower Upper  Display Units
L 0.01 infinity infinity A 3 N m Al
of_dot_rad 1000 -infinity infinity A 3 N W/m*2
I 1 -infinity infinity A 3 N K
TO 1 -infinity infinity A 3 N K
TL 1 -infinity infinity A 3 N K
T.C 1 -infinity infinity A 3 N C
T_infinity 293.2 -infinity infinity A 3 N K
T_max 1 -infinity infinity A 3 N K
T _max_C 1 -infinity infinity A 3 N C
X 0 -infinit infinity A 3 N m
x_max 0.005 10000E02 A 3 N'm
¥_max_mm 1 -infinity infinity A 3 N mm
x_mm 5 -infinity infinity A 3 N mm j
v oK [ Apply | 2 Print I ﬁupdatej X l:an:ell >
Al

Figure 3: Variable Information window showing the limits and guess value for the variable x_max.

It is also possible to determine the maximum temperature within the lens using
EES’ built-in optimization routines. There are several sophisticated single- and
multi-variable optimization algorithms included with EES that can be accessed
with the Min/Max command in the Calculate menu.

1.4 Numerical Solutions to Steady-State 1-D Conduction Problems (EES)

1.4.1 Introduction

The analytical solutions examined in the previous sections are convenient since they pro-
vide accurate results for arbitrary inputs with minimal computational effort. However,
many problems of practical interest are too complicated to allow an analytical solution.
In such cases, numerical solutions are required. Analytical solutions remain useful as a
way to test the validity of numerical solutions under limiting conditions.

Numerical solutions are generally more computationally complex and are not
unconditionally accurate. Numerical solutions are only approximations to a real solu-
tion, albeit approximations that are extremely accurate when done correctly. It is rela-
tively straightforward to solve even complicated problems using numerical techniques.

The steps required to set up a numerical solution using the finite difference approach
remain the same even as the problems become more complex. The result of a numerical
model is not a functional relationship between temperature and position but rather a
prediction of the temperatures at many discrete positions. The first step is to define
small control volumes that are distributed through the computational domain and to
specify the locations where the numerical model will compute the temperatures (i.e.,
the nodes). The control volumes used in the numerical model are small but finite, as
opposed to the infinitesimally small (differential) control volume that is defined in order
to derive an analytical solution. It is necessary to perform an energy balance on each
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control volume. This requirement may seem daunting given that many control volumes
will be required to provide an accurate solution. However, computers are very good at
repetitious calculations. If your numerical code is designed in a systematic manner, then
these operations can be done quickly for 1000’s of control volumes.

Once the energy balance equations for each control volume have been set up, it is
necessary to include rate equations that approximate each term in the energy balance
based upon the nodal temperatures or other input parameters. The result of this step
will be a set of algebraic equations (one for each control volume) in an equal number of
unknown temperatures (one for each node). This set of equations can be solved in order
to provide the numerical prediction of the temperature at each node.

It is tempting to declare victory after successfully solving the finite difference equa-
tions and obtaining a set of results that looks reasonable. In reality, your work is only
half done and there are several important steps remaining. First, it is necessary to verify
that you have chosen a sufficiently large number of control volumes (i.e., an adequately
refined mesh) so that your numerical solution has converged to a solution that no longer
depends on the number of nodes. This verification can be accomplished by examining
some aspect of your solution (e.g., a temperature or an energy transfer rate that is par-
ticularly important) as the number of control volumes increases. You should observe
that your solution stops changing (to within engineering relevance) as the number of
control volumes (and therefore the computational effort) increases. Some engineering
judgment is required for this step. You have to decide what aspect of the solution is
most important and how accurately it must be predicted in order to determine the level
of grid refinement that is required.

Next, you should make sure that the solution makes sense. There are a number
of ‘sanity checks’ that can be applied to verify that the numerical model is behaving
according to physical expectations. For example, if you change the input parameters,
does the solution respond as you would expect?

Finally, it is important that you verify the numerical solution against an analytical
solution in some appropriate limit. This step may be the most difficult one, but it pro-
vides the strongest possible verification. If the numerical model is to be used to make
decisions that are important (e.g., to your company’s bottom line or to your career)
then you should strive to find a limit where an analytical solution can be derived and
show that your numerical model matches the analytical solution to within numerical
error.

The numerical solutions considered in this section are for steady-state, 1-D prob-
lems. More complex problems (e.g., multi-dimensional and transient) are discussed in
subsequent sections and chapters. This section also focuses on solving these problems
using EES whereas subsequent sections discuss how these solutions may be imple-
mented using a more formal programming language, specifically MATLAB.

1.4.2 Numerical Solutions in EES

The development of a numerical model is best discussed in the context of a prob-
lem. Figure 1-10 illustrates an aluminum oxide cylinder that is exposed to fluid at
its internal and external surfaces. The temperature of the fluid exposed to the inter-
nal surface is T = 20°C and the average heat transfer coefficient on the internal
surface is /;, = 100 W/m?-K. The temperature of the fluid exposed to the outer sur-
face is T 0ur = 100°C and the average heat transfer coefficient on the outer surface is
Bows = 200 W/m?-K. The thermal conductivity of the aluminum oxide is k = 9.0 W/m-K
in the temperature range of interest. The rate of thermal energy generation per unit
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k=9 W/m-K
== gm=a+br+cr2
i ¢
; 7, =10 cm
' 7o = 20 cm . . . .
E Flgyre 1-10: Cylinder with volumetric gene-
i ration.
| 7
n=20°C T... o =100°C

TDO:
B =100 Wim>-K i, =200 W/im*-K

volume within the cylinder varies with radius according to:

g =a+br+cr (1-103)

wherea =1 x 10*W/m>, b = 2 x 105 W/m*, and ¢ = 5 x 107 W/m°. The inner and outer
radii of the cylinder are r;, = 10 cm and r,,, = 20 cm, respectively.
The inputs are entered in EES:

“Section 1.4.2”
$UnitSystem SI MASS RAD PAK J
$Tabstops 0.2 0.4 0.6 3.5 in

“Inputs”

r_in=10 [cm]*convert(cm,m) “inner radius of cylinder”

r_out=20 [cm]*convert(cm,m) “outer radius of cylinder”

L=1 [m] “unit length of cylinder”

k=9.0 [W/m-K] “thermal conductivity”
T_infinity_in=converttemp(C,K,20 [C]) “temperature of fluid inside cylinder”

h_bar_in= 100 [W/m"2-K] “average heat transfer coefficient at inner surface”
T_infinity_out=converttemp(C,K,100 [C]) “temperature of fluid outside cylinder”
h_bar_out=200 [W/m"2-K] “average heat transfer coefficient at outer surface”

It is convenient to define a function that provides the volumetric rate of thermal energy
generation specified by Eq. (1-103). An EES function is a self-contained code segment
that is provided with one or more input parameters and returns a single value based on
these parameters. Functions in EES must be placed at the top of the Equations Window,
before the main body of equations. The EES code required to specify a function for the
rate of thermal energy generation per unit volume is shown below.

function gen(r)
“This function defines the volumetric heat generation in the cylinder
Inputs: r, radius (m)
Output: volumetric heat generation at r (W/m~3)”
a=1e4 [W/m"3] “coefficients for generation function”
b=2e5 [W/m"4]
c=5e7 [W/m5]
gen=atb*r+c*r'2 “generation is a quadratic”
end
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2]
[V Show array variables Function GEIl =
[T Show string variables l J —! —!

Variable Guess ~ Lower Upper Display Units
a A4 N Wme3
b A4 N Wm
c A4 N WmS
gen A4 N Wm3
r A A N|m J
o 0K | = Apply | 2y Print | & update | X cancel |

Figure 1-11: Variable Information Window showing the variables for the function GEN.

The function begins with a header that defines the name of the function (gen) and the
input arguments (r) and is terminated by the statement end. None of the variables in the
main EES program are accessible within the function other than those that are explicitly
passed to the function as an input. Unlike equations in the main program, the equations
within a function are executed in the order that they are entered and all variables on the
right hand side of each expression must be defined (i.e., the equations are assignments
rather than relationships). The statements within the function are used to define the
value of the function (gen, in this case). Units for the variables in the function should be
set using the Variable Information dialog in the same way that units are set for variables
in the main program. The most direct way to enter the units for the function is to select
Variable Info from the Options menu. Then select Function GEN from the pull down
menu at the top of the Variable Information dialog and enter the units for the variables
(Figure 1-11).

The finite difference technique divides the continuous medium into a large (but not
infinite) number of small control volumes that are treated using simple approximations.
The computational domain in this problem lies between the edges of the cylinder (r;, <
r < Foue)- The first step in the solution process is to locate nodes (i.e., the positions where
the temperature will be predicted) throughout the computational domain. The easiest
way to distribute the nodes is uniformly, as shown in Figure 1-12 (only nodes 1,2, i — 1, i,
i+1,N—1,and N are shown). The extreme nodes (i.e., nodes 1 and N) are placed on
the surfaces of the cylinder.

In some problems, it may not be computationally efficient to distribute the
nodes uniformly. For example, if there are large temperature gradients at some loca-
tion then it may be necessary to concentrate nodes in that region. Placing closely-
spaced nodes throughout the entire computational domain may be prohibitive from a

|
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computational viewpoint. For the uniform distribution shown in Figure 1-12, the radial
location of each node (7;) is:

i —1
ri="rip+ ﬁ (rowr — rin) fori=1.N (1-104)
where N is the number of nodes. The radial distance between adjacent nodes (Ar) is:
(rout - rin)
Ar=-*2___" 1-105
TSNS (1-105)

It is necessary to specify the number of nodes used in the numerical solution. We will
start with a small number of nodes, N = 6, and increase the number of nodes when the
solution is complete.

N=6 [-] “number of nodes”
DELTAr=(r_out-r_in)/(N-1) “distance between adjacent nodes (m)”

The location of each node will be placed in an array, i.e., a variable that contains more
than one element (rather than a scalar, as we’ve used previously). EES recognizes a
variable name to be an element of an array if it ends with square brackets surrounding
an array index, e.g., r[4]. Array variables are just like any other variable in EES and they
can be assigned to values, e.g., r[4]=0.16. Therefore, one way of setting up the position
array would be to individually assign each value; r[1]=0.1, r[2]=0.12, r[3]=0.14, etc. This
process is tedious, particularly if there are a large number of nodes. It is more convenient
to use the duplicate command which literally duplicates the equations in its domain,
allowing for varying array index values. The duplicate command must be followed by an
integer index, in this case 7, that passes through a range of values, in this case 1 to 6. The
EES code shown below will copy (duplicate) the statement(s) that are located between
duplicate and end N times; each time, the value of i is incremented by 1. It is exactly like
writing:

r[1]=r_in+(r_out-r_in)*0/(N-1)

r[2]=r_in+(r_out-r_in)*1/(N-1

r[3]=r_in+(r_out-r_in)*2/(N-1)

etc.

~

“Set up nodes”

duplicate i=1,N “this loop assigns the radial location to each node”
rli]=r_in+(r_out-r_in)*(i-1)/(N-1)

end

Be careful not to put statements that you do not want to be duplicated between the
duplicate and end statements. For example, if you accidentally placed the statement
N=6 inside the duplicate loop it would be like writing N=6 six times, which corresponds
to six equations in a single unknown and is not solvable.

Units should be assigned to arrays in the same manner as for other variables. The
units of all variables in array r can be set within the Variable Information dialog. Note
that each element of the array r appears in the dialog and that the units of each ele-
ment can be set one by one. In most arrays, each element will have the same units
and therefore it is not convenient to set the units an element at a time. Instead, des-
elect the Show array variables box in the upper left corner of the window, as shown in
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De-select the Show array variables button
in order to collapse the arrays

i Var Zole Information

[ M paagram = _@J ,_E'_I
[Guess -] Lower Upper Display Units

DELTAr | 0.02 -infinity infinity A 3N m
h_bar_in 20 -infinity infinity A 0 N Wim2-K
h_bar_out 200 infinity infinity (A0 | N WIm#2-K

k 9 -infinity infinity A 3 N Wim-K

1 <infinity infinity A 3 N m

& -infindty infinily A 3 N -

0.1 -infinity infinity A 3N m

0.12 -infinity infinity A 3 N m

014 -infinity infinity A N m

0.16 -infinity infinity A 3 N m

0.18 -infinity infinity A 3 N m

0.2 -infindty infinity A 3 N m

0.1 -infinity infinity A 3 N m

r_out 0.2 -infinity infinity A 3 N m

T_infinity_in 2932 -infinsty infinity A1 N K

T_infinity_out ETE W] -infinity infinity A1 N K

v o | 0 Avely | & print B vpaate | X cancel | "

Figure 1-13: Collapsing an array in the Variable Information dialog.

Figure 1-13. The array is collapsed onto a single entry r[] and you can assign units to all
of the elements in the array r{].

A control volume is defined around each node. You have some freedom relative
to the definition of a control volume, but the best control volume for this problem is
defined by bisecting the distance between the nodes, as shown in Figure 1-12.

The second step in the numerical solution is to write an energy balance for the con-
trol volume associated with every node. The internal nodes (i.e., nodes 2 through N — 1)
must be considered separately from the nodes at the edge of the computational domain
(i.e., nodes 1 and N). The control volume for an arbitrary, internal node (node i) is
shown in Figure 1-12. There are three energy terms associated with each control vol-
ume: conduction heat transfer passing through the surface on the left-hand side (§.xy),
conduction heat transfer passing through the surface on the right-hand side (ggps), and
generation of thermal energy within the control volume (g). A steady-state energy bal-
ance for the internal control volume is:

qrus +qras +£ =0 (1-106)

Note that Eq. (1-106) is rigorously correct since no approximations have been used in
its development. In the next step, however, each of the terms in the energy balance
are modeled using a rate equation that is only approximately valid; it is this step that
makes the numerical solution only an approximation of the actual solution. Conduction
through the left-hand surface is driven by the temperature difference between nodes
i — 1 and i through the material that lies between these nodes. If there are a large number
of nodes, then Ar is small and the effect of curvature within any control volume is small.
In this case, ¢ ys can be modeled using the resistance of a plane wall, given in Table 1-2:

qrus = kiin (Vi - %) (Tin = T0) (1-107)
where L is the length of the cylinder and k is the thermal conductivity of the material,
which is assumed to be constant here. It is relatively easy to consider a material with
temperature- or spatially dependent thermal conductivity, as discussed in Section 1.4.3.
Note that it does not matter which direction the heat flow arrow associated with ¢y ys
is drawn in Figure 1-12; that is, the heat transfer could have been defined either as an
input or an output to the control volume. However, once the direction is defined, it is
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absolutely necessary that the energy balance on the control volume and the model of
the heat transfer rate be consistent with this selection. For the energy balance shown
in Figure 1-12, the heat transfer rate was written on the inflow side of the energy bal-
ance in Eq. (1-106) and the heat transfer was written as being driven by (7;—; — T;) in
Eq. (1-107).

The rate of conduction into the right-hand surface can be approximated in the same
manner:

. kL2m Ar
4qRHS = i

Ar ri + 7) (Ti+l — T,) (1—108)

The rate of generation of thermal energy is the product of the volume of the control
volume and the rate of thermal energy generation per unit volume, which is approxi-
mately:

g=g. 2nr,LAr (1-109)

The generation term is spatially dependent in this problem, but it is approximated by
assuming that the volumetric generation evaluated at the position of the node (r;) can
be applied throughout the entire control volume. This approximation improves as Ar is
reduced. Equations (1-106) through (1-109) can be conveniently written for each inter-
nal node using a duplicate loop:

“Internal control volume energy balances”

duplicate i=2,(N-1)
g-dot_LHSJ[i]=2*pi*L*k*(r[i]-DELTAr/2)*(T[i-1]-T[i])/DELTAr  “conduction in from inner radius”
g-dot_RHSJil=2*pi*L*k*(r[i]+DELTAr/2)*(T[i+1]-T[i])/DELTAr “conduction in from outer radius”

g_dot[i]=gen(r[i])*2*pi*r[i]*L*DELTAr “generation”
g-dot_LHS[i]+g_dot[i]+g_dot_RHSJi]=0 “energy balance”
end

Attempting to solve the EES program at this point will result in a message indicating
that there are two more variables than equations and so the problem is under-specified.
We have not yet written energy balance equations for the two nodes that lie on the
boundaries.

Figure 1-12 illustrates the control volume associated with the node that is placed on
the inner surface of the cylinder (i.e., node 1). The energy balance for the control volume
associated with node 1 includes a conduction term (¢zps), a generation term (g), and a
convection term (Geony.in)- For steady-state conditions and energy terms having the signs
indicated in Figure 1-12:

qconv,in + i]RHS + g =0 (1-110)

The conduction term model is the same as it was for internal nodes:

kL2x Ar
Ar <r1 + 7) (T2 —T) (1-111)

qRrHS =

Even though the control volume for node 1 is half as wide as the others, the distance
between nodes 1 and 2 is still Ar and therefore the resistance to conduction between
nodes 1 and 2 does not change.

The generation term is slightly different because the control volume is half as large
as the internal control volumes.

A
g=gi’;,12nr1L7r (1-112)
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Convection from the fluid is given by:
QConv,in = Ein 2nr L (Too,in - Tl) (1'113)
Equations (1-110) through (1-113) are programmed in EES:

“Energy balance for node on internal surface”
q-dot_RHS[1]=2*pi*L*(r[1]+DELTAr/2)*k*(T[2]-T[1])/DELTAr “conduction in from outer radius”

g-_dot_conv_in=2*pi*L*r_in*h_bar_in*(T_infinity_in-T[1]) “convection from internal fluid”
g_dot[1]=gen(r[1])*2*pi*r[1]*L*DELTAr/2 “generation”
q_dot_RHS[1]+g_dot_conv_in+g_dot[1]=0 “energy balance for node 1”

A similar procedure applied to the control volume associated with node N (see Figure
1-12) leads to:

é]conu,aut + é]LHS + g =0 (1-114)
where

qconv,our = EoutznrN L (Too,out - TN) (1-115)

kL2m Ar
] = —— | (Tya1 =T 1-116
qLas Ar <”N 3 ) (Tn-1 N) ( )

" Ar

g=gl,2mvL— (1-117)

“Energy balance for node on external surface”
g_dot_LHS[N]=2*pi*L*(r[N]-DELTAr/2)*k*(T[N-1]-T[N])/DELTAr

“conduction in from from inner radius”
g_dot_conv_out=2*pi*L*r_out*h_bar_out*(T_infinity_out-T[N]) “convection from external fluid”
g-dot[N]=gen(r[N])*2*pi*r[N]*L*DELTAr/2 “generation”
q-dot_LHS[N]+qg_dot_conv_out+g_dot[N]=0 “energy balance for node N”

There are now an equal number of equations as unknowns and therefore solving the
problem will provide the temperature at each node. The calculated temperatures are
converted to °C:

duplicate i=1,N
T_Cli]=converttemp(K,C,T[i]) “temperature in C”
end

Computers are very good at solving large systems of equations, particularly with linear
equations such as these. There are a number of programs other than EES that can be
used to solve these equations (e.g., MATLAB, FORTRAN, and C++). With most of
these software packages, you must take the system of equations, carefully put them into
a matrix format, and then decompose the matrix in order to obtain the solution. This
additional step is not necessary with EES, which saves considerable effort for the user
(although EES must do this step internally). In Section 1.5, we will look at how these
equations have to be set up in a formal programming environment, specifically MAT-
LAB, in order to obtain a solution.
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Figure 1-14: Predicted temperature distribution for N = 6 and N = 20.

It is good practice to assign the units for all variables including the arrays before
attempting to solve the equations. The unit consistency of each equation is checked
when the equations are solved. The solution is provided in the Solution Window for the
scalar quantities, and the Arrays Window for the array of predicted temperatures. A
plot showing the predicted temperature as a function of radius is shown in Figure 1-14
for N=6and N = 20.

Note that EES calculates the individual energy transfer rates for each of the con-
trol volumes. To see these energy transfer rates, select Arrays from the Windows menu
in order to view the Arrays table (Figure 1-15). It is useful to examine these energy
transfer rates and make sure that they agree with your intuition. For example, energy
should not be created or destroyed at the interfaces between the control volumes; that
is, g us for node i should be equal and opposite ¢gys for node i — 1. It is easy to inad-
vertently use incorrect rate equations for the conduction terms where this is not true,
and you can quickly identify this type of problem using the Arrays window. Figure 1-15
shows that the rate of energy transfer by conduction in the positive radial direction (i.e.,
grus) becomes more positive with increasing radius, as it should due to the volumetric
generation.

Before the numerical solution can be used with confidence, it is necessary to ver-
ify its accuracy. The first step in this process is to ensure that the mesh is adequately
refined. Figure 1-14 shows that the solution becomes smoother and represents the actual

1 F 4 3 4 . & . 8 .
Sor i T Tej g OLHsi ORHsi
[m] K] [C] W] W] W]

T 01 366.4 93.27 62.83 857.9
2 T o2 369.2 96.03 150.8 -857.9 707.1
3] 0.14 371.1 97.95 175.9 -707.1 531.2
4] 0.16 3724 99.21 201.1 -531.2 330.1
(5] 0.18 373 99.89 2262 -330.1 103.9
[5] 0.2 3732 100.1 125.7 -103.9

Figure 1-15: Arrays table.
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Figure 1-16: Predicted maximum temperature as a function of the number of nodes.

temperature distribution better as the number of nodes is increased. The general
approach to choosing a mesh is to pick an important characteristic of the solution and
examine how this characteristic changes as the number of nodes in the computational
domain is increased. In this case, an appropriate characteristic is the maximum pre-
dicted temperature within the cylinder. The following EES code extracts this value from
the solution using the max function, which returns the maximum of the arguments pro-
vided to it.

T_max_C=max(T_C[1..N]) “max temperature in the cylinder, in C”

The maximum temperature as a function of the number of nodes is shown in Figure 1-16
(Figure 1-16 was created by making a parametric table that includes the variables N
and T_max). Notice that the solution has converged after approximately 20 nodes and
further refinement is not likely to be necessary.

The next step is to check that the solution agrees with physical intuition. For exam-
ple, if the heat transfer coefficient on the internal surface is reduced, then the temper-
atures within the cylinder should increase. Figure 1-17 illustrates the temperature as a
function of radius for various values of 4;, (with N = 20) and shows that reducing the
heat transfer coefficient does tend to increase the temperature in the cylinder.

There are many additional ‘sanity checks’ that could be tested. For example,
decrease the thermal conductivity or increase the generation rate and make sure that
the temperatures in the computational domain increase as they should.

Finally, it is important that the numerical solution be verified against an analytical
solution in an appropriate limit. In this case, it is not easy (although it is possible) to
develop an analytical solution to the problem with the spatially varying volumetric gen-
eration. However, it is relatively straightforward to develop an analytical solution for
the problem in the limit of a constant volumetric generation rate. It is also very easy
to adapt the numerical model to this limiting case so that the analytical and numerical
solutions can be compared. The variables b and c in the generation function, Eq. (1-103),
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Figure 1-17: Temperature as a function of radius for various values of the heat transfer coefficient.

are temporarily set to 0 in order to implement the numerical solution using a spatially
uniform volumetric generation:

function gen(r)
“This function defines the volumetric heat generation in the cylinder

Inputs: r: radius
“Output: volumetric heat generation at r (W/m"3)”
a=1e4 [W/m"3] “coefficients for generation function”
b=0{2e5} [W/m"4]
c=0{5e7} [W/m"5]
gen=a+b*r+c*r'2 “generation is a quadratic”
end

The analytical solution is solved using the technique presented in Section 1.3. Table 1-3
provides the temperature distribution and temperature gradient in a cylinder with con-
stant generation, to within the constants of integration:

g/// }’2
T = —W + C; In (I’) + G (1-118)

ar — §"r G
dr 2k r
The constants of integration may be determined using the boundary conditions at the

inner and outer surfaces, which are obtained from energy balances at these interfaces.
At the inner surface, convection and conduction must balance:
dT

Ein (Too,in - Tr:r,vn) =—k E s

Substituting Egs. (1-118) and (1-119) into Eq. (1-120) leads to:

) 11
7. N - 7} . i (Em G .
hm |:Too,m ( 4k + Cl In (rm) + C2>:| =—k ( 2k + rin) (1 121)

(1-119)

(1-120)
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At the outer surface, the interface energy balance leads to:

dT
—k =

dr - Eout (Trzr,,,,t - Too,out) (1'122)

r=rout

Substituting Egs. (1-118) and (1-119) into Eq. (1-122) leads to:

g/// Fout Cl _ g/// r(Z)ut
—k | —>——— = how | === + C; In (7, G — Tooou 1-123
( 2k +rout> t|: ik + C In(row) + G , ti| ( )
The constants of integration are determined by using EES to solve Egs. (1-121) and
(1-123):

“Analytical Solution”
g-dot_c=gen(r_in) “constant volumetric generation rate for verification”

h_bar_in*(T_infinity_in-(-g_dot_c*r_in"2/(4*k)+C_1*In(r_in)C_2))=-k*(-g_dot_c*r_in/(2*k)+C_1/r_in)
“boundary condition at inner surface”
-k*(-g_dot_c*r_out/(2*k)+C_1/r_out)=h_bar_out*(-g_dot_c*r_out"2/(4*k)+&
C_1*In(r—out)+C_2-T _infinity_out) “boundary condition at outer surface”

The ampersand character appearing in the equation above is a line break character that
is only needed for formatting (the equation that is terminated with the ampersand con-
tinues on the following line). The analytical solution is evaluated at the locations of the
nodes in the numerical solution. The absolute error between the analytical and numeri-
cal solution is calculated at each position and the maximum error over the computational
domain is computed using the max command.

duplicate i=1,N
T_an[i]=-g_dot_c*r[i]"2/(4*k)+C_1*In(r[i])+C_2 “analytical temperature at node i”
T_an_CJi]=converttemp(K,C,T_an[i]) “‘in C”

errfi]=abs(T_an[i]-T[i])

“absolute value of the discrepancy between numerical and analytical temperature”
end
err_max=max(err[1..N]) “maximum error”

Figure 1-18 illustrates the temperature distribution predicted by the analytical and
numerical models in the limit where the volumetric generation is constant (i.e., the
coefficients b and c in the volumetric generation function are set equal to zero). The
agreement is nearly exact for 20 nodes, confirming that the numerical model is valid.

Figure 1-19 illustrates the maximum value of the error between the analytical and
numerical models as a function of the number of nodes in the solution. Note that
the constants b and c in the generation function were set to zero in order to pro-
vide a uniform generation. Figure 1-19 provides a more precise method of selecting
the number of nodes. A required level of accuracy (i.e., agreement with the analytical
model) can be used to specify a required number of nodes. For example, if the problem
requires temperature estimates that are accurate to within 0.01 K, then you should use
at least 7 nodes. However, predictions accurate to within 0.1 mK will require more than
60 nodes.

1.4.3 Temperature-Dependent Thermal Conductivity

The thermal conductivity of most materials is a function of temperature, although it is
often approximated to be constant. This approximation is appropriate for situations in
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Figure 1-18: Temperature as a function of position predicted by the analytical model should be
indicated by a line and the numerical model by the dots.

which the temperature range is small provided that the thermal conductivity is evaluated
at an average temperature. A constant value of thermal conductivity is usually assumed
when solving a problem analytically; otherwise the differential equation is intractable. A
major advantage of a numerical solution is that the temperature dependence of physical
properties can be considered with little additional effort.

The consideration of temperature-dependent thermal conductivity in a numerical
model is demonstrated in the context of the problem that was considered previously in
Section 1.4.2. The thermal conductivity of the aluminum oxide cylinder was assumed to
be 9 W/m-K, independent of temperature. However, the temperature of the aluminum
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Figure 1-19: Maximum discrepancy between the analytical and numerical solutions (in the limit
that b = ¢ = 0) as a function of N.
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Figure 1-20: Thermal conductivity of polycrystalline aluminum oxide as a function of temperature.

oxide varies by 200°C within the cylinder (see Figure 1-14) and the thermal conductivity
of aluminum oxide varies substantially over this range of temperatures, as shown in
Figure 1-20.

It is possible to alter the EES code that was developed in Section 1.4.2 so that the
temperature-dependent thermal conductivity of polycrystalline aluminum oxide is con-
sidered. A function k is written in EES that returns the conductivity. The function must
be placed at the top of the Equations window, either above or below the previously
defined function gen, and has a single input (the temperature). EES’ internal function
for the thermal conductivity of solids is used in function k to evaluate the thermal con-
ductivity of the polycrystalline aluminum oxide.

function k(T)
“This function provides the thermal conductivity of the aluminum oxide
Inputs: T: temperature (K)
Output: thermal conductivity (W/m-K)”
k=k_(‘Al oxide-polycryst’,T)
end

The temperature-dependent conductivity can cause a problem. It is tempting to evalu-
ate the conduction terms for each control volume using the thermal conductivity eval-
uated at the temperature of the node. However, doing so will result in an error in the
energy balance. Each conduction term, for example ¢ y5, represents an energy exchange
between node i and its adjacent node to the left, node i — 1. The value of ¢, ys evaluated
at node i must be equal and opposite to grys evaluated at node i — 1; if the thermal con-
ductivity is evaluated using the nodal temperature, then this will not be true and energy
will be artificially generated or destroyed at the boundaries between the nodal control
volumes.

To avoid this problem, the thermal conductivity should be evaluated at the aver-
age temperature of the two nodes that are involved in the conduction heat transfer
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(i.e., the temperature at the boundary). The energy balance on the internal nodes (see
Figure 1-12) remains:

qrus +qrus +8& =0 (1-124)

However, the conduction terms must be calculated according to:

kr—r+r._ N L2m Ar

qrns = — (T'+TA’;)/2 <ri - 7) (Tiey = Ty) (1-125)
Kr—ra1. )2 L2 Ar

qrus = T (TI+TA,+;)/2 (ri + 7) (Ti1 —T)) (1-1206)

where k7_ (7,47, ,),2 is the thermal conductivity evaluated at the average of T; and T;_;
and k7_(1,47..,),2 is the thermal conductivity evaluated at the average of T; and T}, ;.
A similar process is used for nodes 1 and N. The modified energy balances in EES are
shown below, with the modified code indicated in bold:

“Internal control volume energy balances”
duplicate i=2,(N-1)
k_LHSI[i]=k((T[i-1]+T[i])/2) “thermal conductivity at LHS boundary”
K_RHS[i]=k((T[i+1]+TIi])/2) “thermal conductivity at RHS boundary”
g-_dot_LHSJ[i]=2*pi*L*k _LHS[i]*(r[i]-DELTAr/2)*(T[i-1]-T[i])/DELTAr
“conduction in from inner radius”
g-dot_RHSJi]=2*pi*L*k _RHS[i]*(r[i][* DELTAr/2)*(T[i+1]-T[i])/DELTAr
“conduction in from outer radius”

g_dotfi]=gen(r[i])*2*pi*r[i]*L*DELTAr “generation”
g-dot_LHS[i]+g_dot[i]+q_dot_RHSJi]=0 “energy balance”
end

“Energy balance for node on internal surface”
k_RHS[1]=k((T[2]+T[1])/2) “thermal conductivity at RHS boundary”
gq_dot_RHS[1]=2*pi*L*(r[1]+DELTAr/2)*k _RHS[1]*(T[2]-T[1])/DELTAr

“conduction in from outer radius”
g-_dot_conv_in=2*pi*L*r_in*h_bar_in*(T_infinity_in-T[1]) “convection from internal fluid”
g_dot[1]=gen(r[1])*2*pi*r[1]*L*DELTAr/2 “generation”
q-dot_RHS[1]+g_dot_conv_in+g_dot[1]=0 “energy balance”

“Energy balance for node on external surface”
k_LHS[N]=k((T[N-1]+T[N])/2) “thermal conductivity at LHS boundary”
gq_dot_LHS[N]=2*pi*L*(r[N]-DELTAr/2)*k _LHS[N]*(T[N-1]-T[N])/DELTAr

“conduction in from from inner radius”
q-dot_conv_out=2*pi*L*r_out*h_bar_out*(T _infinity_out-T[N])
g-dot[N]=gen(r[N])*2*pi*r[N]*L*DELTAr/2 “generation in node N”
g_dot_LHS[N]+q_dot_conv_out+g_dot[N]=0 “energy balance for node N”

Select Solve from the Calculate menu and you are likely to find that the problem either
fails to converge or converges to some ridiculously high temperatures. This is not sur-
prising, since the use of a temperature-dependent conductivity has transformed the alge-
braic equations from a set of equations that are linear in the unknown temperatures
to a set of equations that are nonlinear. Therefore, EES must start from some guess
value for the unknown temperatures and attempt to iterate until a solution is obtained.
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Figure 1-21: Setting the guess values for the array T[] in the Variable Information window.

The success of this process is highly dependent on the guess values that are used. It may
be possible to simply set better guess values for the unknown temperatures. Select Vari-
able Info from the Options menu and deselect the Show array variables button. Set the
guess value for the array T[] to something more reasonable than its default value of 1 K
(e.g., 700 K), as shown in Figure 1-21.

This strategy of manually setting reasonable guess values will not always work. A
more reliable strategy uses the solution with constant conductivity, from Section 1.4.2,
in order to provide guess values for the non-linear problem associated with temperature-
dependent conductivity. This is an easy process; modify the conductivity function (k) as
shown below, so that it returns a constant value rather than the temperature-dependent
value:

function k(T)
“This function provides the thermal conductivity of the aluminum oxide
Inputs: T: temperature (K)
Output: thermal conductivity (W/m-K)”
{k=k_(‘Al oxide-polycryst’,T)}
k=9 [W/m-K]
end

Solve the problem and EES will converge to a solution. To use this constant conductiviy
solution as the guess value for the non-linear problem, select Update Guesses from the
Calculate menu and then return the conductivity function to its original form. Solve the
problem and your EES code will converge to the actual solution. Examine the Arrays
Table (Figure 1-22) and notice that energy is conserved at each boundary (i.e., §rys for
node i is equal and opposite to g, us for node i + 1 for every node); this simple check
shows that your rate equations have been set up appropriately.

Figure 1-23 illustrates the temperature of the aluminum oxide as a function of radius
for the case in which the thermal conductivity is evaluated as a function of tempera-
ture. The temperature distribution calculated in Section 1.4.2 using a constant thermal
conductivity of 9 W/m-K is also shown. This example illustrates that the temperature
dependence of thermal conductivity may be an important factor in some problems.
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Figure 1-23: Temperature as a function of radius for the case where conductivity is a function of
temperature, k(7), and conductivity is constant, k = 9.0 W/m-K.

1.4.4 Alternative Rate Models

The rate equations used to model the conduction between adjacent nodes in Sec-
tion 1.4.2 were based on separating these nodes with a thin cylindrical shell of mate-
rial that is modeled as a plane wall. An even better approximation for these conduction
terms uses the resistance to conduction through a cylinder. According to the resistance

formula listed in Table 1-2, the rate equations become:

qrus =

qRHS =

kL2m (Ti—l — T,)

7
In (_‘
ri—1

kL2m (Ti+1 - T,)

iyl
In ol
ri

(1-127)

(1-128)

Also, the volume of the control volume may be computed more exactly in order to
provide a better estimate of the thermal energy generation term:

)]

g = gr:r,- T
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+ Ar
ri —_
2

- (-

(1-129)
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Figure 1-24: Maximum error between the analytical and numerical models (original and advanced)
as a function of the number of nodes.

The portion of the EES code from Section 1.4.2 that is modified to use these more
advanced rate models (with modifications indicated in bold), is shown below.

“Internal control volume energy balances”
duplicate i=2,(N-1)

q-_dot_LHS[i]=2*pi*L*k*(T[i-1]-T[i])/In(r[i]/r[i-1]) “conduction in from inner radius”
q-dot_RHS[i]=2*pi*L*k*(T[i+1]-T[i])/In(r[i+1]/r[i]) “conduction in from outer radius”
g-dot[il=gen(r[i])*pi*((r[i]+DELTAr/2)"2-(r[i]-DELTAr/2)"2)*L “generation”
q_dot_LHS]Ji]+g_dot[i]+q_dot_RHS]Ji]=0 “energy balance”

end

“Energy balance for node on internal surface”

q-dot_RHS[1]=2*pi*L*k*(T[2]-T[1])/In(r[2]/r[1]) “conduction in from outer radius”
g-_dot_conv_in=2*pi*L*r_in*h_bar_in*(T_infinity_in-T[1]) “convection from internal fluid”
g_dot[1]=gen(r[1])*pi*((r[1]+DELTAr/2)"2-r[1]"2)*L “generation”
g-dot_RHS[1]+q_dot_conv_in+g_dot[1]=0 “energy balance”

“Energy balance for node on external surface”

q-dot_LHS[N]=2*pi*L*k*(T[N-1]-T[N]/In(r[N]/r[N-1]) “conduction in from from inner radius”
g-dot_conv_out=2*pi*L*r_out*h_bar_out* (T _infinity_out-T[N]) “convection from external fluid”
g_dot[N]=gen(r[N])*pi*(r[N]"2-(r[N]-DELTAr/2)"2)*L “generation in node N”
g-dot_LHS[N]+q_dot_conv_out+g_dot[N]=0 “energy balance for node N”

The more advanced numerical solution will approach the actual solution somewhat
more quickly (i.e., with fewer nodes) than the original numerical solution. Figure 1-24
illustrates the difference between the advanced numerical solution (in the limit of a con-
stant generation rate, b = ¢ = 0) and the analytical solution as well as the error associated
with the original solution derived in Section 1.4.2. Notice that the use of the advanced
rate models provides a substantial improvement in accuracy for any given number of
nodes, N.

The use of advanced rate models for a spherical problem is illustrated in EXAMPLE
1.4-1.
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EXAMPLE 1.4-1: FUEL ELEMENT

A nuclear fuel element consists of a sphere of fissionable material (fuel) with
radius rpe = 5.0 cm and conductivity kg, = 1.0 W/m-K that is surrounded by
a shell of metal cladding with outer radius rg,q = 7.0 cm and conductivity
kejad = 300 W/m-K. The outer surface of the cladding is exposed to helium gas
that is being heated by the reactor. The average convection coefficient between the
gas and the cladding surface is h = 100 W/m?-K and the temperature of the gas is
T = 500°C.

Inside the fuel element, fission fragments are produced that have high velocities.
The products collide with the atoms of the material and provide the thermal energy
for the reactor. This process can be modeled as a non-uniform volumetric thermal
energy generation (g”) that can be approximated by:

-1 -1 r
g" =gy exp (—b ) 1)
Tfuel

where g;'= 5x10°> W/m? is the volumetric rate of heat generation at the center of
the sphere and b = 1.0 is a dimensionless constant that characterizes how quickly
the generation rate decays in the radial direction.

a) Develop a numerical model for the spherical fuel element using EES.

A function is defined that returns the volumetric generation given the radial position
and the radius of the fuel element.

function gen(r, r_fuel)
“This function defines the volumetric heat generation in the fuel element
Inputs: r: radius (m)
r_fuel: radius of fuel sphere (m)
Output: volumetric heat generation at r (W/m"3)”

g” _dot_0=5e5 [W/m"3] “volumetric generation rate at the center”
b=1.0 [-] “constant that describes rate of decay”
gen=g"”"_dot_0*exp(-b*r/r_fuel) “volumetric rate of generation”

end

The next section of the EES code provides the problem inputs.

‘EXAMPLE 1.4-1: Fuel Element”

$UnitSystem SI MASS RAD PAK J
$Tabstops 0.2 0.4 0.6 3.5 in

“Inputs”

r_fuel=5.0 [cm]*convert(cm,m) “fuel radius”

r_clad=7.0 [cm]*convert(cm,m) “cladding radius”

k_fuel=1.0 [W/m-K] “fuel conductivity”

k_clad=300 [W/m-K] “cladding conductivity”
h_bar=100 [W/m"2-K] “average convection coefficient”
T_infinity=converttemp(C,K,500 [C]) “helium temperature”

The numerical solution proceeds by distributing nodes throughout the compu-
tational domain that stretches from r = 0 to r = ry,e;. There is no reason to include
the metal cladding in the numerical model. The cladding increases the thermal
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resistance that is already present due to convection with the gas; however, this
effect can be included using a conduction thermal resistance.
The positions of a uniformly distributed set of nodes are obtained from:
(i-1)

ri = ml‘fue] fori =1..N

and the distance between adjacent nodes is:

Ar — Tfuel
(N —-1)
“Setup nodes”
N=50 [-] “number of nodes”
duplicate i=1,N
rli]=r_fuel*(i-1)/(N-1) “radial position of each node”
end
DELTAr=r_fuel/(N-1) “distance between adjacent nodes”

A control volume for an arbitrary internal node is shown in Figure 1.
}ffuel

cladding
Telad

fuel element

Figure 1: Control volume for an internal node.

The energy balances for the internal control volumes are:
qrus +qrus +§=0

The control volumes are spherical shells. Therefore, it is appropriate to use a con-
duction model that is consistent with conduction through a spherical shell (see
Table 1-2). Note that this problem could also be solved by approximating the spher-
ical shells as plane walls with different surface areas, as was done in Section 1.4.2.
However, building the proper geometry into the control volume energy balances
will allow the problem to be solved to a specified accuracy with fewer nodes.

durts = (Tia — T3)
1 1 1
471 Kfyel [: - ITIi|
and
(Tia —T7)

grHS =

1 |:1 1 ]
47 ket LIi Tiga
The temperature differences used to evaluate qrys and qrys are consistent with
the direction of the conduction heat transfer terms shown in Figure 1 whereas the

EL ELEMENT



=
=
Ll
=
L
—
Ll
-l
Ll
=
L

64 One-Dimensional, Steady-State Conduction

resistance values in the denominators are written in the form of 1/r;, — 1/rou (e.g.,
1/ri—1 —1/r; and 1/r; — 1/ri41) so that the resistances are positive. The generation
in each control volume is given by:

) 4 . +A1‘ 3 . Ar\® o
=57 it— ) —\i— - ;
8 3 2 2 8,

Combining these equations allows the control volume energy balances for the inter-
nal nodes to be written as:

47 Kpuel (Tiir — Ti) 47 Kjuet (Tia — T;) 4 Ar\?® Ar\°®
T fel( 1 )+ T fe]( +1 )_’_77_[ |:(I‘i+r> —(I‘j—r)]gg’=0

|: 1 1] |:1 1 :| 3 2 2
rioqa Ij ri TIip1

fori=2.(N-1) (2)

“Internal control volume energy balance”
duplicate i=2,(N-1)
4*pi*k_fuel*(T[i-11-T[i])/(1/r[i-1]-1/r[i]) +4*pi*k_fuel* (T[i+11-T[i])/(1/r[i]-1/r[i+1])+&
4*pi*((r[il+DELTAr/2)"3-(r[i]-DELTAr/2)"3)*gen(r[i],rfuel)/3=0
end

The energy balance for the node that is placed at the outer edge of the fuel (i.e.,
node N) is:

3
47 Kjuer (T -1 — Tv) (T —Ty) 4 ar\?] L,
pia e (=20 i =0
|: 1 _ ii| Hcond,c]ad + Reom 3 2
I'n— T .
Ak ol combined thermal generation in outer shell
; resistance of cladding
conduction between the outermost and convection

and adjoining nodes (3)

where Rcjqq is the resistance to conduction through the cladding:

1 1 1
Bcond,c]ad = -
47 Kejad Tfyel I'clad

and Rc,p, is the resistance to convection from the surface of the cladding to the gas:

1
Hconv = 2 =
4mwr;, h

R_cond_clad=(1/r_fuel-1/r_clad)/(4*pi*k_clad) “conduction resistance of cladding”

R_conv=1/(4*pi*r_clad™2*h_bar) “convection resistance from surface of cladding”

4*pi*k_fuel*(T[N-1]-T[N])/(1/r[N-1]-1/r[N])+(T —infinity-T[N])/(R_cond_clad+R_conv)+&
4*pi*(r[N]"3-(r[N]-DELTAr/2)"3)*gen(r[N],r_fuel)/3=0 ‘node N energy balance”

If the same conduction model is used, then the energy balance for the node placed
at the center of the fuel (i.e., node 1) is:

A ke (T, —T1) 4 Ar\® ,
por T2 1)+—n[<rl+7> —rf}g;’l’:o )

1 1 3
I Iy
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4*pi*k_fuel*(T[2]-T[11)/(1/r[1]-1/r[2])+4*pi*((r[1]+DELTAr/2)"3-r[1]"3)*gen(r[1],r_fuel)/3=0
“node 1 energy balance”

Executing the EES code will lead to a division by zero error message. The radial
location of node 1, ry, is equal to 0 and therefore the 1/r; term in the denominator
of Eq. (4) is infinite. (The actual resistance associated with conducting energy to
a point is infinite.) A similar error will be encountered when computing gy s for
node 2 in Eq. (2). This problem can be dealt with by calculating the conduction
between nodes 1 and 2 using a plane wall approximation. The energy balance for
node 1 becomes:

Ar\* (T, —T)) 4 Ar\®
477 Kpyel <r1+7> %+§n |:<r1+7) g =0

=
=
Ll
=
(TF]
-
(7T
-
Ll
=
L

{4*pi*k_fuel*(T[2]-T[11)/(1/r[1]-1/r[2])+4* pi* ((r[1]+DELTAr/2)"3-r[1]-"3)*gen(r[1],r_fuel)/3=0}
4*pi*k_fuel*(r[1]+DELTAr/2)"2*(T[2]-T[1])/DELTAr+4*pi*((r[1]1+DELTAr/2)"3-r[1]"3)*gen(r[1],r_fuel)/3=0
“node 1 energy balance”

The energy balance for node 2 has to be rewritten in the same way:

Ar\* (Ty —Ty) 47 kpuet (T3 — T2)
477 Kpuel (F1 + 7) A 1
Iy Irs

“Internal control volume energy balance”
{duplicate i=2,(N-1)
4*pi*k_fuel*(T[i-11-T[i])/(1/r[i-1]-1/r[i]) +4*pi*k _fuel* (T[i+11-T[i])/(1/r[i]-1/r[i+1])+&
4*pi*((rlil+*DELTAr/2)"3~(r[i]-DELTAr/2)"3)*gen(r[i],r_fuel)/3=0
end}
duplicate i=3,(N-1)
4*pi*k_fuel*(T[i-11-T[i])/(1/r[i-1]-1/r[i]) +4*pi*k _fuel* (T[i+11-T[i])/(1/r[i]-1/r[i+1])+&
4*pi*((r[il+DELTAr/2)"3-(r[i]-DELTAr/2)"3)*gen(rfi],rfuel)/3=0
end
4*pi*k_fuel*(r[1]+DELTAr/2)"2*(T[1]-T[2])/DELTAr+4*pi*k_fuel*(T[3]-T[2])/(1/r[2]-1/r[3]) +&
4*pi*((r[2]+DELTAr/2)"3-(r[2]-DELTAr/2)"3)*gen(r[2],r_fuel)/3=0  “node 2 energy balance”

With these changes, the program can be solved. The solution is converted to °C:

duplicate i=1,N
T_Cli]=converttemp(K,C,T[i]) “temperature in C”
end
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66 One-Dimensional, Steady-State Conduction

Figure 2 illustrates the temperature in the fuel element as a function of radius.

660 —

640[

(o2}
N
o

(o2}
o
o

Temperature (°C)

0 0.01 0.02 0.03 0.04 0.05
Radius (m)

Figure 2: Temperature distribution within fuel.

The maximum temperature in the fuel element is obtained with the max function.
T_max_C=max(T_C[1..N]) “maximum temperature of the fuel, in C”

Figure 3 shows the maximum temperature in the fuel as a function of the number
of nodes and indicates that the solution converges if at least 100 nodes are used.

66—~
666
664
662
660[
658
656 \
654 .

652] \‘
650k oo o o o

2 10 100 1000
Number of nodes

Maximum temperature (°C)

Figure 3: Maximum temperature within fuel as a function of the number of nodes.

Several sanity checks can be carried out in order to verify that the solution is phys-
ically correct. Figure 4 shows the maximum temperature in the fuel as a function of
the fuel conductivity for various values of the volumetric generation at the center of
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the fuel (g;'). The maximum temperature increases as either the fuel conductivity
decreases or the volumetric rate of generation increases.

800
&7’=10x10° W/m?®

750
700
650
600

&7"=5x10° W/n’]
550 ]

Maximum temperature (°C)

500 .77_ 6 3
g, =2x10"W/m g{’,,,=1 % 106 W/m35

450
05 1 15 2 25 3 35 4 45 5

Fuel conductivity (W/m-K)

o'

Figure 4: Maximum temperature in the fuel as a function of k., for various values of gj'.

Finally, we can compare the numerical model with the analytical solution for the
limiting case where b = 0 in Eq. (1) (i.e., the fuel experiences a uniform rate of vol-
umetric generation). The general solution for the temperature distribution and tem-
perature gradient within a sphere exposed to a uniform generation rate is given in
Table 1-3:

51

g 2, G
T=- e N 5
bk’ T TG ®)

and

dT B 3" . Cy
dr 3kfu51 r?

(6)

where C; and C, are constants of integration. The temperature at the center of
the sphere must be bounded and therefore C; must be equal to 0 by inspection of
Eq. (5); alternatively, the temperature gradient at the center must be zero, which
would also require that C; = 0 according to Eq. (6). The second boundary condi-
tion is related to an energy balance at the interface between the cladding and the
fuel:

_ (TF=Ffuel - TOO) (7)

Hcond,c]ad + Hconv

d
—kfue] 4 I')gue] E

I'=Tfyel

Combining Equations (5) through (7) leads to:

g///
2
(_ 6 kfue] rfuel TG - Tw)

Rcond,c]ad + Reom

g///
_kfuel 4 1"]%“61 (—%T]‘ud) =

=
=
Ll
=
(TF]
-
(7T
-
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which can be solved for C,.

“Analytical solution”
g”’ _dot=gen(0 [m],r_fuel) “rate of volumetric generation to use in analytical solution”
-k_fuel*4*pi*r_fuel’2*(-g” _dot*r_fuel/(3*k_fuel))= &
(-g” _dot*r_fuel"2/(6*k_fuel)+C_2-T_infinity)/(R_cond_clad+R_conv)
“boundary condition at r=r_fuel’

The analytical solution is obtained at the same radial locations as the numerical
solution.

duplicate i=1,N
T_an[i]=-g” _dot*r[i]"2/(6*k_fuel)+C_2 “analytical solution”
T_an_C]Ji]=converttemp(K,C,T_an([i]) “in C”

end

Figure 5 shows the analytical and numerical solutions in the limit that b = 0 for
50 nodes; the agreement is nearly exact, indicating that the numerical solution is
adequate.

800 —
[ —predlcted by numerical model with b = 0
[ e predicted by analytical model
750 "'._.-.~._.
i 0o,
L ~o.
— .\.
© 700| \0\.
e I AN
=} r .\
B 650 *
@ I e
[oR r \.
§ 600 e
[ i Ne 1
[ Ny ]
L .\ 4
550 o
0 0.01 0.02 0.03 0.04 0.05
Radius (m)

Figure 5: Temperature as a function of radius predicted by the analytical model should be
indicated by a line and the numerical model by the dots.

1.5 Numerical Solutions to Steady-State 1-D Conduction Problems using
MATLAB

1.5.1 Introduction

Numerical models of 1-D steady-state conduction problems are introduced and imple-
mented using EES in Section 1.4. EES internally provides all of the numerical manip-
ulations that are needed to solve the system of algebraic equations that constitutes a
numerical model. This capability reduces the complexity of the problem. However, there
are disadvantages to using EES. For example, EES will generally require significantly
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k=9 W/m-K
== &"=1x10° W/m’

i ¢

: 7, =10 cm

: r =20cm
Figure 1-25: Cylinder with volumetric gene- : out
ration. :

, 7

T, .,=20°C T ou:=100°C

o, in oo, out

By =100 W/m> K}, =200 W/m>-K

more time to solve the equations than is required by a compiled computer language.
There is an upper limit to the number of variables that EES can handle, which places
an upper bound on the number of nodes that can be used in the model. The structure of
EES requires that every variable be retained in the final solution. Therefore, you cannot
define and then erase intermediate variables in the course of obtaining a solution and, as
a result, numerical solutions in EES often require a lot of memory. Finally, some mod-
els require logic statements (e.g., if-then-else statements) that are difficult to include in
EES. For these reasons, it is useful to learn how to implement numerical models in a for-
mal programming language, e.g., FORTRAN, C++, or MATLAB. The steps required
to solve the algebraic equations associated with a numerical model are demonstrated
in this section using the MATLAB software. It is suggested that the reader stop and
go through the tutorial provided in Appendix A.3 in order to become familiar with
MATLAB. Appendix A.3 can be found on the web site associated with this book
(www.cambridge.org/nellisandklein).

1.5.2 Numerical Solutions in Matrix Format

The cylinder problem that is considered in Section 1.4 in order to illustrate numeri-
cal methods using EES is shown again in Figure 1-25. An aluminum oxide cylinder is
exposed to fluid on its internal and external surfaces. The temperature of the fluid that
is exposed to the internal surface is T i» = 20°C and the average heat transfer coef-
ficient on this surface is A, = 100 W/m2-K. The temperature of the fluid exposed to
the external surface is T o,r = 100°C and the average heat transfer coefficient on this
surface is /1, = 200 W/m?-K. The thermal conductivity is assumed to be constant and
equal to k = 9.0 W/m-K. We will begin by solving the problem for the case where the
rate of volumetric generation of thermal energy within the cylinder is uniform and equal
to ¢” =1 x 10> W/m>. The inner and outer radii of the cylinder are r;, = 10 cm and
rour = 20 cm, respectively.

The development of the system of equations proceeds as discussed in Section 1.4.2.
A uniform distribution of nodes is used and therefore the radial location of each node

(r;) is:

(i-1)

N0 (Fouw — Fin) i=1.N (1-130)

ri =Tip +
where N is the number of nodes used for the simulation. The radial distance between
adjacent nodes (Ar) is:

_ (rout - rin)

Ar= " (1-131)
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The energy balances for the internal nodes are:
grus +qrus +8& =10 (1-132)

where

A
kL2x (r,- — {) (Tiz1 — Ty)

] = 1-133
qLHS Ar ( )
A
kL2 (I’i + 7”) (T,'+1 — T,')
] = 1-134
qRHS Ar ( )
g=¢"2nrLAr (1-135)

Equations (1-132) through (1-135) are combined:

A
kL2m (r,- _a

> kL2m <rl+ >
~ (Tiei—T) + A (Tin—T)+§"2rnrLAr=0
fori=2..(N—-1) (1-136)

The energy balance for the control volume associated with node 1 is:

A
kL2m (rl + el

Ar

) A
(Ta—Ti) + & 27n LTF —0
(1-137)

hin 27w L (Tooin — T1) +

The energy balance for the control volume associated with node N is:

A
kL2nm <rN - 7}’
hou2ry L (Too,out - TN) +

) A
(Ty_1 — Tw) +g/”2mNL7’ —0
(1-138)
Equations (1-136) through (1-138) represent N linear algebraic equations in an equal
number of unknown temperatures. In order to solve these equations using a formal pro-

gramming language, it is necessary to represent this set of equations as a matrix equa-
tion. Recall from linear algebra that a linear system of equations, such as:

Ar

2x1+ 30+ 1x =1
Ixi + 50 +1x3=2 (1-139)
Ty +1x+2x3=5

can be written as a matrix equation:

2 3 17 [x 1
15 1||x|=]2 (1-140)
7 1 2 X3 5
R g
A X b
or
AX=b (1-141)
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where A is a matrix and X and b are vectors:

2 31 X1 1
A=|1 5 1|, X=|x |, and b= |2 (1-142)
o 7 1 2 X3 5

Most programming languages, including MATLAB, have built-in or library routines for
decomposing the system of equations and solving for the vector of unknowns, X. This is
a mature area of research and advanced methods exist for quickly solving matrix equa-
tions, particularly when most of the entries in A are 0 (i.e., A is a sparse matrix).

MATLARB is specifically designed to handle large matrix equations. In this section,
we will use MATLAB to solve heat transfer problems. This requires an understanding
of how to place large systems of equations, corresponding to the energy balances, into a
matrix format. Each row of the A matrix and b vector correspond to an equation whereas
each column of the A matrix is the coefficient that multiplies the corresponding unknown
(typically a nodal ‘Emperature) in that equation. To set up a system of equations in
matrix format, it is necessary to carefully define how the rows and energy balances are
related and how the columns and unknown temperatures are related.

The first step is to define the vector of unknowns, the vector X in Eq. (1-140). It does
not really matter what order the unknowns are placed in X, but the implementation of
the solution is much easier if a logical order is used. In this problem, the unknowns are
the nodal temperatures. Therefore, the most logical technique for ordering the unknown
temperatures in the vector X is:

X\ =T
x=|X=" (1-143)
Xy =Ty

Equation (1-143) shows that the unknown temperature at node i (i.e., 7;) corresponds
to element i of vector X (i.e., X;).

The next step is to define how the rows in the matrix A and the vector b correspond
to the N control volume energy balances that must be solved. Again, it does not matter
what order the equations are placed into the A matrix, but the solution is easiest if a
logical order is used: o

row 1 = control volume 1 equation

_ | row 2 = control .V.o'lume 2 equation (1-144)

(I

row N = control volume N equation

Equation (1-144) shows that the equation for control volume i is placed into row i of
matrix A.

1.5.3 Implementing a Numerical Solution in MATLAB

We can return to the numerical problem that was discussed in Section 1.5.2. Open a new
M-file (select New M-File from the File menu) which will bring up the M-file editor.
Save the script as cylinder (select Save As from the File menu) in a directory that is in
your search path (you can specify the directories in your search path by typing pathtool
in the Command window).

Enter the inputs to the problem at the top of the script and save it. Note that
the % symbol indicates that anything that follows on that line will be a comment.
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MATLAB will not assign units to any of the variables; they are all dimensionless as
far as the software is concerned. This limitation puts the burden squarely on the user to
clearly understand the units of each variable and ensure that they are consistent. The
use of a semicolon after each assignment statement prevents the variables from being
echoed in the working environment. The clear command at the top of the script clears
all variables from the workspace.

clear; %clear all variables from the workspace

% Inputs

r_in=0.1; %inner radius of cylinder (m)

r_out=0.2; %outer radius of cylinder (m)

g_dot_tp=1e5; %constant volumetric generation (W/m"3)

L=1; %unit length of cylinder (m)

k=9; %thermal conductivity of cylinder material (W/m-K)
T_infinity_in=20+273.2; %average temperature of fluid inside cylinder (K)
h_bar_in=100; %heat transfer coefficient inside cylinder (W/m"2-K)
T_infinity_out=100+273.2; %temperature of fluid outside cylinder (K)
h_bar_out=200; %heat transfer coefficient at outer surface (W/m"2-K)

In order to run your script from the MATLAB working environment, type cylinder at
the command prompt:

>> cylinder

Nothing appears to have happened. However, all of the variables that are defined in the
script are now available in the work space. For example, if the name of any variable is
entered at the command prompt then its value is displayed.

>> h_bar_out
h_bar_out =
200

For a complete list of variables in the workspace, use the command who.

>> who

Your variables are:

L T_infinity_out h_bar_in k r_out
T_infinity_in  g_dot_tp h_bar_out r_in

The number and location of the nodes for the solution must be specified. A vector of
radial locations (r) is setup using a for loop. Each of the statements between the for and
end statements is executed each time through the loop. Enter the following lines into
the cylinder M-file:

% Setup nodes

N=10; %number of nodes (-)
Dr=(r_out-r_in)/(N-1); %distance between nodes (m)
for i=1:N

r(i)=r_in+(i-1)*(r—out-r_in)/(N-1); %radial position of each node (m)

end
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The energy balances must be setup in an appropriately sized matrix, the variable A, and
vector, the variable b. Recall that our matrix A needs to have as many rows as there are
equations (the N control volume energy balgnces) and as many columns as there are
unknowns (the N unknown temperatures) and b is a vector with as many elements as
there are equations (N). We’ll start with A and b composed entirely of zeros and subse-
quently add non-zero elements according to the equations. The A matrix ends up being
composed almost entirely of zeros and thus it is referred to as a sparse matrix. Initially
we will not take advantage of this sparse characteristic of A. However, in Section 1.5.5,
it will be shown that the solution can be accelerated considerably by using specialized
matrix solution techniques that are designed for sparse matrices. MATLAB makes it
extremely easy to use these sparse matrix solution techniques.

The zeros function used below returns a matrix filled with zeros with its size deter-
mined by the input arguments; the variable A will be an N x N matrix filled with zeros
and the variable b will be an N x 1 vector filled with zeros where the variable N is the
number of nodes.

%Setup A and b
A=zeros(N,N);
b=zeros(N,1);

The most difficult step in the process is to fill in the non-zero elements of A and b so
that the solution of the system of equations can be obtained through a matrix decompo-
sition process. According to Eq. (1-144), the 1st row in A must correspond to the energy
balance for control volume 1, which is given by Eq. (1-1_37), repeated below:

kL2m < Ar

_ A
hin2nr L (Too,in— T1) + r+ 7) (T, — T1)+g’”27rr1L7r =0

(1-137)

It is necessary to algebraically manipulate Eq. (1-137) so that the coefficients that multi-

ply each of the unknowns in this equation (i.e., 7y and 7>) and the constant term in the
equation (i.e., terms that are known) can be identified.

kL2m Ar\ - kL2m Ar
T1|:— Ar (}’1+7>—hin2n’}’1Li|+T2|: Ar (l’1+7)i|

Al.l ALZ

Ar - 1-145
:—g”’anlLTr—hm27'rr1LToo,,-n ( )

by

Equation (1-145) corresponds to the 1st row of A and b. The coefficient in the first equa-

tion that multiplies the first unknown in X, 7 according to Eq. (1-143), must be A ;:

kL2w ( Ar
1

i+ 7) — w27 L (1-146)

Al =—

The coefficient in the first equation that multiplies the second unknown in X, 7, accord-
ing to Eq. (1-143), must be A; ;:

kL2m Ar
Aip = A7 <r1 + 7) (1-147)
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Finally, the constant terms associated with the first equation must be by:
Ar  —
by =—g¢"2nr L 7r —hin27ri LT in (1-148)

These assignments are accomplished in MATLAB:

%Energy balance for control volume 1
A(1,1)=-k*L*2*pi*(r(1)+Dr/2)/Dr-h_bar_in*2*pi*r(1)*L;
A(1,2)=k*L*2*pi*(r(1)+Dr/2)/Dr;

b(1)=-h_bar_in*2*pi*r(1)*L*T _infinity_in-g_dot_tp*2*pi*r(1)*L*Dr/2;

According to Eq. (1-144), rows 2 through N — 1 of matrix A correspond to the energy
balances for the corresponding internal control volumes; these equations are given by
Eq. (1-136), which is repeated below:

kL2m Ar kL2m Ar
= =) (T = T b = ) (Ti1 = T +&"2nr LAr =0
A (r 2)( 1 )+ A <r~|—2>( +1 Y+ &2 r
(1-136)
fori=2.(N-1)

Again, Eq. (1-136) must be rearranged to identify coefficients and constants.

kL2m Ar kL2m Ar kL2w Ar
T |- e ri+— || +Tiz1 ri— —
Ar 2 Ar 2 Ar 2

Aii A

kL2 A 1-149
+ Tiqq |:A—7T (r,-—i—?r)} =—¢"2ar,LAr fori=2..(N-1) ( )
r —

i

Aiiv1

All of the coefficients for control volume i must go into row i of A, the column depends
on which unknown they multiply. Therefore: o

klL2m Ar kL2m Ar .
Al‘,,’ = — Ar (}’i — 7) - Ar <}’i + 7) fori=2... (N — 1) (1—150)
kL2m Ar .
Aji1= A (rl- - 7) fori=2...(N—1) (1-151)
kL2 A
Aiivt = — i (rl- + Tr) fori=2...(N—-1) (1-152)
-

The constant for control volume i must go into row i of b.
bi=-¢"2nr,LAr fori=2...(N-1) (1-153)

These equations are programmed most conveniently in MATLAB using a for loop:

%Energy balances for internal control volumes

for i=2:(N-1)
A(i,i)=-k*L*2*pi*(r(i)-Dr/2)/Dr-k*L*2*pi*(r(i)+Dr/2)/Dr;
A(i,i-1)=k*L*2*pi*(r(i)-Dr/2)/Dr;
A(i,i+1)=k*L*2*pi*(r(i)+Dr/2)/Dr;
b(i)=-g_dot_tp*2*pi*r(i)*L*Dr;

end
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Finally, the last row of A (i.e., row N) corresponds to the energy balance for the last
control volume (node N), which is given by Eq. (1-138), repeated below:

A
kL2m (rN— 2r

) Ar
(TN,1 - TN) +g”/27rrNL7 =0
(1-138)

EoutznrN L (Too,out - TN) + Ar

Equation (1-138) is rearranged:

— kL2n Ar kL2m Ar
TN|:_h0ut27TrNL_ Ar <r _7>:|+TN1|: Ay (r —7)]

ANN ANN-1

A
=—§"2nryL 7r (1-154)

—_———
by

The coefficients in the last row of A and b are:

kL2 A —
Axn = =T (e = 20 Chpu2 ey L (1-155)
’ Ar 2
kL2nw Ar
ANN_1 = - — 1-1
woe = 2 (- ) (1-156)
and
T m Ar
by = —hou 2N LToo o — & 21N > L (1-157)

%Energy balance for control volume N
A(N,N)=-k*L*2*pi*(r(N)-Dr/2)/Dr-h_bar_out*2*pi*r(N)*L;
A(N,N-1)=k*L*2*pi*(r(N)-Dr/2)/Dr;
b(N)=-h_bar_out*2*pi*r(N)*L*T_infinity _out-g_dot_tp*2*pi*r(N)*Dr*L/2;

At this point, the matrix A and vector b are completely set up and can be used to deter-
mine the unknown temperatures. The solution to the matrix equation, Eq. (1-141), is:

X=A"p (1-158)

where é‘l is the inverse of matrix A. The solution is obtained using the backslash oper-
ator in MATLAB (note that this is much more efficient than explicitly solving for the
inverse of A using the inv command):

%Solve for unknowns
X=A\b; %solve for unknown vector, X
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Figure 1-26: Temperature as a function of radius predicted by the numerical model.
The vector of unknowns, X, is identical to the temperatures for this problem.

T=X; %assign temperatures from X
T_C=T-273.2; %in C

The script cylinder can be executed from the working environment by typing cylinder at
the command prompt. After execution, the variables that were defined in the M-file and
the solution will reside in the workspace; for example, you can view the solution vector
(T_C) by typing T_C and you can plot temperature as a function of radius using the plot
command.

>> cylinder
>>T_C

T C=

100.3213
109.0658
115.6711
120.3899
123.4143
124.8938
124.9468
123.6689
121.1383
117.4197

>> plot(r, T_C)

Figure 1-26 illustrates the temperature predicted by the MATLAB numerical model as
a function of radius. The solution is exactly equal to the solution that would be obtained
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using the EES code in Section 1.4.2 if the same rate of volumetric generation of thermal
energy is used.

1.5.4 Functions

The problem in Section 1.5.3 was solved using a script, which is a set of MATLAB
instructions that can be stored and edited, but otherwise operates on the main workspace
just as if you typed the instructions in one at a time. It is often more convenient to use
a function. A function will solve the problem in a separate workspace that communi-
cates with the main workspace (or any workspace from which the function is called)
only through input and output variables.

There are a few advantages to using a function rather than a script. The function may
embody a sequence of operations that must be repeated several times within a larger
program. For example, suppose that there are multiple sections of a cylinder, but each
section has different material properties or boundary conditions. It would be possible to
cut and paste the script that was written in Section 1.5.3 over and over again in order
to solve this problem. A more attractive option (and the one least likely to result in an
error) is to turn the script cylinder.m into a function that can be called whenever you
need to consider conduction through a cylinder with generation. The function can be
debugged and tested until you are sure that it works and then applied with confidence at
any later time. The use of functions provides modularity and elegance to a program and
facilitates parametric studies and optimizations.

Any computer code that is even moderately complicated should be broken down
into smaller, well-defined sub-programs (functions) that can be written and tested
separately before they are integrated through well-defined input/output protocols.
MATLAB (or EES) programs are no different. It is convenient to develop your
code as a script, but you will likely need to turn your script into a function at some
point.

Let’s turn the script cylinder.m into a function. Save the file cylinder as cylinderf.
The first line of the function must declare that it is a function and define the input/output
protocol. For the cylinder problem, the inputs might include the number of nodes (the
variable N), the cylinder radii (the variables r_in and r_out), and the material conductiv-
ity (the variable k). Any other parameter that you are interested in varying could also
be provided as an input. The logical outputs include the vector of radial positions that
define the nodes (the vector r) and the predicted temperature at these positions (the
vector T_C).

function[r,T_C]=cylinderf(N,r_in,r_out,k)

The keyword function declares the M-file to be a function and the variables in square
brackets are outputs; these variables should be assigned in the body of the function and
are passed to the calling workspace. The function name follows the equal sign and the
variables in parentheses are the inputs. Note that nothing you do within the function
can affect any variable that is external to the function other than those that are explic-
itly defined as output variables. You should also comment out the clear command that
was used to develop the script. The clear statement is not needed since the function
operates with its own variable space. The function is terminated with an end statement.
The cylinderf function is shown below; the modifications to the original script cylinder
are indicated in bold.
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function[r,T_C]=cylinderf(N,r_in,r _out,k)

%clear; %clear all variables from the workspace

% Inputs

%r_in=0.1; %inner radius of cylinder (m)

%r_out=0.2; %outer radius of cylinder (m)

g_dot_tp=1e5; %constant volumetric generation (W/m"3)

L=1, %unit length of cylinder (m)

%k=9; %thermal conductivity of cylinder material (W/m-K)
T_infinity_in=20+273.2; %average temperature of fluid inside cylinder (K)
h_bar_in=100; %heat transfer coefficient inside cylinder (W/m~2-K)
T_infinity_out=100+273.2; %temperature of fluid outside cylinder (K)
h_bar_out=200; %average heat transfer coefficient at outer surface (W/m"2-K)

% Setup nodes

%N=10; %number of nodes (-)
Dr=(r_out-r_in)/(N-1); %distance between nodes (m)
fori=1:N

r(i)=r_in+(i-1)*(r_out-r_in)/(N-1); %radial position of each node (m)
end

%Setup A and b
A=zeros(N,N);
b=zeros(N,1);

%Energy balance for control volume 1
A(1,1)=-k*L*2*pi*(r(1)+Dr/2)/Dr-h_bar_in*2*pi*r(1)*L;
A(1,2)=k*L*2*pi*(r(1)+Dr/2)/Dr;
b(1)=-h_bar_in*2*pi*r(1)*L*T_infinity_in-g_dot_tp*2*pi*r(1)*L*Dr/2;

%Energy balances for internal control volumes

for i=2:(N-1)
A(i,i)=-k*L*2*pi*(r(i)-Dr/2)/Dr-k*L*2*pi*(r(i)+Dr/2)/Dr;
A(i,i-1)=k*L*2*pi*(r(i)-Dr/2)/Dr;
A(i,i+1)=k*L*2*pi*(r(i)+Dr/2)/Dr;
b(i)=-g_dot_tp*2*pi*r(i)*L*Dr;

end

%Energy balance for control volume N
A(N,N)=-k*L*2*pi*(r(N)-Dr/2)/Dr-h_bar_out*2*pi*r(N)*L;
A(N,N-1)=k*L*2*pi*(r(N)-Dr/2)/Dr;

b(N)=-h_bar_out*2*pi*r(N)*L*T _infinity_out-g_dot_tp*2*pi*r(N)*Dr*L/2;

% Solve for unknowns

X=Ab; %solve for unknown vector, X
T=X; %assign temperatures from X
T_C=T-273.2; %in C

end
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Figure 1-27: Maximum temperature as a function of thermal conductivity.

The following code, typed in the main workspace, will call the function cylinderf for
a specific set of values of the input parameters: N = 10, r;;, = 0.1 m, r,,; = 0.2 m, and
k =9 W/m-K.

>> N=10;

>>r_in=0.1;

>> r_out=0.2;

>> k=9;

>> [r,T_C]=cylinderf(N,r_in,r_out,k);

The vectors r and T_C are the same as those determined in Section 1.5.3.

It is easy to carry out a parametric study using functions. For example, create a
new script called varyk that calls the function cylinderf for a range of conductivity and
keeps track of the maximum temperature in the wall that is predicted for each value of
conductivity.

N=50; %number of nodes

r_in=0.1; %inner radius (m)

r_out=0.2; %outer radius (m)

Nk=10; %number of values of k to investigate

for i=1:Nk
k(i,1)=2+i*50/Nk; %a vector consisting of the conductivities to be considered (W/m-K)
[r,T_C]=cylinderf(N,r_in,r_out,k(i,1)); %call the cylinderf function
T_max_C(i,1)=max(T_C); %determine the maximum temperature

end

Call the script varyk from the main workspace and plot the maximum temperature as a
function of conductivity (Figure 1-27).

>> varyk
>> plot(k, T_max_C)



80 One-Dimensional, Steady-State Conduction

It is possible to call a function from within a function. The volumetric generation in the
cylinder was specified in Section 1.4.2 as a function of radius according to:

g =a+br+cr? (1-159)

where a=1x 10*W/m’, b =2 x 10°W/m*, and ¢ = 5 x 10’ W/m’. Generate a sub-
function (a function that is only visible to other functions in the same M-file) that has one
input (r, the radial position) and one output (g, the volumetric rate of thermal energy
generation). The function below, generation, placed at the bottom of the cylinderf file
will be callable from within the function cylinderf.

function[g]=generation(r)
%the generation function returns the volumetric
%generation (W/m"3) as a function of radius (m)

%constants for generation function

a=le4, %W/m"3

b=2e5; %W/m™4

c=5e7; %W/m"5

g=atb*r+c*r'2;  %volumetric generation
end

Replacing the constant generation within the cylinderf code with calls to the function
generation will implement the solution for non-uniform generation; the altered portion
of the code is shown in bold.

%Energy balance for control volume 1
A(1,1)=-k*L*2*pi*(r(1)+Dr/2)/Dr-h_bar_in*2*pi*r(1)*L;
A(1,2)=k*L*2*pi*(r(1)+Dr/2)/Dr;
b(1)=-h_bar_in*2*pi*r(1)*L*T_infinity_in-generation(r(1))*2*pi*r(1)*L*Dr/2;

%Energy balances for internal control volumes

for i=2:(N-1)
A(i,i)=-k*L*2*pi*(r(i)-Dr/2)/Dr-k*L*2*pi*(r(i)+Dr/2)/Dr;
A(i,i-1)=k*L*2*pi*(r(i)-Dr/2)/Dr;
A(i,i+1)=k*L*2*pi*(r(i)+Dr/2)/Dr;
b(i)=-generation(r(i))*2*pi*r(i)*L*Dr;

end

%Energy balance for control volume N
A(N,N)=-k*L*2*pi*(r(N)-Dr/2)/Dr-h_bar_out*2*pi*r(N)*L;
A(N,N-1)=k*L*2*pi*(r(N)-Dr/2)/Dr;
b(N)=-h_bar_out*2*pi*r(N)*L*T_infinity_out-generation(r(N))*2*pi*r(N)*Dr*L/2;

Figure 1-28 illustrates the temperature as a function of radius predicted by the model,
modified to account for the non-uniform volumetric generation. Figure 1-28 is identical
to Figure 1-14, the solution obtained using EES in Section 1.4.2.

1.5.5 Sparse Matrices

The problem considered in Section 1.5.3 can be solved more efficiently (from a compu-
tational time standpoint) using sparse matrix solution techniques. Sparse matrices are
matrices with mostly zero elements. The matrix A that was setup in Section 1.5.3 has
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Figure 1-28: Temperature as a function of radius with non-uniform volumetric generation.

many zero elements and the fraction of the entries in the matrix that are zero increases
with increasing N.

Matrix A is tridiagonal, which means that it only has non-zero values on the diago-
nal and on the super- and sub-diagonal positions. This type of banded matrix will occur
frequently in numerical solutions of conduction heat transfer problems because the non-
zero elements are related to the coefficients in the energy equations and therefore rep-
resent thermal interactions between different nodes. Typically, only a few nodes can
directly interact and therefore there will be only a few non-zero coefficients in any row.

The script below (varyN) keeps track of the time required to run the cylinderf func-
tion as the number of nodes in the solution increases. The MATLAB function toc
returns the elapsed time relative to the time when the function tic was executed. These
functions provide a convenient way to keep track of how much time various parts of a
MATLAB program are consuming. A more complete delineation of the execution time
within a function can be obtained using the profile function in MATLAB.

clear;
r_in=0.1; %inner radius (m)
r_out=0.2; %outer radius (m)
k=9; %thermal conductivity (W/m-K)
for i=1:9
N(i,1)=2"(i+1); %number of nodes (-)
tic; Y%start time
[r,T_C]=cylinderf(N(i,1),r_in,r_out,k); %call cylinder function
time(i,1)=toc; %end timer and record time
end

The elapsed time as a function of the number of nodes is shown in Figure 1-29. The
computational time grows approximately with the number of nodes to the second power.
There is an upper limit to the number of nodes that can be considered that depends on
the amount of memory installed in your personal computer. It is likely that you cannot
set N to be greater than a few thousand nodes.

The problem can be solved more efficiently if sparse matrices are used. Rather than
initializing A as a full matrix of zeros, it can be initialized as a sparse matrix using the
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Figure 1-29: Time required to run the cylinderf.m function as a function of the number of nodes
with and without sparse matrices.

spalloc (sparse matrix allocation) command. The spalloc command requires three argu-
ments, the first two are the dimensions of the matrix and the last is the number of non-
zero entries. Equations (1-145), (1-149), and (1-154) show that each equation will include
at most three unknowns and therefore each row of A will have at most three non-zero
entries. Therefore, the matrix A can have no more than 3 N non-zero entries.

%A=zeros(N,N);
A=spalloc(N,N,3*N);

When the variable A is defined by spalloc, only the non-zero entries of the matrix are
tracked. MATLAB operates on sparse matrices just as it does on full matrices. The
remainder of the function cylinderf does not need to be modified, however the function
is now much more efficient for large numbers of nodes. If the script varyN is run again,
you will find that you can use much larger values of N before running out of memory
and also that the code executes much faster at large values of N. The execution time
as a function of the number of nodes for the cylinderf function using sparse matrices is
also shown in Figure 1-29. Notice that the sparse matrix code is actually somewhat less
efficient for small values of N due to the overhead required to set up the sparse matrices;
however, for large values of N, the code is much more efficient. The computation time
grows approximately with N to the first power when sparse matrices are used.

The use of sparse matrices may not be particularly important for the steady-state,
1-D problem investigated in this section. However, the 2-D and transient problems
investigated in subsequent chapters require many more nodes in order to obtain accu-
rate solutions and therefore the use of sparse matrices becomes important for these
problems.

1.5.6 Temperature-Dependent Properties

The cylinder problem considered in Section 1.5.3 is an example of a linear problem. The
set of equations in a linear problem can be represented in the form A X = b, where
A is a matrix and b is a vector. Linear problems can be solved in MATLAB with-
out iteration. The inclusion of temperature-dependent conductivity (or generation, or
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any aspect of the problem) causes the problem to become non-linear. The introduction
of temperature-dependent properties did not cause any apparent problem for the EES
model discussed in Section 1.4.3, although it became important to identify a good set of
guess values. EES automatically detected the non-linearity and iterated as necessary to
solve the non-linear system of equations. However, non-linearity complicates the solu-
tion using MATLAB because the equations can no longer be put directly into matrix
format. The coefficients multiplying the unknown temperatures themselves depend on
the unknown temperatures. It is necessary to use some type of a relaxation process in
order to use MATLAB to solve the problem. There are a few options for solving this
kind of nonlinear problem; in this section, a technique that is sometimes referred to as
successive substitution is discussed.

The successive substitution process begins by assuming a temperature distribution
throughout the computational domain (i.e., assume a value of temperature for each
node, T for i = 1..N). The assumed values of temperature are used to compute the coef-
ficients that are required to set up the matrix equation (e.g., the temperature-dependent
conductivity). The matrix equation is subsequently solved, as discussed in Section 1.5.3,
which results in a prediction for the temperature distribution throughout the computa-
tional domain (i.e., a predicted value of the temperature for each node, 7; for i = 1..N).
The assumed and predicted temperatures at each node are compared and used to com-
pute an error; for example, the sum of the square of the difference between the value
of T; and T; at every node. If the error is greater than some threshold value, then the
process is repeated, this time using the solution 7; as the assumed temperature distri-
bution 77 in order to calculate the coefficients of the matrix equation. The implementa-
tion of the successive substitution process carries out the solution that was developed in
Sections 1.5.2 through 1.5.4 within a while loop that terminates when the error becomes
sufficiently small. This process is illustrated schematically in Figure 1-30 and demon-
strated in EXAMPLE 1.5-1.

assume a temperature distribution
7, fori=1.N
>
v
setup 4 and b using 7; to solve for
any temperature-dependent coefficients

— solve the matrix equation 4X =)
I =T fori=1.N in order to predict 7; for i=1..

‘ !

compute the convergence error, err

no

err < convergence tolerance?

Figure 1-30: Successive substitution technique for solving problems with temperature-dependent
properties.
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EXAMPLE 1.5-1: THERMAL PROTECTION SYSTEM

The kinetic energy associated with the atmospheric entry of a space vehicle results
in extremely large heat fluxes, large enough to completely vaporize the vehicle if
it were not adequately protected. The outer structure of the vehicle is called its
aeroshell and the outer layer of the material on the aeroshell is called the Thermal
Protection System (or TPS). The heat flux experienced by the aeroshell can reach
100 W/cm?, albeit for only a short period of time.

Consider a TPS consisting of a non-metallic ablative layer with thickness, thy, =
5 cm that is bonded to a layer of steel with thickness, ths = 1 cm, as shown in
Figure 1. The outer edge of the ablative heat shield (x = 0) reaches the material’s
melting temperature (T, = 755 K) under the influence of the heat flux. The melting
limits the temperature that is reached at the outer surface of the shield and protects
the internal air until the shield is consumed. In this problem, we will assume that
the shield is consumed very slowly so that a quasi-steady temperature distribution
is set up in the ablative shield. The latent heat of fusion of the ablative shield is
Alpys ab = 200k]J/kg and its density is pgp = 1200 kg/m?’.

7..=320 K, 7 =10 W/m*-K

thy=1 cm] steel, k, =20 W/m-K
__

th,,=5cm
i
A A
ablative shield
PSR Ay
Aigy oy =200 ki/kg 4 =100 Wem
Pap=1200 kg/m?

Figure 1: A Thermal Protection System.

The thermal conductivity of the ablative shield is highly temperature dependent;
thermal conductivity values at several temperatures are provided in Table 1.

Table 1: Thermal conductivity of
ablative shield material in the solid

phase

Temperature Thermal conductivity
300 K 0.10 W/m-K
350 K 0.15 W/m-K
400 K 0.19 W/m-K
450 K 0.21 W/m-K
500 K 0.22 W/m-K
550 K 0.24 W/m-K
600 K 0.28 W/m-K
650 K 0.33 W/m-K
700K 0.38 W/m-K

755K 0.45 W/m-K
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The thermal conductivity of the steel may be assumed to be constant at k; =
20 W/m-K. The internal surface of the steel is exposed to air at T, = 320 K with
average heat transfer coefficient, h = 10 W/m?-K.

Assume that the TPS reaches a quasi-steady-state under the influence of a heat
flux ¢"= 100 W/cm? and that the surface temperature of the ablation shield reaches
its melting point.

a) Develop a numerical model using MATLAB that can determine the heat flux that
is transferred to the air and the rate that the ablative shield is being consumed.

The solution is developed as a MATLAB function called Ablative_shield; the
input to the function is the number of nodes to use in the solution while
the outputs include the position of the nodes and the predicted temperature
at each node as well as the two quantities specifically requested, the heat flux
incident on the air and the rate of shield ablation. Select New and M-File
from the File menu and save the M-file as Ablative_shield (the .m extension is
added automatically). The first line of the function establishes the input/output
protocol:

function[x, T,q_flux_in_Wcm2,dthabdt_cms]=Ablative_shield(N)

%EXAMPLE 1.5-1: Thermal Protection System for Atmospheric Entry
%

% Inputs:

% N: number of nodes in solution (-)

%

% Outputs:

% x: position of nodes (m)

% T: temperatures at nodes (K)

% g_flux_in_Wcm2: heat flux to air (W/cm2)

% dthabdt_cms: rate of shield consumption (cm/s)

The next section of the code establishes the remaining input parameters (i.e., those
not provided as arguments to the function); note that each input is converted imme-
diately to SI units.

th_ab=0.05; %ablation shield thickness (m)
th_s=0.01; %steel thickness (m)

k_s=20; %steel conductivity (W/m-K)
g-flux=100*100"2; %heat flux (W/m"2)

T_m=755; %melting temperature (K)
DELTAI_fus_ab=200e3; %latent heat of fusion (J/kg)
h_bar=10; %heat transfer coefficient (W/m"2-K)
T_infinity=320; %internal air temperature (K)
rho_ab=1200; %density (kg/m”3)

A_c=1; %per unit area of wall (m"2)

In order to solve this problem, it is necessary to create a function that returns
the conductivity of the ablative shield material. The easiest way to do this is to
enter the data from Table 1 into a sub-function and interpolate between the data
points.
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function[k]=k_ab(T)

%data

Td=[300,350,400,450,500,550,600,650,700,755];

kd=[0.1,0.15,0.19,0.21,0.22,0.24,0.28,0.33,0.38,0.45];

k=interp1(Td,kd, T, spline’); %interpolate data to obtain conductivity
end

The interpl function in MATLAB is used for the interpolation. The interpl func-
tion requires three arguments; the first two are the vectors of the independent and
dependent data, respectively, and the third is the value of the independent variable
at which you want to find the dependent variable. An optional fourth argument
specifies the type of interpolation to use. To obtain more detailed help for this (or
any) MATLAB function, use the help command:

>> help interpl

INTERPL1 1-D interpolation (table lookup)
YI=INTERP1(X,Y,XI) interpolates to find YI, the values of the
underlying function Y at the points in the array XI. X must be a
vector of length N.
If Y is a vector, then. ..

The numerical model of the TPS will consider the ablative material; the steel will
be considered as part of the thermal resistance between the inner surface of the
shield and the air and therefore will affect the boundary condition at x = thgy,.
There is no reason to treat the steel with the numerical model since the steel has,
by assumption, constant properties and is at steady state. Therefore, the analytical
solution derived in Section 1.2.3 for the resistance of a plane wall holds exactly.

The nodes are distributed uniformly from x = 0 to x = th,;,, where x = 0 corre-
sponds to the outer surface of the shield, as shown in Figure 2.

Xi:(l‘—l)% fOI‘1=1N

The distance between adjacent nodes (Ax) is:

thyp

AX = ————
(N-1)

The nodes are setup in the MATLAB code according to:

%setup nodes
DELTAx=th_ab/(N-1); %(distance between nodes
fori=1:N

x(i,1)=th_ab*(i-1)/(N-1); %position of each node
end
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An internal control volume, shown in Figure 2, experiences only conduction; there-
fore, a steady-state energy balance on the control volume is:

qz‘op + Qbottom =0 (1)
|qlop TN
_______ ™
_________ T —
Tqbottom ° TN'I
. T
Figure 2: Distribution of nodes and control vol- ,______________g]_t‘_”i_____.__’il ___________________
umes. Y Y & '
C?bottom Tl 1
X

The conductivity used to approximate the conduction heat transfer rates in Eq.
(1) must be evaluated at the temperature of the boundaries, i.e., the average
of the temperatures of the nodes involved in the conduction process, as dis-
cussed previously in Section 1.4.3. With this understanding, these rate equations
become:

. A

Gtop = Kab, T=(T,1+T)2 A_)C{ (Tia — T) 2
) A,
Qbottom = kab,T:(T},l-&-Ti)/Z E (Ti-a —T) (3)

where A. is the cross-sectional area. Substituting Egs. (2) and (3) into Eq. (1) leads
to:

A A .
kab,T:(ﬂﬂ#*Ti]/ZAi; (Tiza — Ti) + kab, T=(1,_1+1)/2 ?; (Tiza—Ti)=0 fori=2..(N—-1)

4)

The node on the outer surface (i.e., node 1) has a specified temperature, the melting
temperature of the ablative material:

T, = T (%)

The energy balance for the node on the inner surface (i.e., node N) is also shown in
Figure 2:

c.Itop + qbottom =0 (6)
where
) Ac
Qbottom = Kab, T=(Ty_1+Ty)/2 A (Tn-—1 —Tn) (7
. [Too - TN)
qmp == R (8)

cond,s + Hconv
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where Reonds and Rgony are the thermal resistances associated with conduction
through the steel and convection from the internal surface of the steel to the air.

R ths
cond,s = ks Ac
1
BReonv = =
hA,
R_cond_s=th_s/(A_c*k_s); %conduction resistance of steel (K/W)
R_conv=1/(A_c*h_bar); %convection resistance (K/W)

Substituting Egs. (7) and (8) into Eq. (6) leads to:

(Too - TN) Ac
Recond,s + Beonv AXx

+ Kab, 7=(Ty_1+Ty)/2 (In-1—Tn)=0 )
Note that Egs. (4), (5), and (9) are a complete set of equations in the unknown tem-
peratures T; for i = 1..N; however, these equations cannot be written as a linear
combination of the unknown temperatures because the conductivity of the ablative
shield depends on temperature. In order to apply successive substitution, the con-
ductivity will be evaluated using guess values for these temperatures (7). A linear
variation in temperature from T,, to T is used as the guess values to start the
process:

(i-1)

%initial guess for temperature distribution
fori=1:N

Tg(i,1)=T_m+(T_infinity-T_m)*(i-1)/(N-1); %linear from melting to air (K)
end

The matrix A and vector b are initialized according to:

%setup matrices
A=spalloc(N,N,3*N);
b=zeros(N,1);

Equation (5) is rewritten to make it clear what the coefficient and the constants are:

T 1] = Tn
—_ =
A’l,l bl

%node 1
A(1,1)=1;
b(1,1)=T_m;
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Equation (4) is rewritten, using the guess temperatures to compute the conductivity
of the ablative shield and also to clearly identify the coefficients and constants:

A A 4
Ti [_kab,T:(ﬂ+1+ﬁ)/2A_; — kab,T:(TqurTi)/z A_)C{i| +Ti+l I:kab,T=(Ti+1+Ti)/2 A_)C(]

Aji Ajit

A .
+ T [kﬂb,T(ﬁ1+Ti]/2 A_;i| =0 fori=2.(N-1)

Aji-

%internal nodes

for i=2:(N-1)
A(i,i)=-k_ab((Tg(i)+Tg(i+1))/2)* A_c/DELTAxX-k_ab((Tg(i)+Tg(i-1))/2)*A_c/DELTAX;
A(i,i+1)=k_ab((Tg(i)+Tg(i+1))/2)*A_c/DELTAX;
A(i,i-1)=k_ab((Tg(i)+Tg(i-1))/2)*A_c/DELTAX;

end

Equation (9) is rewritten:

T [ 1 X Ao }
N Rcond.s + Beonv ab.T=(Ty-1+1v)/2 Ax

ANN

Ag T
+Tna [kab,T=(TN1+ﬁV)/z E} = " Roonts + Boomn

ANN-1 bn

%node N
A(N,N)=-k_ab((Tg(N)+Tg(N-1))/2)*A_c/DELTAx-1/(R_cond_s+R_conv);
A(N,N-1)=k_ab((Tg(N)+Tg(N-1))/2)*A_c/DELTAX;
b(N,1)=-T_infinity/(R_cond_s+R_conv);

The matrix equation is solved:

X=Ab; %solve matrix equation
T=X;

The solution is not complete, it is necessary to iterate until the solution (7') matches
the assumed temperature (7). This is accomplished by placing the commands that
setup and solve the matrix equation within a while loop that terminates when the
rms error (err) is below some tolerance (tol). The rms error is computed according
to:
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err=sqrt(sum((T-Tg)."2)/N) %compute rms error

Note that the sum command computes the sum of all of the elements in the vector
provided to it and the use of ."2 indicates that each element in the vector should be
squared (as opposed to "2 which would multiply the vector by itself). Also notice
that the error computation is not terminated with a semicolon so that the value of
the rms error will be reported after each iteration.

To start the iteration process, the value of the error is set to a large number
(larger than tol) in order to ensure that the while loop executes at least once. After
the solution has been obtained, the rms error is computed and the vector Tg is reset
to the vector T. The result is shown below, with the new lines highlighted in bold.

err=999; %initial value of error (K), must be larger than tol
tol=0.01; %tolerance for convergence (K)
while (err>tol)

%node 1
A(1,1)=1;
b(1,1)=T_m;

%internal nodes

for i=2:(N-1)
A(i,i)=-k_ab((Tg(i)+Tg(i+1))/2)*A_c/DELTAx-k_ab((Tg(i)+Tg(i-1))/2)*A_c/DELTAX;
A(i,i+1)=k_ab((Tg(i)+Tg(i+1))/2)*A_c/DELTAX;
A(i,i-1)=k_ab((Tg(i)+Tg(i-1))/2)*A_c/DELTAX;

end

%node N
A(N,N)=-k_ab((Tg(N)+Tg(N-1))/2)*A_c/DELTAx-1/(R_cond_s+R_conv);
A(N,N-1)=k_ab((Tg(N)+Tg(N-1))/2)*A_c/DELTAX;
b(N,1)=-T_infinity/(R_cond_s+R_conv);

X=Ab; %solve matrix equation
T=X;

err=sqrt(sum((T-Tg)."2)/N) %compute rms error
Tg=T; %reset guess values used to setup A and b
end

The heat flux to the air (g/,) is computed.

" Ac (Rs + Reonv)

The rate at which the ablative shield is consumed can be determined using an
energy balance at the outer surface; the heat flux related to re-entry either consumes
the shield or is transferred to the air. Note that this is actually a simplification of
the problem; this is a moving boundary problem and this solution is valid only in
the limit that the energy carried by the motion of interface is small relative to the
energy removed by its vaporization.

-1 . dthab -1
q = Pab A1fus,ab T + Gin
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or
dtha, _ q" =g,
dt Pab Ajfl/ls,ab

These calculations are provided by adding the following lines to the Ablative_shield
function:

g_flux_in=(T(N)-T _infinity)/(R_cond_s+R_conv)/A_c; %heat flux to air (W/m"2)

=
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g-flux_in_Wem2=q_flux_in/100°2; %heat flux to air (W/cm™2)
dthabdt=(g_flux-q_flux_in)/(DELTAI_fus_ab*rho_ab); %rate of shield consumption (m/s)
dthabdt_cms=dthabdt*100; %rate of shield consumption (cm/s)

end -

LE 1.5-1

Calling the function Ablative_shield from the workspace leads to:

>> [x,T,q_flux_in_Wcm2,dthabdt_cms]=Ablative_shield(100);
err =
105.7742
err =
9.0059
err =
0.8979
err =
0.1798
err =
0.0238
err =
0.0035

Temperature (K)

0 0.01 0.02 0.03 0.04 0.05
Position (m)

Figure 3: Temperature as a function of position within the ablative shield.

Figure 3 shows the temperature as a function of position within the shield. The
temperature gradient agrees with intuition; the temperature gradient is smaller
where the conductivity is largest (i.e., at higher temperatures), which is consistent
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with a constant heat flow. It is important to verify that the number of nodes used
in the solution is adequate. Figure 4 shows the heat flux to the air as a function
of the number of nodes in the solution and indicates that at least 20 nodes are
required. The heat flux to the air at the inner surface of the TPS is 0.166 W/cm?,
nearly three orders of magnitude less than the heat flux at the outer surface. The
TPS is being consumed at a rate of 0.416 cm/s suggesting that the atmospheric entry
process cannot last more than ten seconds without consuming the entire shield.
The thermal analysis of this problem does not consider the loss of ablative material
with time and it is therefore a very simplified model of the TPS.

0.166
r o—9O O —0—0—0—0o——0 q
: ./ 4
0.1655[ o
T 0.165]
L r
= 0.1645]
T 0.164[
el ‘
L °
5 0.1635]
® ;
e 0163
0.1625[
0.162°C 1
1 10 100 1000

Number of nodes

Figure 4: Heat flux to the air as a function of the number of nodes.

1.6 Analytical Solutions for Constant Cross-Section Extended Surfaces

1.6.1 Introduction

The situations that were examined in Sections 1.2 through 1.5 were truly one-
dimensional; that is, the geometry and boundary conditions dictated that the temper-
ature could only vary in one direction. In this section, problems that are only approx-
imately 1-D, referred to as extended surfaces, are considered. Extended surfaces are
thin pieces of conductive material that can be approximated as being isothermal in two
dimensions with temperature variations in only one direction. Extended surfaces are
particularly relevant to a large number of thermal engineering applications because the
fins that are used to enhance heat transfer in heat exchangers can often be treated as
extended surfaces.

1.6.2 The Extended Surface Approximation

An extended surface is not truly 1-D; however, it is often approximated as being such in
order to simplify the analysis. Figure 1-31 shows a simple extended surface, sometimes
called a fin. The fin length (in the x-direction) is L and its thickness (in the y-direction)
is th. The width of the fin in the z-direction, W, is assumed to be much larger than its
thickness in the y-direction, th. The conductivity of the fin material is k. The base of



1.6 Analytical Solutions for Constant Cross-Section Extended Surfaces 93

Figure 1-31: A constant cross-sectional fin.

=

b L,

th

the fin (at x = 0) is maintained at temperature 7} and the fin is surrounded by fluid at
temperature T, with heat transfer coefficient /.

Energy is conducted axially from the base of the fin. As energy moves along the fin
in the x-direction, it is also conducted laterally to the fin surface where it is finally trans-
ferred by convection to the surrounding fluid. Temperature gradients always accompany
the transfer of energy by conduction through a material; thus, the temperature must vary
in both the x- and y-directions and the temperature distribution in the extended surface
must be 2-D. However, there are many situations where the temperature gradient in the
y-direction is small and therefore can be neglected in the solution without significant
loss of accuracy.

Figure 1-32 illustrates the temperature as a function of lateral position (y) at various
axial locations (x) for an arbitrary set of conditions. (The 2-D solution for this fin is
derived in EXAMPLE 2.2-1.) Notice that the temperature decreases in both the x- and
y-directions as conduction occurs in both of these directions.

At every value of axial location, x, there is a temperature drop through the mate-
rial in the y-direction due to conduction. (For x/L = 0.25, this temperature drop is
labeled ATcona,y in Figure 1-32.) There is another temperature drop from the surface
of the material to the surrounding fluid due to convection (labeled AT, in Figure 1-32
for x/L = 0.25). The extended surface approximation refers to the assumption that the
temperature in the material is a function only of x and not of y; this approximation
turns a 2-D problem into a 1-D problem, which is easier to solve. The extended surface
approximation is valid when the temperature drop due to conduction in the y-direction
is much less than the temperature drop due to convection (i.e, AT cong,y << ATcony). The

Temperature (arbitrary units)

0 (center) 1 (edge)
Normalized y position

Figure 1-32: Temperature as a function of y/(th/2) for various values of x/L.
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fin surface
center of fin ATcond,y ATconv fluid, T,

S ANV AN
R o~_th <1
cond, y 2KLW conv HLW
Figure 1-33: Heat transfer in the y-direction within the fin may be approximately represented by
two thermal resistances that are related to conduction and convection.

extended surface approximation would not be appropriate for the situation illustrated
in Figure 1-32.

The best way to compare the magnitude of these two temperature drops is to think
in terms of a resistance network; there are two thermal resistances that oppose heat
transfer in the y-direction, conduction and convection, as shown in Figure 1-33. The
resistance network shown in Figure 1-33 is clearly only approximate, but it is a useful
conceptual tool for understanding the problem. The resistance due to conduction in the
y-direction (Rcond,y) is:

th
Rcond,y = m (1-160)
and the resistance due to convection (R ) is:
Reony = ! (1-161)
cony — E W L

The temperature drop across a thermal resistance is proportional to the magnitude of
the resistance; therefore, the ratio of the temperature drops is approximately equal to
the ratio of the resistances:

ATcond,y ~ Rcond,y
AT cony Reony

(1-162)

The validity of the extended surface approximation increases as the ratio of the two
resistances becomes small relative to unity; a ratio of resistances used for this purpose is
referred to as the Biot number (Bi):

. Rcond y
Bi = —= 1-163
! RC()}’IV ( )
Substituting Egs. (1-160) and (1-161) into Eq. (1-163) leads to:
th - hWL thh
Bi = (1-164)

T2kWL 1 2k

As the Biot number becomes smaller, there is less error introduced by the extended sur-
face approximation. In many textbooks it is stated that the Biot number should be less
than 0.1 in order to use the extended surface approximation; however, this is clearly a
matter of engineering judgment and the threshold for an allowable Biot number cannot
be stated without some knowledge of the application and the required accuracy of the
solution.

The Biot number will show up often in heat transfer in different contexts. The Biot
number is really a concept; it represents the ratio of two resistances, one resistance
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fluid &
fin surface ATcom‘idered

surroundings
center of fin &
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cond, y

th
RCond, y= m

1
LWeo AT

Rmd =

Figure 1-34: Conceptual resistance network for heat transfer in the y-direction within the fin when
radiation and convection from the fin surface are both considered.

captures a phenomenon that you’d like to neglect and the other resistance captures a
phenomenon that you are considering:

Bi resistance you’d like to neglect in your model (1-165)
1 = -
resistance that you are considering in your model

If the Biot number is much less than unity, then the simpler model can be justified
because the resistance you are neglecting is suitably small; however, ‘small’ is a rela-
tive term and it can only be judged in relation to other quantities. The resistance you are
neglecting must be small in relation to those that you are considering. In the case of the
extended surface problem, the resistance that we’d like to neglect is conduction in the
y-direction and the resistance that we are going to consider is convection.

There will be situations where Eq. (1-163) is not the correct Biot number to calcu-
late. The resistances that are involved in a problem are not limited to conduction in the
y-direction and convection. It is important, therefore, that you do not attempt to mem-
orize Eq. (1-164) and apply it to every situation but rather understand the underlying
concept of a Biot number. For example, an extended surface model might consider both
convection and radiation from the surface of the fin. In this case, the conceptual resis-
tance diagram shown in Figure 1-33 should be modified to include radiation, as shown
in Figure 1-34.

The radiation resistance (R;,q) is calculated using the approximate formula provided
in Table 1-2:

1
=3
LWecdT
where ¢ is the emissivity of the surface, o is the Stefan-Boltzmann constant, and T is
the average of the absolute temperature of the fin and the surroundings. The appro-

priate Biot number that should be calculated in order to evaluate the extended surface
approximation in this situation is:

Ryad = (1-166)

— =3
th(h+e04T
Bi = Reondy = ( ) (1-167)

[ 1 1 :|—1 2k
+
Rconv Rmd

1.6.3 Analytical Solution

The analytical solution to the extended surface problem begins with the derivation of the
governing differential equation; this is accomplished using a differential control volume.
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| > fedx
- .
qx 3 | Gt Qﬂ ‘ Figure 1-35: Differential control volume used to derive the
I_» i 4+ governing differential equation for an extended surface.
X qC'OIIV

Note that the differential control volume should include material that is at a uniform
temperature and therefore it must be differential in x but not in y or z, as shown in
Figure 1-35.

The energy balance suggested by Figure 1-35 is:

qx = qconv + Qx+dx (1‘168)
Expanding the higher order term and simplifying leads to:
de
0= éIconv + qu (1-169)

dx
The convection term is given by:

Geonvy = perdxﬁ (T — Ty) (1-170)
where per is the perimeter of the fin; for the rectangular cross-section shown in Fig-
ure 1-31, per = 2(W + th). The conduction term is given by Fourier’s law:
dT
dx
where A, is the cross-sectional area of the fin; for the fin in Figure 1-31, A, = Wth.
Substituting Egs. (1-170) and (1-171) into Eq. (1-169) leads to:

q=—kA, (1-171)

— d dT
0=perdxh (T —Tw)+—|—-kA.— )d 1-172
perds (7~ o)+ 5. (ka5 ) d (1172)

The cross-sectional area and conductivity are assumed to be constant, allowing Eq.
(1-172) to be simplified:

A>T perh perh

- T=- T 1-173

dv kA, kA, ( )
Equation (1-173) is a second order, non-homogeneous, linear ordinary differential equa-
tion (ODE). It is worth understanding what each of these terms mean before proceed-
ing. The order of the equation refers to order of the highest order derivative; in Eq.
(1-173), the highest order derivative is second order. A homogeneous equation is one
where any multiple of a solution (C T where C is some arbitrary constant and 7 is a
solution) is itself a solution. Substituting C T into Eq. (1-173) for T leads to:

d*T  perh perh
C|l —-——7T)=—""—T 1-174
( d2 kA, ) kA, ( )
Substituting Eq. (1-173) into Eq. (1-174) leads to:
perh perh
) =Ty 1-175
() - 79

which is only true for arbitrary C if T, = 0; therefore, Eq. (1-173) is non-homogeneous.
A linear equation does not contain any products of the dependent variable or its deriva-
tive; therefore, Eq. (1-173) is linear.
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Equation (1-173) cannot be solved by direct integration (as was possible for the
problems encountered in Sections 1.2 and 1.3) because it is not possible to separate the
x and T portions of the differential equation. A differential equation like Eq. (1-173) is
typically solved by “separating” it into homogeneous and non-homogeneous (or partic-
ular) differential equations. We do this because mathematicians have defined functions
that solve many homogeneous differential equations; therefore, we can be confident that
it will be possible to deal with the homogeneous differential equation. We are then left
with the non-homogeneous part, which is often trivial to solve.

To separate the differential equation, assume that the solution (7') can be expressed
as the sum of a homogeneous solution (73) and a particular (non-homogeneous) solu-
tion (7}):

T = Th —+ Tp (1-176)
Substituting Eq. (1-176) into Eq. (1-173) leads to:

d*(Tp+T,) perh perh
- Th+T,) = -2 T, 1-177
dx2 kAC ( h + P) kAC ( )
or
a’T, h T h h
h_ PR p PIRp _ PR (1-178)

a2 kA " e T kA PT TkA,

whatever is left over must be the

=0
for homogeneous particular differential equation
differential equation

Extract from Eq. (1-178) the homogeneous differential equation for 7:

d*T,  perh
— = —T,=0 1-179
> kA" (1-179)
and whatever is left over must be the particular differential equation:
T h h
p P PR (1-180)

¢ kA, " kA,

Let’s start with the homogeneous differential equation, Eq. (1-179). How do we solve
this equation? Actually, functions have been defined specifically to solve various types
of homogeneous equations. The function that solves Eq. (1-179) is the exponential. To
see that this is true, assume a solution with an exponential form:

Ty = Cexp(mx) (1-181)
where m and C are both arbitrary constants. Substitute Eq. (1-181) into Eq. (1-179):

h
Cm? exp (mx) — ie:‘ Cexp(mx)=0 (1-182)
Equation (1-182) is satisfied if:
, perh
= 1-183
"= A (1-183)

There are actually two exponential equations (7,1 and T} ,) that solve Eq. (1-179),
corresponding to the positive and negative roots of Eq. (1-183):

Thy1 = C1 exp (mx) (1-184)
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and

Th_Q = C2 exp(—mx) (1—185)

h
m = /% (1-186)

Because Eq. (1-179) is a linear, homogeneous ODE, the sum of the two solutions is also
a solution:

where

Tn = Ci exp(mx) + C, exp (—mx) (1-187)

Equation (1-187) is the homogeneous solution and it will solve the homogeneous differ-
ential equation regardless of the choice of C; and C;,

Next, the non-homogeneous (particular) differential equation must be solved. Any
solution to Eq. (1-180) will do and it is usually a good idea to start with the simplest
possibility. By inspection of Eq. (1-180), it seems likely that a constant will solve the
differential equation:

T,=0CG (1-188)
where Cj3 is a constant. Substituting Eq. (1-188) into Eq. (1-180) leads to:
_’]'f;’: s = _% Tw (1-189)
or
G=Tx (1-190)
Substituting Eq. (1-190) into Eq. (1-188) leads to the particular solution:
T,=Tx (1-191)

Substituting the homogeneous and particular solutions, Egs. (1-187) and (1-191), into
Eq. (1-176) leads to:

T =Cexp(mx)+ G exp(—mx) + T (1-192)

Equation (1-192) represents the solution to Eq. (1-173) to within two undetermined
constants (C; and C;) in the same way that the equation:

51

T = —i—kxz +Cx+ G (1-193)

from Table 1-3 represents the solution for the temperature in a plane wall with thermal
energy generation to within the two constants of integration.

Maple is very good at recognizing the solution to differential equations like Eq.
(1-173). Enter the governing differential equation into Maple:

> restart;
> ODE:=diff(diff(T(x),x),x)-per*h_bar*T(x)/(k*A_c)=-per*h_bar*T_infinity/(k*A_c);

ODE — ( ([37 T(.\‘)) _per h_bar T(x) __per h_bar T _infinity
dx? kA_c kA_c

and obtain the solution using the dsolve command:
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> Ts:=dsolve(ODE);

Ts = T(x) = e\ "Bz )_C2 + e\ " itz ) _Cl + T _infinity

The solution identified by Maple is identical to Eq. (1-192).
The constants C; and C, are obtained by enforcing the boundary conditions. One
boundary condition is clear; the base temperature is specified and therefore:

Tieo=Tp (1-194)
Substituting Eq. (1-192) into Eq. (1-194) leads to:
Ci+CG+Te=Ty (1-195)

The boundary condition at the tip of the fin is less clear and there are several possibili-
ties. The most common model assumes that the tip is adiabatic. In this case, an interface
balance at the tip (see Figure 1-35) leads to:

=1 =0 (1-196)
Substituting Fourier’s law into Eq. (1-196) leads to:

dT

— =0 (1-197)

dx x=L

Substituting Eq. (1-192) into Eq. (1-197) leads to:
Cimexp(mL)y—Cymexp(—mL)=0 (1-198)

Note that Egs. (1-195) and (1-198) are together sufficient to determine C; and C,. If
the solution is implemented in EES then no further algebra is required. However, it is
worthwhile to obtain the explicit form of the solution for this common problem. Equa-
tion (1-195) is multiplied by m exp(m L) and rearranged:

Cimexp(mL)+ Cmexp(mL) = (Tp — Te) mexp(mL) (1-199)
Equation (1-198) is added to Eq. (1-199):
Cimexp(mL)— Cmexp(—mL)=0
+[Cim exp(m L)+ Com exp(m L) = (Tp — Too) m exp(m L)]

—CGmexp(—mL)— Cm exp(mL)=—(Tp — Te) m exp(m L) (1-200)
Equation (1-200) can be solved for Cj:
_ (Tp — Too) exp(mL) (1-201)
exp(—mL)+ exp(mL)
A similar sequence of operations leads to:
_ (= To) exp(-mL) (1202)

"Texp(—mL)+ exp(mL)
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These constants can also be obtained from Maple; the governing differential equation,
Eq. (1-173) is entered and solved, this time in terms of m:

> restart;
> ODE:=diff(diff(T(x),Xx),x)-m"2*T(x)=-m"2*T_infinity;

r ) 2
ODE = (%T(.\‘)) —m“T(x) = —m* T _infinity
dx?

> Ts:=dsolve(ODE);

Ts :=T(x) = e _C2 + "™ _C1 + T _infinity

The boundary conditions, Egs. (1-194) and (1-197), are defined:
> BC1:=rhs(eval(Ts,x=0))=T_b;

BCl1 := _C2+ _C1 + T _infinity = T _b

> BC2:=rhs(eval(diff(Ts,x),x=L))=0;

BC2 := —me™BH_C2 + me™P_C1 =0

and solved symbolically:

> constants:=solve({BC1,BC2},{_C1,_C2});

e B(T _infinity — T _b) cl— e L(T _infinity — T _b)

constants = § _C2 = —
e(—m L) SR e(m L) e(—/u L) SR e(ml )

The constants identified by Maple are identical to Egs. (1-201) and (1-202). Substituting
the constants of integration into the general solution, Eq. (1-192), leads to:

(T'y — Too) exp(mL)
exp(—mL)+ exp(mL)

 (Ty—Ta) exp(-mL)
"~ exp(—mL)+ exp(mL)

exp(—mx)+ T
(1-203)

exp (mx) +
or, using Maple:

> Ts:=subs(constants, Ts);

Ts :=T(x) =
e L) (T _infinity — T_b)  e"e="L) (T _infinity — T _b)
c( nzL)Jrc(mL) - el mL) +c(mL)

+ T _infinity

Equation (1-203) can be simplified to:

—m (L —x)) +exp (m (L —x))]

[exp (
T =(Ty— Tao) [exp (—m L) + exp (mL)]

+To (1-204)
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Equation (1-204) can be stated more concisely using hyperbolic functions as opposed
to exponentials; hyperbolic functions are functions that have been defined in terms of
exponentials. The combinations:

% [exp (A) +exp (—A)] (1-205)

2 lexp (4) —exp (-A)] (1-206)

occur so frequently in math and science that they are given special names, the hyperbolic
cosine (cosh, pronounced “kosh”) and the hyperbolic sine (sinh, pronounced “cinch”),
respectively.

cosh (A) = % [exp (A) +exp(—A)] (1-207)

sinh (A) = % [exp (A) — exp (—A)] (1-208)

These hyperbolic functions behave in much the same way that the cosine and sine func-
tions do. For example:

cosh? (A) — sinh? (A)

= 1 [exp(A) +exp (“A)F — 1 exp (4) — exp (A

= }l[exp2 (A) + 2exp (A) exp (—A) + exp? (—A)] (1-209)

—11exp” (4) ~ 2exp (A) exp (~A) + exp? (~A)]
=exp(A)exp(—A) =1
or
cosh? (A) — sinh® (4) = 1 (1-210)
which is analogous to the trigonometric identity:
cos? (A) +sin’ (A) =1 (1-211)

Furthermore, the derivative of cosh is sinh and vice versa, which is analogous to deriva-
tives of sine and cosine (albeit, without the sign change):

S Binn ()] = 1 fexp (4) — exp (-7

1 dA dA (1212
=3 [exp (A) +exp (—A)] i cosh (A) T
or
d . dA
e [sinh (A)] = cosh (A) T (1-213)

A similar set of operations leads to:

d . dA
p [cosh (A)] = sinh (A) . (1-214)
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Equation (1-204) is rearranged so that it can be expressed in terms of hyperbolic
cosines:

B [exp (=m (L —x)) +exp (m (L — x))] 2
I'=(T)~Tx) 2 [exp D)+ exp(n D] T
cosh(m(L—x)) 1/ cosh(m L)
(1-215)
T = (T — Top) OB L=D) | (1-216)

cosh (m L)

Equation (1-216) is much more concise but functionally identical to Eq. (1-204). Note
that Maple can convert from exponential to hyperbolic form as well, using the convert
command with the ‘trigh’ identifier:

> T_s:=convert(Ts,trigh’);

T _s .= T(x) = (=T _infinity + T _b) cosh (mx)+ T _infinity

sinh (m x) sinh (m L) (T _infinity — T _b)
+
cosh (m L)

The rate of heat transfer to the base of the fin (gp,) is obtained from Fourier’s law
evaluated at x = 0:

dT
T = —k A, T 1-217
ar & |, (1-217)
Substituting Eq. (1-216) into Eq. (1-217) leads to:
) d cosh (m (L — x))
W= —kA.— | (Ty— Too Too
s dx |:( b ) cosh (m L) + 40
kA, (Ty—To) d
= h L — 1-218
Recalling that the derivative of cosh is sinh, according to Eq. (1-214):
. kA (Tp —Txo) .
n= —————— h L — _ 1-219
qﬁ cosh (m L) m [Sln (m ( x))]xf() ( )
or
inh (m L
dim = (Ty — Too) kA S2BU7L) (1-220)

cosh (m L)

The same result may be obtained from Maple:

> q_dot_fin:=-k*A_c*eval(diff(T_s,x),x=0);

k A_cm sinh(m L)(T _infinity — T _b)
cosh(m L)

1
q_dot_fin == —kA_c <(—T(,\‘)>

dx

x=0 —
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Figure 1-36: Dimensionless fin temperature as a function of dimensionless position for various
values of the parameter m L.

The ratio of sinh to cosh is the hyperbolic tangent (just as the ratio of sine to cosine is
tangent); therefore, Eq. (1-220) may be written as:
qsin = (T — Too) \/h per k A, tanh (mL) (1-221)

The temperature distribution and heat transfer rate provided by Egs. (1-216) and (1-221)
represent the most important aspects of the solution. The solutions for fins with other
types of boundary conditions at the tip are summarized in Table 1-4.

1.6.4 Fin Behavior

The temperature distribution within a fin with an adiabatic tip, Eq. (1-216), can be
expressed as a ratio of the temperature elevation with respect to the fluid temperature
to the base-to-fluid temperature difference:

T T, cosh (mL (1 - %))
Tp— Too cosh (m L)

(1-222)

The dimensionless temperature as a function of dimensionless position (x/L) is shown
in Figure 1-36 for various values of m L.

Regardless of the value of m L, the solutions satisfy the boundary conditions; the
curves intersect at (7' — Too )Ty — Ts) = 1.0 at x/L = 0 and the slope of each curve is
zero at x/L = 1.0. However, the shape of the curves changes with m L. Smaller values
of m L result in a smaller temperature drop due to conduction along the fin (and there-
fore more due to convection from the fin surface) whereas large values of m L have a
corresponding large temperature drop due to conduction and little for convection.

The functionality of an extended surface is governed by two processes; conduction
along the fin (in the x-direction) and convection from its surface. (Conduction in the
y-direction was neglected in the derivation of the solution.) The parameter m L repre-
sents the balance of these two effects. The resistance to conduction along the fin (Reond.x)
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Table 1-4: Solutions for constant cross-section extended surfaces with different end

conditions.
Tip condition Solution
h, T.. T —-Ty cosh(m (L —x
Adiabatic tip | T~ To = co(sh ((m ) )
; i z z E
T;{/ x din = (Tp — To) \/h per kA, tanh (m L)
N =tanh (m L)/ (m L)
hT. T_T cosh(m (L —x)) + i sinh (m (L — x))
© mk

Convection from tip

=T h(n L)+~ sinh(mL
cosh (m )—l—m{sm (mi)

sinh (m L) + L cosh(m L)
Gpn = (Ty — To) /It per k A, mﬁk
cosh(mL) + oy sinh (m L)
[tanh (m L) + m L ARyp]
Uin = W LT+ m L AR, tanh (m L)] (1 + ARy)

T L "= lsinh (mx) + sinh (m (L — x))
Specified tip \7;/@ e ot LT T
s 7, _ = :
temperature / Ty~ To sinh (m L)
T, ¥ T, — T
cosh(mL) — T T
1in = (T — Too) /]t per k A, : b x>
G = (T ) per sinh (m L)
- h, T—-Ty
Infinitely long . T, 7. = exp (—mx)
Tb/:'x Gfin = (Th — To) \/ h per k A,
where:
T, = base temperature h = heat transfer coefficient
T+, = fluid temperature A, = cross-sectional area
per = perimeter k = thermal conductivity
L = length q5n = fin heat transfer rate
T = temperature x = position (relative to base of fin)
perh ! A i )
L = L = fin constant AR, = —— =tip area ratio
" kA, " per L P
is given by:
L
R = — 1-223
cond,x kAc ( )
and the resistance to convection from the surface (R;ony) is:
1
Reony = (1-224)

h per L
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Note that the resistance in Eq. (1-223) is related to conduction in the x-direction and
should not be confused with Rcsu4, in Eq. (1-160), which was used to define the Biot
number. Clearly the behavior of the fin cannot be exactly represented using these ther-
mal resistances; the analysis in Section 1.6.3 was complex and showed that the conduc-
tion along the fin is gradually reduced by convection. Nevertheless, the relative value of
these resistances provides substantial insight into the qualitative characteristics of the
fin:

Rcond,x _ PWELZ

= 1-225
RCOHV k AC ( )
The resistance ratio in Eq. (1-225) is related to the parameter m L:
—_— 2 —_—
perh perh 2 Rcond,x
mL) = L| = L*= 1-226
( ) k AC k AC RCO}’IV ( )

In the light of Eq. (1-226), Figure 1-36 begins to make sense. A small value of m L rep-
resents a fin with a small resistance to conduction in the x-direction relative to the resis-
tance to convection. The temperature drop due to the conduction heat transfer along
the fin must therefore be small. At the other extreme, a large value of m L indicates
that the resistance to conduction in the x-direction is much larger than the resistance to
convection and therefore most of the temperature drop is related to the conduction heat
transfer.

Before starting an analysis of an extended surface, it is helpful to calculate the two
dimensionless parameters discussed thus far. The value of the Biot number will indicate
whether it is possible to treat the situation as a 1-D problem and the value of m L will
determine whether it is even worth the time. If m L is either very small or very large,
then the behavior can be understood with no analysis: the fin temperature will be very
close to the base temperature or the fluid temperature, respectively.

1.6.5 Fin Efficiency and Resistance

The fin efficiency is defined as the ratio of the heat transfer to the fin (¢,) to the heat
transfer to an ideal fin. An ideal fin is made of an infinitely conductive material and
therefore this limit corresponds to a fin that is everywhere at a temperature of 7). Note
that an ideal fin with infinite conductivity corresponds to the limit of m L = 0 in Fig-
ure 1-36.

heat transfer to fin

Nfin (1-227)

- heat transfer to fin as k — oo
or

éIﬁn
= 1-228
in = Ao (T — To) ( )

where the denominator of Eq. (1-228) is the product of the average heat transfer coeffi-
cient, the surface area of the fin that is exposed to fluid, and the base-to-fluid tempera-
ture difference. The fin efficiency represents the degree to which the temperature drop
along the fin due to conduction has reduced the average temperature difference driving
convection from the fin surface.

The fin efficiency depends on the boundary condition at the tip and the geometry of
the fin. For a constant cross-sectional area fin with an adiabatic tip, Eq. (1-221) can be
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Figure 1-37: Fin efficiency for a constant cross-section, adiabatic tipped fin as a function of the
parameter m L.

substituted into Eq. (1-228):

(Tp — Two) v/ per k A, tanh (m L)

Nin = — 1-229
i Fiper L (Ty— Too) (1-229)
or
tanh (m L
— L) (1-230)
h
per
kA,
which can be simplified by substituting in the definition of m:
tanh (m L)
n = 1-231
i L (1-231)

Figure 1-37 illustrates the fin efficiency for a fin having a constant cross-sectional area
and an adiabatic tip as a function of m L. Notice that the fin efficiency drops as m L
increases. This is consistent with the discussion in Section 1.6.4; a large value of m L
corresponds to a large temperature drop due to conduction along the fin, as seen in
Figure 1-36.

The fin efficiency is the most useful format for presenting the results of a fin solution
because it allows the calculation of a fin resistance (Rj,,). The fin resistance is the thermal
resistance that opposes heat transfer from the base of the fin to the surrounding fluid.
Equation (1-228) can be rearranged:

Gfin = Njin h As fin (T — Too) (1-232)
—_————
1/Rin
where A, s, is the surface area of the fin exposed to the fluid. Note that without the fin

efficiency, Eq. (1-232) is equivalent to Newton’s law of cooling and therefore the thermal
resistance is defined in basically the same way:

1

. (1-233)
Nfin h As,ﬁn

Rjn =
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The fin efficiency is always less than one and therefore the fin resistance will be larger
than the corresponding convection resistance; this increase in resistance is related to the
conduction resistance within the fin. The concept of a fin resistance is convenient since it
allows the effect of fins to be incorporated into a more complex problem (for example,
one in which fins are attached to other structures) as additional resistances in a network.

For most extended surfaces, the surface area that is available for convection at the
tip is insignificant relative to the total area for convection and therefore the adiabatic tip
solution for fin efficiency is sufficient. However, the solution for the heat transfer from
a fin that experiences convection from its tip (see Table 1-4) can also be used to provide
an expression for fin efficiency:

h
— sinh (m L) + —- cosh (m L)
dfin = (Tp — Tos) \/h per k A, mk (1-234)

h
cosh(mL) + s sinh (m L)

So the fin efficiency is:

= ) h
_ fn _ /h per kA, sinh(mL)+ m__k cosh(m L) (1235)
h(perL+A.) h(perL+A.)

Nfin = 7
cosh(m L) + s sinh (m L)
which can be simplified somewhat to:

[tanh (m L) + m L ARp]
m L[1+mLAR;,tanh (mL)] (1 4+ ARyp)

Nfin = (1-236)
where AR, is the ratio of the area for convection from the tip to the surface area along
the length of the fin:

Ac

ARip = 2oL

(1-237)

1p
0.9f
0.8f
0'7; ARy, = 0.0
0.6] ARgp = 0.1
04]  AR;=03
03 ARtip =04
ARnp = 05

Fin efficiency

o.2§
o.1§

OZ
0 05 1 15 2 25 3 35 4 45 5
Fin constant, m L

Figure 1-38: Fin efficiency for a constant cross-section fin with convection from the tip as a function
of the parameter m L and various values of the tip area ratio.
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Figure 1-38 illustrates the fin efficiency associated with a fin with a convective tip as a
function of the fin parameter (m L) for various values of the tip area ratio (AR;;,). Note
that the fin efficiency is reduced as the tip area is larger. This counterintuitive result
is related to the fact that the tip area is included in the surface area that is available
for convection from an ideal fin in the definition of the fin efficiency. The heat trans-
fer rate from the fin will increase as the tip area is increased; however, the rate that
heat could be transferred from an ideal (i.e., isothermal) fin would increase by a larger
amount.

It is possible to approximately correct for convection from the tip and use the sim-
pler adiabatic tip fin efficiency equation by modifying the length of the fin slightly (e.g.,
adding the half-thickness of a fin with a rectangular cross-section). In most cases the cor-
rection associated with the tip convection is so small that it is not worth considering. In
any case, neglecting convection from the tip is slightly conservative and other uncertain-
ties in the problem (e.g., the value of the heat transfer coefficient) are likely to be more
important.

The fin efficiency solutions for many common fin geometries have been determined.
For fins without a constant cross-section, the solution requires the use of more advanced
techniques, such as Bessel functions, which are covered in Section 1.8. Several common
fin solutions are listed in Table 1-5.

A more comprehensive set of fin efficiency solutions has been programmed in EES.
To access these solutions, select Function Info from the Options menu and then select
the radio button in the lower right side of the top box and scroll to the Fin Efficiency
category (Figure 1-39).

It is possible to scroll through the various functions that are available or see more
detailed information about any of these functions by pressing the Info button. Note
that the fin efficiency can be accessed either in dimensional form (in which case the
geometric parameters, conductivity, and heat transfer coefficient must be supplied) or
nondimensional form (in which case the nondimensional parameters, such as m L, must
be supplied).

2
| (" Math functions " EES library routines
" Fluid properties (" External routines
* Solidliquid properties g |l—'in Efficiency ﬂ
“Annular Rect. lar Fin
Dimensional Efficiency -
— | |
]
: Heat Transfer
i th R o by G.F. Nellis and 5.4, Klein
; I: Cambidee University Press, 2009
Lo Pinfo | Fview |
[« @ ? Index
Ex: }ela=ela__,fin_'annulal_.recl[lh, r_in, r_out, h, k)
X Done |

Figure 1-39: Fin efficiency function information in EES.



Table 1-5: Solutions for extended surfaces.

Shape Solution

tanh (m L)
mL

Agin=2WL
<

ﬁ/W 2h
L= /=1L
" k th

_ Bessell 1,2mL)
Min = 1 L Bessell (0, 2m L)

th\*
As,ﬁn=2w,/LZ+<5>
2h
L= /=201
" k th

2

" [,/4 (mLY +1+ 1]

Ui
Asin=W CL+£21n &—FC
s.fin = 1 ﬂ’l L 1

|2h [ [\

Nfin =

Straight rectangular

e

Straight triangular l”

T ¢
Straight parabolic L W
ﬁL

- tanh (m L)
7 n— —————
i mL
D
. | A.y,ﬁn =nDL
Spine rectangular \
4h
. mL=,—L
— kD

_ 2Bessell(2,2m L)
" mLBessell (1,2m L)

D D\?
As,ﬁn = L L2+ <*>

Nfin

Spine triangular

2 2
4h
L=,—0L
" kD
w AS»ﬁ” =2r (r<2)ut - m)
%f T M o = \/E T,
Rectangular annular - N kth
P 2h
mri, = 5 tin
th
2mr, [BesselK (1,mr;,) Bessell (1,mr,,) — Bessell (1,mr;,) BesselK (1,mr,,)]
Nfin =

[(mrom)Z —(mri,,)z] [Bessell (0,mr;,) BesselK (1,mr,,) + BesselK (0,mr;,) Bessell (1,mry,,)]

where h = heat transfer coefficient & = thermal conductivity
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EXAMPLE 1.6-1: SOLDERING TUBES

Two large pipes must be soldered together using a propane torch, as shown in
Figure 1.

D. =4.0 inch .
mn th=0.375 inch

e— L=2.5ft —» v

i ¥
T,,=230°C
Y
A
k=150 W/m-K

heat from torch, ¢
7.=20°C, h =20 W/m’-K

Figure 1: Two bare pipes being soldered together.

Each of the two pipes is L = 2.5 ft long with inner diameter D;, = 4.0 inches and
a thickness th = 0.375 inch. The pipe material has conductivity k = 150 W/m-K.
The surrounding air is at T, = 20°C and the heat transfer coefficient between the
external surface of the pipe and the air is h = 20 W/m*-K. Assume that convection
from the internal surface of the pipe can be neglected.

a) The temperature of the interface between the two pipes must be elevated to
T, = 230°C in order to melt the solder; estimate the heat transfer rate, ¢, that
must be applied by the propane torch in order to accomplish this process.

This problem is solved using EES. The initial section of the code provides the stated
inputs (converted to SI units).

“EXAMPLE 1.6-1: Soldering Tubes”

$UnitSystem SI MASS DEG PA C J
$Tabstops 0.2 0.4 0.6 0.8 3.5

“Inputs”

D_in=4.0 [inch]*convert(inch,m) “Inner diameter”
th=0.375 [inch]*convert(inch,m) “Pipe thickness”

k=150 [W/m-K] “Conductivity”

h_bar=20 [W/m"2-K] “Heat transfer coefficient”
T_infinity=converttemp(C,K,20 [C]) “Air temperature”

L=2.5 [ft]*convert(ft,m) “Pipe length”
T_m=converttemp(C,K,230 [C]) “Melt temperature”

The two pipes can be treated as constant cross-sectional area fins; the solutions
obtained in Section 1.6 are valid provided that the Biot number characterizing the
temperature gradient within the pipe in the radial direction is sufficiently small:

_ hth

Bi 2
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Bi=h_bar*th/k “Biot number”

The Biot number is 0.0013, which is much less than unity. The cross-sectional area
for conduction (A,.) is:

LDERING TUBES

A, = NZ [(Din + 2 th)? — D?]
and the perimeter exposed to air (per) is:
per = n(Dj, + 2 th)

Notice that the internal surface of the pipe (which is assumed to be adiabatic) is not
included in the perimeter. The ratio of the area of the exposed ends of the pipe to
the external surface area (ARyp) is calculated according to:

A
ARy = —
per L
A_c=pi*((D_in+2*th)"2-D_in"2)/4 “area for conduction”
per=pi*(D_in+2*th) “perimeter”
AR_tip=A_c/(per*L) “area ratio”

The tip area ratio is ARy, = 0.012 and therefore, according to Figure 1-38, the
adiabatic tip fin solution can be used with no loss of accuracy. The fin constant

(mL) is:
. /perl_l
mL = KA, L

tanh (m L)
mL

and the fin efficiency (n,) is:

Nfin =

Therefore, the resistance of each fin (Rp,) is:

R 1

= ———

ﬁ Nfin h per L
mL=sqrt(h_bar*per/(k*A_c))*L “fin parameter”
eta_fin=tanh(mL)/mL “fin efficiency”
R_fin=1/(eta_fin*h_bar*per*L) “fin resistance”

The problem can be represented by the resistance network shown in Figure 2; the
two pipes correspond to the two resistors connecting the interface to the air and the
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heat input from the propane torch enters at the interface. In order for the solder to
melt, the interface temperature must reach Ty,.

¢ Figure 2: Resistance network associated with soldering two

L. = bare pipes.

q
R o Ry,

The heat transfer required from the torch is therefore:

(Tm - Too)

g=2
Riin

g_dot=2*(T_m-T _infinity)/R_fin “required torch heat transfer rate”

The factor 2 appears because there are two pipes, each of which acts as a fin. The EES
solution indicates that the propane torch must provide at least 812 W to accomplish
this job.

b) Unfortunately, the propane torch cannot provide 812 W and it is not possible
to melt the solder. Therefore, you decide to place insulating sleeves over the
pipes adjacent to the soldering torch, as shown in Figure 3. If the insulation is
perfect (i.e., convection is eliminated from the section of the pipe covered by the
insulating sleeves), then how long must the sleeves be (L;,s) in order to reduce
the heat required to § = 500 W?

insulating sleeves

L ins rf-—-—g-|
V77772

B s s il bt e i Figure 3: Pipes with insulating sleeves placed over
T,,= 230°C them to reduce the heat transfer required.

T ITTTI

heat from torch, ¢

The pipes with insulating sleeves can be represented by a resistance network
similar to the one shown in Figure 2, but with additional resistances inserted
between the interface and the base of the fins. These additional resistances cor-
respond to the insulated sections of pipes, as shown in Figure 4.

q

T. °—’\/\AM\/\/\A—§—NN\W—’WW I
Rﬁn Rcand.ins Tm and,[ns Rﬁn
Figure 4: Resistance network with additional resistors associated with the insulated sections of the

pipe.
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The resistance of the insulated sections of the pipe is:
_ Lins
k A;

Hcond,ins =

R_cond_ins=L_ins/(k*A_c) “resistance of insulated portion of pipe”

The length of the un-insulated section of pipe is reduced and therefore the fin
efficiency and fin resistance must be recalculated. The fin efficiency (1,) becomes:

tanh [m (L - Lins)]

T m (L Ling)
and the resistance of each fin (Ryy) is:
1
Rpin = —

Nfin h per (L - Lins)
mL=sqrt(h_bar*per/(k*A_c))*(L-L_ins) “fin parameter”
eta_fin=tanh(mL)/mL “fin efficiency”
R_fin=1/(eta_fin*h_bar*per*(L-L_ins)) “fin resistance”

Using the resistance network shown in Figure 4, the required heat transfer rate can

be expressed as:

. (Tm - Too)
q=25——Tp—
Hcond,ins + Rﬁn

EES can solve for the length of insulation that is required by setting the heat transfer
rate to the available heat transfer rate,

g_dot=2*(T_m-T _infinity)/(R_fin+R_cond_ins) “required torch heat transfer”
g-dot=500 [W] “available torch heat transfer”
L_ins_ft=L_ins*convert(m.,ft) “length of insulation in ft”

The solution indicates that the length of the insulating sleeves must be at least
0.16 m (0.52 ft) in order to reduce the required heat transfer rate to the point where
500 W will suffice.

1.6.6 Finned Surfaces

Fins are often placed on surfaces in order to improve their heat transfer capability.
Examples of finned surfaces can be found within nearly every appliance in your house,
from the evaporator and condenser on your refrigerator and air conditioner to the pro-
cessor in your personal computer. Fins are essential to the design of economical but
high-performance thermal devices.

Figure 1-40 illustrates a single fin installed on a surface; the temperature of the sur-
face is the base temperature of the fin, 7. The fin and surface are surrounded by fluid
at T, with heat transfer coefficient 4. The fin has perimeter per, length L, conductivity
k, and cross-sectional area A..
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single fin:
cross-sectional area, 4,

perimeter, per
conductivity, k&

Figure 1-40: Single fin placed on a surface.
surface at 7},

It is of interest to determine the heat transfer rate from an area of the surface that
is equal to the base area of the fin, both with and without the fin installed. If there were
no fin, then the heat transfer rate from area A. is:

6Zno—ﬁn = EA(, (Tb - Too) (1—238)

while the heat transfer rate from the fin, assuming an adiabatic tip and the same heat
transfer coefficient, is given by Eq. (1-221):

h per
kA,

Gin = (Tp — Tso) \/ b per kA, tanh L (1-239)

The fin effectiveness (eg,) is defined as the ratio of the heat transfer rate from the fin
(gsin) to the heat transfer rate that would have occurred from the surface area occupied
by the fin without the fin attached (g,0—fin):

h per
kA.

Qﬁn
Efin = = = 1-240
i Qno—fin /’114L (Tb — Too) ( )

(Tp — Too) /I per k A, tanh L

which can be simplified to:

k per hA, 1
n = tanh | ./ 1-241
f hA, an k per AR, ( )

where AR, is the ratio of the area of the tip to the exposed surface area of the fin. The
fin effectiveness predicted by Eq. (1-241) is illustrated in Figure 1-41 as a function of the
dimensionless group (k per) /(h A.) for various values of the area ratio AR;,.

The effectiveness of the fin provides a measure of the improvement in thermal per-
formance that is achieved by placing fins onto the surface. Equation (1-241) and Fig-
ure 1-41 are useful in that they clarify the characteristics of an application that would
benefit substantially from the use of fins. If the heat transfer coefficient is low, then the
group (k per) /(h A.) is large and there is a substantial benefit associated with the addi-
tion of fins. This explains why many devices that transfer thermal energy to air or other
low conductivity gases with correspondingly low heat transfer coefficients are finned.
For example, the air-side of a domestic refrigerator condenser will certainly be finned
while the refrigerant side is typically not finned, since the heat transfer coefficient asso-
ciated with the refrigerant condensation process is very high (as discussed in Chapter 7).
Fins are typically thin structures (with a large perimeter to cross-sectional area ratio,
per/A.) made of high conductivity material; these features enhance the fin effectiveness
by increasing the parameter (k per)/(h A.).
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ARy = 0.15
w O ARy, =0.2
8 ARy = 0.25
g ARtip = 82
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1 10 100
(k per)/(h Ac)

Figure 1-41: Fin effectiveness as a function of (k per)/(h A,.) for various values of AR,,.

The concept of a fin resistance makes it possible to approximately consider the ther-
mal performance of an array of fins that are placed on a surface. For example, Fig-
ure 1-42 illustrates an array of square fins placed on a base with area A;j at tempera-
ture 7. The surface is partially covered with fins; in Figure 1-42, the number of fins is
Ny, = 16. Each fin has a cross-sectional area at its base of A.; and surface area A, .
The surfaces are exposed to a surrounding fluid with temperature T, and average heat
transfer coefficient 4.

The heat transferred from the base can either pass through one of the Ny, fins (each
with resistance, Rj,) or from the un-finned surface area on the base (with resistance,
Run-finnea)- The resistance of a single fin is given by Eq. (1-233):

__ 1 (1-242)

Rjp = ——
Nfin h As,ﬁn

where 1y, is the fin efficiency, computed using the formulae or function specific to the
geometry of the fin. The resistance of the un-finned surface of the base is:
1

Runf nned — = (1-243)
. h (As,b - Nﬁn Ac,b)

Nﬁn fins, each with

base cross-sectional area, 4, , and

surface area, A4 s.fin

base surface area, 4,

Figure 1-42: An array of fins on a base.
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1

Run—ﬁ””“d = m

— VY o
Rp=—— un—finned — 7=~~~ \
" ”ﬁnh As.ﬂn h (A&b - Nﬁ" Ac'b)
T, 1
b Rpjy=——
”/in h AS. fin
° Rf ==
: " N gt A g
1
Rpy=——
! nﬁn h As:ﬁn

EAAAN

Figure 1-43: Resistance network associated with a finned surface.

where the area in the denominator of Eq. (1-243) is the area of the exposed portion
of the base, i.e., the area not covered by fins. These heat transfer paths are in parallel
and therefore the thermal resistance network that represents the situation is shown in
Figure 1-43.

The total resistance of the finned surface is therefore:

-1
Rior = |:Run1ﬁnned ” Z_Z] (1249
or, substituting Eqs. (1-242) and (1-243) into Eq. (1-244):
Riot = [M (A — Njin Acp) + Npin 1in h As fin] ™! (1-245)
The total rate of heat transfer is:
ror = (TbR_—mtTOO) = [t (Asb = Njin Ac.p) + Ny 1in B As in (T — T (1-246)

The overall surface efficiency (7,) is defined as the ratio of the total heat transfer rate
from the surface to the heat transfer rate that would result if the entire surface (the
exposed base and the fins) were at the base temperature; as with the fin efficiency, this
limit corresponds to using a material with an infinite conductivity.

Mo = = Jror (1-247)
h [(As,b - Nﬁn Ac,b) + Nﬁn As,ﬁn] (Tb - Too)

prime surface area, A,

The area in the denominator of Eq. (1-247) is often referred to as the prime surface area
(Amz)3

Ator = Asp — Nfin Acp + Npin As fin (1-248)
Substituting Eq. (1-246) into Eq. (1-247) leads to:

[(As,b - Nﬁn Ac,b) + Nﬁn Nfin As,ﬁn]

1-249
[(As.s — Now Ac) + N As ] (1-249)

No =
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Equation (1-249) can be rearranged:
o [(As,b - Nﬁn Ac,b) + Nﬁn As,ﬁn + Nﬁn Nfin As,ﬁn - Nﬁn As,ﬁn]

o = 1-250
" [(As,b - Nﬁn Ac,b) + Nﬁn As,ﬁn] ( )
or
N, nAs n 1- n
o =1— fin As,fin(L — i) (1-251)
[(As,b - Nﬁn AC,b) + Nﬁn As,ﬁn]
which can be expressed in terms of the prime surface area:
Niin As fin
no=1- ﬁA L (1 = 7pn) (1-252)
tot

Rearranging Eq. (1-247), the total resistance to heat transfer from a finned surface can
be expressed in terms of the overall surface efficiency and the prime surface area:

1
770]71 Aor

EXAMPLE 1.6-2: THERMOELECTRIC HEAT SINK

Heat rejection from a thermoelectric cooling device is accomplished using a 10 x 10
array of Dg, = 1.5 mm diameter pin fins that are Lj, = 15 mm long. The fins are
attached to a square base plate that is W}, = 3 cm on a side and thy = 2 mm thick, as
shown in Figure 1. The conductivity of the fin material is kg, = 70 W/m-K and
the thermal conductivity of the base material is k; = 25 W/m-K. There is a con-
tact resistance of R/ =1 x 10~* m?-K/W at the interface between the base of the
fins and the base plate. The hot end of the thermoelectric cooler is at T, = 30°C
and the surrounding air temperature is T, = 20°C. The average heat transfer coef-

ficient between the air and the surface of the heat sink is h = 50 W/m?-K.

Rmt = (1‘253)

7. =20°C, 7 =50 W/m’-K

10x10 array of fins <D =1.5mm
_ Sin
iy =70 WinK N\

k,=25 W/m-K
W,=3.0 cm

Figure 1: Heat sink mounted on a thermoelectric cooler.

a) What is the total thermal resistance between the hot end of the thermoelectric
cooler and the air? What is the rate of heat rejection that can be accomplished
under these conditions?
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The first section of the EES code provides the inputs for the problem.

“EXAMPLE 1.6-2: Thermoelectric Heat Sink”

$UNitSystem SI MASS RAD PA K J
$Tabstops 0.2 0.4 0.6 3.5in

“Inputs”

T_infinity=converttemp(C,K,20 [C]) “Air temperature”
T_hot=converttemp(C,K,30 [C]) “Hot end of thermoelectric cooler”
D_fin=1.5[mm]*convert(mm,m) “Fin diameter”
L_fin=15[mm]*convert(mm,m) “Fin length”

N_fin=100 “Number of fins”

W_b=3 [cm] *convert(cm,m) “Width of base (square)”
th_b=2[mm]*convert(mm,m) “Thickness of base”
k_fin=70 [W/m-K] “Conductivity of fin”
k_b=25 [W/m-K] “Conductivity of base”
h_bar=50 [W/m"2-K] “Heat transfer coefficient”
R”_c=1e-4 [m"2-K/W] “Contact resistance”

The constant cross-sectional area fins can be treated using the solutions presented
in Section 1.6. The perimeter (per), cross-sectional area (A.), and surface area for
convection (Ag fin, assuming adiabatic ends) associated with each fin are calculated
according to:

per = 1 Dy
kg
2
Ac = 2 Dﬁn
As,ﬁn =nlL Dﬁn

per=pi*D_fin “Perimeter of fin”
A_c=pi*D_fin"2/4 “Cross-sectional area for conduction”
A_s_fin=pi*L_fin*D_fin “Surface area of fin for convection”

The fin constant and fin efficiency for an adiabatic tip, constant cross-sectional area

fin are computed according to:
m = perh
kﬁn A

tanh(m L)
m Lﬁn

Nfin =

The resistance of any type of fin (Rj,) can be obtained from its efficiency:
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mL=sqrt(h_bar*per/(k_fin*A_c))*L_fin “Fin parameter”
eta_fin=tanh(mL)/mL “Fin efficiency”
R_fin=1/(h_bar*A_s_fin*eta_fin) “Fin resistance”

The resistance network that represents the entire heat sink (Figure 2) extends from
the hot end of the cooler to the air and includes conduction through the base (Rcond.b)
followed by two paths in parallel, corresponding to the heat that is transferred by
convection from the unfinned upper surface of the base (Ru;—finned) and the heat
that is transferred through the contact resistance at the base of the fins (R;) and
then through the resistance associated with the fin itself (R4,). Note that R. and R,
are in parallel N, times and therefore the value these resistances in the circuit is
reduced by 1/Njp,.

Rc Rfin

Ny N

Reond s 0.57 K/W 323 K/W

Figure 2: Resistance network representing the hot

heat sink.

0.088 K/W Run—ﬁnned

27.7T K/IW

The resistance to conduction through the base is:
thy,
The contact resistance associated with each fin-to-base interface is:

B//
R, = -¢
c A,

The resistance of the unfinned upper surface of the base is:

1
Run—g ==
un—finned I (Wg _ Nﬁn AC)

These resistances are calculated in EES:

Hcond,b =

R_b=th_b/(k_b*W_b"2) “Resistance due to conduction through the base”
R_unfinned=1/((W_b"2-N_fin*A_c)*h_bar) “Resistance of unfinned base”
R_c=R"_c/A_c “Fin-to-base contact resistance”

The total resistance (R;) and heat transfer (g;;) from the heat sink are obtained
according to:

-1

1 1
Riot = Ry + +
tot b ( R, 4 Hﬁn) Bunfﬁnned
Npn " N
 (The —To)
tht - -5

Rtot
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and calculated in EES.

R_tot=R_b+(1/(R_c/N_fin+R_fin/N_fin)+1/R_unfinned)"(-1) “Total resistance”
g-dot_tot=(T_hot-T_infinity)/R_tot “Total rate of heat transfer”

The total resistance is 3.42 K/W and the rate of heat transfer is 2.92 W. The numer-
ical values of each resistance are included in Figure 2 in order to understand the
mechanisms that are governing the behavior of the heat sink. Notice that the resis-
tance of the base is not very important, as it is a small resistor in series with larger
ones. The resistance of the unfinned portion of the base is also not critical, since it
is a large resistor in parallel with smaller ones. On the other hand, both the contact
resistance and the fin resistance are important as these two resistors dominate the
problem and are of the same order of magnitude. The fin resistance is the most
critical parameter in the problem and any attempt to improve performance should
focus on this element of the heat sink.

b) Through material selection and manipulation of the air flow across the heat
sink, it is possible to affect design changes to kg, and k. Generate a contour
plot that illustrates contours of constant heat rejection in the parameter space
of ki, (ranging from 5 W/m-K to 150 W/m-K) and / (ranging from 10 W/m?-K to
200 W/m?-K).

One of the nice things about solving problems using a computer program as opposed
to pencil and paper is that parametric studies and optimization are relatively
straightforward. In order to prepare a contour plot with EES, it is necessary to
setup a parametric table in which both of the parameters of interest vary over a
specified range. Open a new parametric table and include the two independent
variables (the variables k_fin and h_bar) as well as the dependent variable of interest
(the variable gq_dot_tot). In order to run the simulation for 20 values of kg, and 20
values of h, 20 x 20 = 400 runs must be included in the table. (Add runs using the
Insert/Delete Runs option from the Tables menu.)

It is necessary to set the values of k_fin and h_bar in the table. It is possible to
vary k_fin from 5 to 150 W/m-K, 20 times by using the “Repeat pattern every” option
in the Alter Values dialog that appears when you right-click on the k_fin column,
as shown in Figure 3.

x
First Row |1 = | ¢ Clear Values

Last Row |400 ‘;i
First Yalue 15 W/im-K

|Last value:] I15[l Wim-K

+ SetValues

Figure 3: Vary kg, from 5 to 150 W/m-K 20 times.

v IHepeal pattemn every ZI |2tt EI Tows

X concel |
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In order to completely cover the parameter space, it is necessary to evaluate the
solution over a range of h_bar at each unique value of k_fin; this can be accomplished
using the “Apply pattern every” option in the Alter Values dialog for the h_bar
column of the table, see Figure 4.

h_bar: Column 2 x|

FustRow [I 2| | Clear Values
Last Row (400 & (+ Set Values

Figure 4: Vary 4 from 10 to 200 W/m-K with 20 runs for First Value ]10 W/m"2-K
each of 20 values. [Last value ~| [200 W/m" 2-K

¥ |Apply pattemn every  ~| |2D 3+ rows

v o] X con]|

When the specified values of the variables k_fin and h_bar are commented out in
the Equations window, it is possible to run the parametric table using the Solve
Table command in the Calculate menu (F3); 400 values of q are determined, one
for each combination of ks, and h set in the parametric table. To generate a contour
plot, select X-Y-Z plot from the New Plot Window option in the Plots menu. Select
k_fin as the variable on the x-axis, h_bar as the y-axis variable and gq_dot_tot as the
contour variable. The appearance of the resulting contour plot can be adjusted
by altering the resolution, smoothing, color options, and the type of function
used for interpolation. A contour plot generated using isometric lines is shown in
Figure 5.

200 ——————————————————
N’xl\ \ \ N | é
£ 180 \ \ \ it = 7 W— :
2 160 a \}\
k= . ]
3 140 \ \ Qot =6 W3
£ 120 — | |
Q .
o 100 \\ N ————0t =5 W
@ g0
§ 50 \ \ T Qe =4 WI\
2 4 e T ™ Z x——
g? 20 nominal design 2““; W
o o) R | R R t.Ot. R R
< 0 25 50 75 100 125 150

Fin conductivity (W/m-K)

Figure5: Contours of constant heat transfer rate in the parameter space of fin material conductivity
and heat transfer coefficient.
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The nominal design point shown in Figure 1 is also indicated in Figure 5. Contour
plots are useful in that they can clarify the impact of design changes. For example,
Figure 5 shows that it would be more beneficial to explore methods to increase the
heat transfer coefficient than the fin conductivity at the nominal design conditions
(i.e., moving from the nominal design point towards higher heat transfer will result
in much larger performance gains than moving toward higher fin conductivity).

1.6.7 Fin Optimization

This extended section of the book, which can be found on the website (www.
cambridge.org/nellisandklein), presents an optimization of a constant cross-sectional
area fin in order to maximize the rate of heat transfer per unit volume of fin material. The
process illustrates the use of EES’ single-variable optimization capability and shows that
a well-optimized fin is characterized by m L that is approximately equal to 1.4. Fins with
m L much less than 1.4 are shorter than optimal and therefore have very small tempera-
ture gradients due to conduction; additional length will provide a substantial benefit and
therefore the available volume of fin material should be stretched, providing additional
length at the expense of cross-sectional area. Fins with m L much greater than 1.4 are
longer than optimal and therefore have large temperature gradients due to conduction;
additional length will not provide much benefit as the tip temperature is approaching the
ambient temperature. Therefore, the available volume should be compressed, reducing
the length but providing more cross-sectional area for conduction.

1.7 Analytical Solutions for Advanced Constant Cross-Section
Extended Surfaces

1.7.1 Introduction

The constant cross-section fins that were investigated in Section 1.6 are certainly the
most common type of extended surface used in practice. However, other extended sur-
face problems (with alternative boundary conditions, more complex thermal loadings,
multiple computational domains, etc.) are also encountered. Extended surfaces rep-
resent 2-D heat transfer situations that can be approximated as being 1-D and these
problems can be solved analytically using the techniques that were introduced in Sec-
tion 1.6.

1.7.2 Additional Thermal Loads

An extended surface can be subjected to additional thermal loads such as thermal energy
generation (due to ohmic heating, for example) or an external heat flux. These addi-
tional effects show up in the governing differential equation but do not affect the char-
acter of the solution. Figure 1-46 illustrates an extended surface with cross-sectional area
A, and perimeter per that has a uniform volumetric generation (¢”’) and is exposed to
a uniform heat flux (¢, for example from solar radiation). The extended surface is
surrounded by fluid at T, with average heat transfer coefficient .

A differential control volume is used to derive the governing differential equation

(see Figure 1-46) and provides the energy balance:

Gx+ 8+ Gext = Geonv + Grtx (1'267)
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Figure 1-46: Extended surface with additional thermal loads
related to generation and an external heat flux.

The final term can be expanded:

.
g+ Qe = Qooms + Ly (1-268)

Substituting the appropriate rate equation for each term results in:
— d dT
§"Acdx+q), perdx = hperdx (T — Tw) + o |: kA, I :| dx (1-269)

where k is the conductivity of the material and 7 is the temperature at any axial position.
Note that temperature is assumed to be only a function of x, which is consistent with the
extended surface approximation. This assumption should be verified using an appropri-
ately defined Biot number, as discussed in Section 1.6.2. After some simplification, the
governing differential equation for the extended surface becomes:

d*T  h per h per g’ 4, per
4L _tpery _ _hpery 8 QDT 1-270
dx? kA, kA, k kA, ( )

Equation (1-270) is a nonhomogeneous, linear, second order ODE. The solution is
assumed to be the sum of a homogeneous and particular solution:

T=T,+T (1-271)
p
Equation (1-271) is substituted into Eq. (1-270):
A>Ty, h per d*T,  h per h per g’ 4., per
- T L Tp=———To— 2 — 2 1272
2 kAT @R T kAT kAL KT kA (1-272)
=0 whatever is left over must be the particular differential equation
for homogeneous
differential equation
The homogeneous differential equation is:
d*Ty,  h per
dxzh ki’: Tp=0 (1-273)
which is solved by:
T, =Ciexp(mx)+ C exp(—mx) (1-274)
where
perh

1-275
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The particular differential equation is:

T, hper. _ hper, &' quper
dx? kA, * kA, %k kA,

(1-276)

Notice that the right side of Eq. (1-276) is a constant; therefore, the particular solution
is a constant:

T,=Cs (1-277)

Substituting Eq. (1-277) into Eq. (1-276) leads to:

h per h per g q.., per
= -5 Jel 1-278
kA, T kA, kK kA, (1-278)
Solving for Cs:
I Ac b/
Cs = Too + 52 4 Tex (1-279)
h per h
Substituting Eq. (1-279) into Eq. (1-277) leads to:
S5 AC I
Tp=To + 526 4 den (1-280)
h per h
Substituting Egs. (1-280) and (1-274) into Eq. (1-271) leads to:
B g/// Ac q/e/xt
T =Cexp(mx)+ G exp(—mx) + Too + = + = (1-281)

h per h

The boundary conditions at either edge of the extended surface should be used to eval-
uate C; and C; for a specific situation.

It is possible to use Maple to solve this problem (and therefore avoid the mathemat-
ical steps discussed above). Enter the governing differential equation:

> restart;
> ODE:=diff(diff(T(x),x),x)-h_bar*per*T(x)/(k*A_c)=-h_bar*perT_infinity/
(k*A_c)-gv/k-gf_ext*per/(k*A_c);

ODE — (%T(\)) _ h-bar per T(x) _ _ h_bar per T _infinity  gv  qf —extper
dx?

kA_c kA_c k kA_c
and solve it:
> Ts:=dsolve(ODE);
Ts:=T(x) =
e( P )7(2 + e(f%k(l + (h—_bar T _infinity + qf _ext) per + gvA_c

h_bar per

The solution identified by Maple is functionally identical to Eq. (1-281).
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For situations where the volumetric generation or external heat flux is not spatially
uniform, it will not be as easy to identify the particular solution. For example, suppose
that the volumetric generation varies sinusoidally from x = 0 to x = L, where L is the
length of the extended surface.

¢ = G sin (7 7) (1-282)

where g/ . is the volumetric generation at the center of the extended surface. The result-
ing governing differential equation is:

d*T  h per h per am X\ oy per
—_— = T =— To — 225 i e 1-283
a2~ kA, kA, k" (= L) k A, (1-283)
The solution is assumed to be the sum of a homogeneous and particular solution. Sub-
stituting Eq. (1-271) into Eq. (1-283) leads to:

2 A 2 7 7 ; ;
a-Ty  hper h+d Ty hper Z_hperT  Smax sin(nf)—qg’“per
dx? kA, dx? kKA. 7 kKA.~ k L kA,
=0 the particular differential equation
for homogeneous
differential equation
(1-284)

The homogeneous differential equation has not changed and therefore the homoge-
neous solution remains Eq. (1-274). However, the particular differential equation has
become more complex:

42T E E I -1
p_ 2P BT, — B sin () — Je B (1-285)

- T, =T,
dx2 kA, * kA, k kA,

Identifying the particular solution can take some skill. Equation (1-285) involves both
a constant and a sinusoidal term on the right hand side and the governing differential
equation involves both the solution and its derivatives. Therefore, it seems likely that a
particular solution that includes sines, cosines, and constants as well as their derivatives
(cosines, sines, and 0) might work. One method of obtaining the particular solution is to
assume such a solution with appropriate, undetermined constants (C3, Cy, and Cs):

Ty=Cssin(x %) +Cy cos (r %) + G (1-286)

and substitute it into the particular differential equation. The first and second derivatives
of the particular solution, Eq. (1-286), are:

=S eos(ry) = S sin(r7) (1-287)
GG () - G () 289

Substituting Egs. (1-288) and (1-286) into Eq. (1-285) leads to:

_C3_712 sin (n%) — Car” cos (71 f) ﬁper [C3 sin <7t %) + C4 cos (n %) + Cs]

12 12 L) kA,
E - 117 11
C C

In order for the particular solution to work, the sine, cosine and constant terms in Eq.
(1-289) must add up correctly. By considering the coefficients of the sine terms, it is
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possible to obtain the equation:

I

, -
er ZLAQ: ; = b (1-290)
which can be solved for Cs:
Emax
Ci=—— Kk (1-291)

72 hper
(E kA

The sum of the coefficients of the cosine terms provides an additional equation:

Cyn* hper
— ———Cy=0 1-292
A (1-292)
which indicates that
G =0 (1-293)
Finally, the sum of the coefficients for the constant terms leads to:
h per h per q.., per
———Cs=— Too — == 1-294
kA, T kA, kA, (1-294)
o)
_ e
CS — Too + 7 (1-295)
Substituting Egs. (1-291), (1-293), and (1-295) into Eq. (1-286) leads to:
k (X e
T,=—F—"——sin|{n—)+Te+ = 1-296
g ? N h per ( L) h ( )
L2 kA,

The solution to the differential equation is the sum of the homogeneous and the partic-
ular solutions.

/!
8max

T = C; exp(mx) + C, exp(—mx) + S S (rr f) + Too + Gex
2 N h per L h
L2 kA,
where the boundary conditions determine the values of C; and C;.

It is somewhat easier to obtain the solution using Maple. Enter the governing dif-
ferential equation, Eq. (1-283):

(1-297)

> restart;
> ODE:=diff(diff(T(x),x),x)-h_bar*per*T(x)/(k*A_c)=-h_bar*perT_infinity/
(k*A_c)-gv_max*sin(pi*x/L)/k-gf_ext*per/(k*A_c);

0DE: = (E1(e) - Mo 1)
dx? kA_c .

h_bar per T _infinity ~ 8V-/14X SN (T) qf —extper

kA_c k kA_c
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and then solve the differential equation:

> Ts:=dsolve(ODE);

Jh—bar. /per « Ji—bar. /per x
Ts = T(x) = e iz ) _c2 4 e FAE")_c
gu_max A_c L*> h_bar sin ( nzr ) +(h_bar T _infinity+qf _ext) (h_bar per L> 47> k A_c)

- h_bar (h_bar per L>+n? k A_c)

The solution identified by Maple is functionally equivalent to Eq. (1-297). This result
from Maple can be copied and pasted directly into EES for evaluation and manipulation.

EXAMPLE 1.7-1: BENT-BEAM ACTUATOR

One design of a micro-scale, lithographically fabricated (i.e., MEMS) device
that can produce in-plane motion is called a bent-beam actuator (Que (2000)).
A V-shaped structure (the bent-beam in Figure 1) is suspended between two
anchors. The anchors are thermally staked to the underlying substrate and therefore
keep the ends of the bent-beam at room temperature (T, = 20°C). An elevated voltage
is applied to one pillar and the other is grounded. The voltage difference causes cur-
rent (I) to flow through the bent-beam structure. The temperature of the bent-beam
rises as a result of ohmic heating and the thermally induced expansion causes the
apex of the bent-beam to move outwards. The result is a voltage-controlled actuator
capable of producing in-plane motion.

substrate

tip motion

current flow through bent-beam

anchor post, kept at T,
Figure 1: Bent-beam actuator.

The anchors of the bent-beam actuator are placed L, = 1 mm apart and the beam
structure has a cross-section of W = 10 um by th = 5 um. The slope of the beams
(with respect to a line connecting the two pillars) is# = 0.5 rad, as shown in Figure 2.
The bent-beam material has conductivity k = 80 W/m-K, electrical resistivity p, =
1 x 107% ochm-m and coefficient of thermal expansion CTE = 3.5 x 107 °K™". You
may neglect radiation from the beam and assume all of the heat that is generated
is convected to the surrounding air at temperature T, = 20°C with average heat
transfer coefficient h= 100 W/m?*-K or transferred conductively to the pillars (which
remain at T, = 20°C). The actuator is activated with I = 10 mA of current.

[~
=
<
=
-
(=)
<<
=
<t
(*1
@
=
=
Ll
o
-
1
i
-
w
-l
o
=
w




BEAM ACTUATOR

128 One-Dimensional, Steady-State Conduction

T..=20°C, h =100 W/m*-K k= 80 W/m-K
pe = 1x10°5 ohm-m
CTE = 3.5x106 K1

N §
T,=20°C T, =20°C
@ kiLa:l.O mm——»] 2

W = 10um (into page)

Figure 2: Dimensions and conditions associated with bent-beam actuator.

a) Is it appropriate to treat the bent-beam as an extended surface?

The input parameters for the problem are entered into EES:

“EXAMPLE 1.7-1: Bent-beam Actuator”

$UnitSystem SI MASS RAD PA C J
$Tabstops 0.2 0.4 0.6 0.8 3.5

“Inputs”

L_a=1 [mm]*convert(mm,m) “distance between anchors”
w=10 [micron]*convert(micron,m) “width of beam”

th=5 [micron]*convert(micron,m) “thickness of beam”
1=0.010 [Amp] “current”

theta=0.5 [rad] “slope of beam”
T_a=converttemp(C,K,20 [C]) “temperature of pillars”
T_infinity=converttemp(C,K,20 [C]) “temperature of air”
h_bar=100 [W/m"2-K] “heat transfer coefficient”
k=80 [W/m-K] “conductivity”

rho_e=1e-5 [ohm-m] “electrical resistivity”
CTE=3.5e-6 [1/K] “coefficient of thermal expansion”

The extended surface approximation requires that the 3-D temperature distribu-
tion within the bent-beam be approximated as 1-D; that is, temperature gradients
within the beam that are perpendicular to the surface will be ignored so that the
temperature may be approximated as a function only of s, the coordinate that fol-
lows the beam (see Figure 2). The resistance that must be neglected in order to use
the extended surface approximation is conduction in the lateral direction (Reond, iat)-
The extended surface approximation is justified provided that the lateral conduc-
tion resistance is small relative to the resistance that is being considered, convection
from the outer surface (R;ony). The Biot number is therefore:

Bi = Hcond,]at

HCOHV

The heat transfer will take the shortest path to the surface and therefore it is appro-
priate to use the smallest lateral dimension (th/2) to compute the lateral conduction

resistance.
pi_(_th hW L\ thh
=2rwe 1 T2k
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where L is the length of the beam from pillar to apex (see Figure 2).

Bi=th*h_bar/(2*k) “Biot number”

EAM ACTUATOR

The Biot number is small (3 x 107°) and therefore the extended surface approxima-
tion is justified.

b) Develop an analytical solution that can predict the temperature of one leg of
the bent-beam as a function of position along the beam, s.

The general solution for an extended surface with a constant cross-sectional area
and spatially uniform generation is derived in Section 1.7.2:
g///
T = C; exp (ms) + Cy exp (—ms) + Ty, + Z—F (1)
h per
For the bent-beam actuator, the perimeter (per), cross-sectional area (A.), and fin
parameter (m) are

per = 2 (W + th)

A, =W th
h per
m= p
kA,
per=2*(W-+th) “perimeter”
A_c=W+th “area”
m=sqrt(h_bar*per/(k*A_c)) “fin parameter”

The volumetric generation, g"”, is related to ohmic heating. The electrical resistance
of the bent-beam structure (R,) is:

_ pe2L

=4

Re

where
" 2 cos(9)

The volumetric rate of electrical dissipation is the ratio of ohmic dissipation to the
volume of the structure:

g// — Iz BE
2L A,
L=L_a/(2*cos(theta)) “length of half-beam”
R_e=rho_e*L*2/A_c “resistance of beam structure”

g” _dot=I"2*R_e/(2*L*A_c) “volumetric generation”
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130 One-Dimensional, Steady-State Conduction

The constants C; and C, in Eq. (1) are determined using the boundary conditions.
The temperature of the beam where it meets the pillar is specified:

Ts—o =T, (2)

Substituting Eq. (1) into Eq. (2) leads to:

'///A
Ci+C+Tot+ 20—, 3)

h per

A half-symmetry model of the bent-beam actuator considers only one leg. Because
both legs of the bent-beam see identical conditions, there is nothing to drive heat
from one leg to the other and therefore there will be no conduction through the end
of the leg (at s = L):

dT
-S= = —k _ = O
o=t ds s=L
or
dT
il — 4
| =0 (4)
Substituting Eq. (1) into Eq. (4) leads to:
Cimexp(mL)—Comexp(—mL)=0 (5)

Equations (3) and (5) can be entered in EES and used to determine C; and C,.

T_infinity+C_1+C_2+g"” _dot*A_c/(h_bar*per)=T_a “from boundary condition at s=0"
C_1*m*exp(m*L)-C_2*m*exp(-m*L)=0 “from boundary condition at s=L"

A variable s_bar is defined as s/L so that s_bar = 0 corresponds to the pillar and
s_bar =1 to the apex. The variable s_bar is defined for convenience, so that it is easy
to generate a parametric table in which s is varied from 0 to L even if parameters
such as 6 and L, change.

s_bar=s/L “non-dimensional position”

The temperature is evaluated using Eq. (1).

T=T_infinity+C_1*exp(m*s)+C_2*exp(-m*s)+g” _dot*A_c/(h_bar*per) “temperature”
T_C=converttemp(K,C,T) “in C”
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A parametric table is generated that includes the variables s_bar and T_C. The
temperature distribution through one leg of the beam is shown in Figure 3.

800 [
700]
600 ]
500]
400]

300]

Temperature (°C)

200]

100[

0O 01 02 03 04 05 06 07 08 09 1
Dimensionless position, s/L

Figure 3: Temperature as a function of dimensionless position along one leg of beam.
c) The thermally induced elongation of a differential segment of the beam (of
length ds) is given by:
dL =CTE (T - T,) ds

Estimate the displacement of the apex of the beam. Plot the displacement as a
function of voltage.

The total elongation of the beam (AL) is obtained by integrating the differential
elongation along the beam:

L
AL = / CTE (T —T,) ds (6)
0
Substituting the solution for the temperature distribution, Eq. (1) into Eq. (6) leads

to:

L
'///AC

AL =/C’TE C; exp (ms) + C, exp(—ms)+Too+§ — T, ) ds
h per

0

Evaluating the integral:

L
'///A C’ C
AL = CTE TOO—TQ+§ s+ 2 exp(ms)——zeXp(—mS)
h per m
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132 One-Dimensional, Steady-State Conduction

Substituting the integration limits:

AL = CTE{(TOO - T, + _—AC> L+ E [exp (mL)—1]— % [exp (—mL)—1]
h per m m

DELTAL=CTE*((T_infinity-T_a+g” _dot*A_c/(h_bar*per))*L+C_1*(exp(m*L)-1)/m-C_2* (exp(-m*L)-1)/m)
“displacement of beam”

Assuming that the joint associated with the apex does not provide a torque on either
leg of the beam, the displacement of the apex can be estimated using trigonometry
(Figure 4).

L+AL —Ay

heated beam
unheated beam
Figure 4: Trigonometry associated with apex motion.

7

therefore, the motion of the apex (Ay) is:
2 2
o5 -5

DELTAy=sqrt((L+DELTAL)"2-(L_a/2)"2)-sqrt(L"2-(L_a/2)"2) “displacement of apex”
DELTAy_micron=DELTAy*convert(m,micron) “in um”

The voltage across the beam (V) is:

V=I*R_e “voltage”

Figure 5 illustrates the actuator displacement as a function of voltage. This plot was
generated using a parametric table including the variables DELTAy_micron and V;
the variable | was commented out in order to make the table.
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Actuator motion (um)
o -~ N W A 01 O N © © O

o

05 1 15 2 25 3 35 4 45 5
Voltage (V)

Figure 5: Actuator displacement as a function of the applied voltage.

1.7.3 Moving Extended Surfaces

An interesting class of problems arises in situations where an extended surface is moving
with respect to the frame of reference of the problem. Problems of this type occur in
rotating systems, (such as in drum and disk brakes), extrusions, and in manufacturing
systems. The energy carried by the moving material represents an additional energy
transfer into and out of the differential control volume and provides an additional term
in the governing differential equation. Figure 1-47 illustrates an extended surface (i.e.,
a material for which temperature is only a function of x) that is moving with velocity u
through fluid with temperature 7', and 4.

An energy balance on the differential control volume (Figure 1-47) includes con-
duction and energy transport due to material motion (F) at either edge, as well as con-
vection to the surrounding fluid.

(:Ix + E = éIconv + (.Ix-&-dx + E)H—dx (1'298)
or
dg dE
0=4g + —dx+ —dx 1-299
Geonv dx dx ( )
material is moving with velocity u
\ > |<—dx
i ”I ”I’
Figure 1-47: An extended surface moving with o ] T h
velocity u. E. E...
qx-’ q,r+dx

Geonv
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The conduction and convection terms are represented by the familiar rate equations:

T
éIcond =—k Ac 62_ (1-300)
X

Gconv = Pel’dXE (T - Too) (1-301)

where k is the conductivity of the material and per and A, are the perimeter and cross-
sectional area of the extended surface, respectively. The rate of energy transfer due to
the motion of the material, E, is the product of the enthalpy of the material (i) and its
mass flow rate. The mass flow rate is the product of the velocity, density (p), and cross-
sectional area.

E=uA.pi (1-302)

Substituting Egs. (1-300) through (1-302) into Eq. (1-299) leads to:

- d dT d
0=perdxh (T — Tw) + — I |: kA, T :|dx+ e [uA: pi]dx (1-303)
Assuming constant properties:
_ a’T di
0=perh (T — Too) —k AL v uA, p2 (1-304)
“d dx
The enthalpy gradient is expanded:
a’T di dT
0=perh (T —T kA.— Acp— — 1-305
perh ( 00) —kAc— s HuAc pom — (1-305)

Assuming that the material is incompressible, the derivative of enthalpy with respect to
temperature is the specific heat capacity (c):

2

T dTr
+uA.pc—

O0=perh (T —Ty)— kA, I o

(1-306)
Equation (1-306) is rearranged in order to obtain the governing differential equation:

&’T  upcdTl perh perh
T =— T 1-307
dx? k dx kA, kA, ( )

The solution is again divided into a homogeneous and particular solution:
T=Ty+T, (1-308)
Substituting Eq. (1-308) into Eq. (1-307) leads to:

d*T, upcdT, perh d*T, wupcdT, perh perh
_upcdly perh, p_upcdip perho _ _PrRn (4309
a2 Tk dax kA" T @@ T Tk ax kA TT kA (1-309)

=0 for homogeneous differential equation whatever is left is the particular differential equation
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The particular differential equation:

d’T, upcdT, perh perh
— ————T,=——T 1-310
dx? k dx kA, " kA, ( )
is solved by a constant:
T,=T« (1-311)

_upcdln _periL (1-312)

The fin parameter (m) is defined as in Section 1.6:

h per
= 1-313
m=4l7 A (1-313)

The group of properties, k/pc, appearing in Eq. (1-312) is encountered often in heat
transfer and is defined as the thermal diffusivity («):

k

o= oo (1-314)
With these definitions, Eq. (1-312) can be written as:
% . g% M2 Ty, = (1-315)
Equation (1-315) is solved by an exponential:
Tyh = Cexp(rx) (1-316)

where C and A are both arbitrary constants. Equation (1-316) is substituted into
Eq. (1-315):

Cr%exp (rx) — ea exp (Ax) —m? Cexp (rx) =0 (1-317)
o
which can be simplified:
2oL —m =0 (1-318)
o

Equation (1-318) is quadratic and therefore has two solutions (A; and 1,):

u 1 /u\2
A= — - 2 1-31
! 2a+ 4(a>+m (1-319)
u 1 /u\2
_ % (= 2 ;
do=o—— /7 (a) +m (1-320)

Because the governing equation is linear, the sum of the two solutions (7} and 7}, 5):

Th.l = C1 exp ()\.1)() (1-321)

Th2 = G exp(r2x) (1-322)
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136 One-Dimensional, Steady-State Conduction

is also a solution and therefore the general solution to the homogeneous governing dif-
ferential equation is:

Ty = Cy exp (A1 x) + G exp (A2 x) (1-323)

The solution to the differential equation is the sum of the homogeneous and particular
solutions:

T =Crexp(rix)+ G exp(hax) + Too (1-324)

where the constants C; and C, are determined according to the boundary conditions.
The solution may also be obtained using Maple by entering and solving the govern-
ing differential equation:

> restart;
> ODE:=diff(diff(T(x),X),x)-u*diff(T(x),x)/alpha-m"2*T(x)=-m"2*T_infinity;

d
2 u ( E{T(x))
ODE := (ET(Y)> — = 7 _m?T(x) = —m? T _infinity
o

> T_s:=dsolve(ODE);

((u+ sz m? o2 E m2 azu)
Ts:=Tkx) =e : _C1 + T _infinity

which is equivalent to Eq. (1-324).

EXAMPLE 1.7-2: DRAWING A WIRE

Figure 1 illustrates a wire drawn from a die. The wire diameter is D = 0.5 mm.
The temperature of the material at the exit of the die is Ty;4, = 600°C and it has a
draw velocity of u = 10 mm/s. The properties of the wire are p = 2700kg/m®, k =
230 W/m-K, and c = 1000 J/kg-K. The wire is surrounded by air at T, = 20°C with
an average heat transfer coefficient of h= 25 W/m?-K. The wire travels for L = 25 cm
before entering a pool of water that is kept at T,, = 20°C; you may assume that
the water-to-wire heat transfer coefficient is very high so that the wire equi-
librates essentially instantaneously with the water as it enters the pool.

h =25 W/m%-K 5
T.=20°C Tirary = 600°C
u =10 mm/s
K D=0.5mm
L=25cm p =2700 kg/m’

k=230 W/m-K  Figure 1: Wire drawn from a die.
¢ =1000 J/kg-K
| T,=20°C

a) Develop an analytical model that can predict the temperature distribution in
the wire.
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The input parameters are entered in EES:

“EXAMPLE 1.7-2: Drawing a Wire”

$UnitSystem SI MASS DEG PA C J
$Tabstops 0.2 0.4 0.6 0.8 3.5

“Inputs”

D=0.5 [mm]*convert(mm,m) “diameter”

u=10 [mm/s]*convert(mm/s,m/s) “draw velocity”

¢=1000 [J/kg-K] “specific heat capacity”
k=230 [W/m-K] “conductivity”
rho=2700 [kg/m"3] “density”

h_bar=25 [W/m"2-K] “heat transfer coefficient”
T_infinity=converttemp(C,K,20 [C]) “air temperature”
T_draw=converttemp(C,K,600 [C]) “draw temperature”
T_w=converttemp(C,K,20 [C]) “water temperature”
L=25 [cm]*convert(cm,m) “length of wire”

The governing differential equation for a moving extended surface was derived in
Section 1.7.3:

d?*T udT

- T =-n?T
dx? adx Lo
where « is the thermal diffusivity:
k
o=—
pc

m is the fin constant:

h per
M=V kA,

and per and A, are the perimeter and cross-sectional area, respectively, of the
moving surface:

per =n D
DZ
Ae=m
A_c=pi*D"2/4 “cross-sectional area”
per=pi*D “perimeter”
alpha=k/(rho*c) “thermal diffusivity”
m=sqrt(h_bar*per/(k*A_c)) “fin parameter”

The general solution derived in Section 1.7.3 is:

T=Ciexprx)+Cyexprex)+Tx (1)
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where C; and C, are undetermined constants and:

=+ 1(U)ZJr 2
— = (= m
7 2a " Va \g

N u 1 (u )2 4o
=——4-=(—- m

> 2a 4 \«

lambda_1=u/(2*alpha)+sqrt((u/alpha)"2/4+m"2) “solution parameter 1”

lambda_2=u/(2*alpha)-sqrt((u/alpha)“2/4+m"2) “solution parameter 2"

The constants are evaluated using the boundary conditions. The temperatures at
x = 0 and x = L are specified:

TX:L = Tw (2)
TX:O = Tdraw (3)

Substituting Eq. (1) into Egs. (2) and (3) leads to two algebraic equations for C;
and Cy:

Crexp(ML)+Crexp(r2L)+Too =Ty
Cl + Cz + Too = Tdraw

which are entered in EES:

C_1*exp(lambda_1*L)+C_2*exp(lambda_2*L)+T _infinity=T_w “boundary condition at x=L"
C_1+C_2+T _infinity=T_draw “boundary condition at x=0"

The solution is evaluated in EES and converted to Celsius.

x=x_bar*L “position”
T=C_1*exp(lambda_1*x)+C_2*exp(lambda_2*x)+T _infinity “solution”
T_C=converttemp(K,C,T) “in C”

A parametric table in EES can be used to provide the temperature as a function of
position. It is convenient to define the variable x_bar, the axial position normalized
by the length of the wire. Including x_bar in the table and varying it from 0 to 1 is
equivalent to varying the position from 0 to L. One advantage of using the variable
x_bar is that as the length of the wire is changed, it is not necessary to adjust the
parametric table, only to re-run it. Figure 2 illustrates the temperature as a function
of dimensionless position for various values of the length.
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600 —
500 % \\
E_; 400 L |= 5&1
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Dimensionless position, x/L

Figure 2: Temperature as a function of dimensionless position for various values of length.

1.8 Analytical Solutions for Non-Constant Cross-Section
Extended Surfaces

1.8.1 Introduction

Sections 1.6 and 1.7 showed how the differential equation describing constant cross-
section fins and other extended surfaces is derived. Analytical solutions for these dif-
ferential equations take the form of an exponential function. In this section, extended
surface problems are considered for which the cross-sectional area for conduction and
the wetted perimeter for convection are not constant. The resulting differential equation
is solved by Bessel functions.

1.8.2 Series Solutions

It is worthwhile asking what the “exponential function” really is; we take it for granted
in terms of its properties (i.e., how it can be integrated and differentiated). With some
experience, it is possible to see that it solves a certain type of differential equation.
In fact, that is its purpose: the exponential is really a polynomial series that has been
defined so that it solves a commonly encountered differential equation. There are other
types of differential equations that appear in engineering problems; series solutions to
these differential equations have been defined and given formal names like “Bessel func-
tion” and “Kelvin function”.

The homogeneous differential equation that results from the analysis of a constant
cross-sectional area fin is derived in Section 1.6.3

d*Ty,
dx?

Provided that the solution to Eq. (1-325) is continuous, it can be represented by a series
of the form:

—m*T, =0 (1-325)

o0
Th=a0+a1x+a2x2+a3,\¢”+a4x4+...=Zal~xi (1-326)
i=0
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By substituting Eq. (1-326) into Eq. (1-325), it is possible to identify the characteristics
of the series that solves this class of differential equation. The second derivative of the
solution is required:

drT, il 4

g 1 2mx+3a R Aas ) +5asxt 4+ = > aix! (1-327)
dx —

2Ty, 4

—z =2 e +3Q2) asx+40) as ¥’ +54) asx’ +6(5) agx* + - -

=Y (- 1) 2 (1-328)
=2

Substituting Egs. (1-328) and (1-326) into Eq. (1-325) leads to:

2(1) ay+3(2) asx+4(3) asx* +5(4) asxX® +6(5) agx* + -+ (1329)
—m?ag+ax+ X + a3 +agxt+--]=0
or

Y oai(i—1) X7 —m*Y aix =0 (1-330)
i=0

i=2

Since x is an independent variable that can assume any value, Egs. (1-329) or (1-330) can
only be generally satisfied if the coefficients that multiply each term of the series (i.e.,
each power of x) each sum to zero. Examining Eq. (1-329), this requirement leads to:

2(1) az—mza():O
3(2) a3 —m?a; =0
43)ay —m?a =0

(1-331)
5(4) as —m?a3 =0
6(5) ag —m?a; =0
The even coefficients are therefore related according to:
- m?2 ag
IO
m2a2 m4a0
a. = =
Tae 400 (1-332)
. m2ay maq
6 = =
6(5) 65)#HB)@1)
or, more generally
m2iay
where i =0--- 00 (1-333)

2= o)
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The odd coefficients are also related:
2

m-aq

“T30

m2a3 m*a;
“T5@T5@OO (1-334)
_m’as mlay

TTT6) T ® )0

or, more generally
W1 = % where i =0---00 (1-335)

Therefore, we have determined two functions that both solve Eq. (1-325), related to the
even and odd terms of the series; let’s call them F.,,., and F,4,:

oo (m x)2i
Feuen = ao Z (21)' (1—336)
i=0
0 mZi x2i+1
Foda = a1 Z @it 1) (1-337)

Foyen and F, 4, are two solutions to the governing equation regardless of the particular
values of the constants ag and a; in the same way that the functions C; exp(mx) and
C; exp(-mx) (or, equivalently, C; sinh(mx) and C, cosh(m x)) were identified in Sec-
tion 1.6 as solutions to Eq. (1-325) regardless of the values of C; and C,. The constants
are determined in order to make the solution match the boundary conditions. In fact,
if Egs. (1-336) and (1-337) are rearranged slightly we see that they are identical to the
series expansion of the functions sinh(m x) and cosh(m x):

o (m x)zi ao
C h =C ——— = —Feoen 1-338
om0 = G 3 T = (1-338)
(m x)2i+] a

Cy sinh (mx) =G, Y = (1-339)
i=0

F
Qi+1)!  mG ™™

The functions cosh and sinh are useful because they solve a particular differential equa-
tion, Eq. (1-325), which appears in many engineering problems; they are in fact nothing
more than shorthand for the series given by Egs. (1-336) and (1-337). To see this clearly,
compute each of the terms in Egs. (1-336) and (1-337) using EES:

mx=1 “argument of function”
Nterm=10 “number of terms in series”
duplicate i=0,Nterm
F _evenli]=(mx)"(2*i)/Factorial(2*i) ‘term in F_even”
F_odd[i]=(mx)"(2*i+1)/Factorial(2*i+1) “term in F_odd”

end
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Figure 1-48: Comparison of the functions F,,., and F,,, to the functions sinh and cosh.
and sum these terms using the sum command:

F_even=sum(F_even(i],i=0,Nterm) “sum of all terms in F_even”
F_odd=sum(F _odd([i],i=0,Nterm) “sum of all terms in F_odd”

The results can be compared to the functions sinh and cosh:

sinh=sinh(mx) “sinh function”
cosh=cosh(mx) “cosh function”

A parametric table is created that includes the variables mx, F_even, F_odd, sinh and
cosh; the variable mx is varied from 0 to 2.0 and the results are shown in Figure 1-48.

This exercise is meant to show that “solving” the homogeneous ordinary differen-
tial equation, Eq. (1-325), was really a matter of recognizing that it is solved by the
series solutions that we call sinh and cosh (or equivalently exponentials with positive
and negative arguments). Maple is very good at recognizing the solutions to differential
equations.

In this section, extended surfaces that do not have a constant cross-sectional area
are considered. The governing differential equations that apply to these problems are
more complex than Eq. (1-325). However, these differential equations are also solved
by correctly defined series that are given different names: Bessel functions.

1.8.3 Bessel Functions

Extended surfaces with non-uniform cross-section may arise in many engineering appli-
cations. For example, tapered fins are of interest since they may provide heat transfer
rates comparable to constant cross-section fins but require less material. Figure 1-49
illustrates a wedge fin, an extended surface that has a thickness that varies linearly from
its value at the base (th) to zero at the tip. The fin is surrounded by fluid at T, with
average heat transfer coefficient 4. The fin material has conductivity k and the base of
the fin is kept at 7.
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Figure 1-49: Wedge fin. th

The width of the fin is W and its length is L. We will assume that W >> th so that con-
vection from the edges of the fin may be ignored. Also, we will assume that the criteria
for the extended approximation is satisfied (in this case, the Biot number hth/ (2k) < 1)
so that the temperature can be assumed to be spatially uniform at any axial location x.
It is convenient to define the origin of the axial coordinate at the tip of the fin (see
Figure 1-49) so that the cross-sectional area for conduction (A.) can be expressed as:

A, =thW % (1-340)

The differential control volume used to derive the governing differential equation is
shown in Figure 1-50 and suggests the energy balance:

qx = 6.]x-k—dx + QConv (1-341)

or, after expanding the x + dx term and simplifying:
de
0= d—de + Geom (1-342)
The convection heat transfer rate is, approximately
Jeony =2 W dxh (T — Ty) (1-343)

Note that Eq. (1-343) is only valid if th/L < 1 so that the surface area within the control
volume that is exposed to fluid is approximately 2 W dx. The conduction heat transfer
rate is:

. aT xdT
Substituting Eqgs. (1-343) and (1-344) into Eq. (1-342) leads to:
d xdTl -
0= e [—kthWZE} dx+2Wdxh (T — Tw) (1-345)

Figure 1-50: Differential control volume.
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which can be simplified to:

ol | " km T e (1-346)

d [ dT] 2hL 2hL
The solution is divided into a homogeneous and particular component:
Tr=Ty+T, (1-347)

Substituting Eq. (1-347) into Eq. (1-346) leads to:

d [ dT,]7 2hL d [ dT,7 2hL 2hL
— | x— | - — — | x——=|-—T,=——T 1-34
dx|:xdx:| K ih h+dx[xdx] KPS Tk e (1-348)
=0 for homogeneous whatever is left is the particular differential equation
differential equation
The solution to the particular differential equation is:
T,=Ty (1-349)
The homogeneous differential equation is:
d [ dTy
— |x—|-B8T,=0 1-350
4 [x dx } BT, (1-350)
where the parameter § is defined for convenience to be:
2hL
= — 1-351
B=—0 (1-351)

Note that the homogeneous differential equation, Eq. (1-350), is fundamentally differ-
ent from the homogeneous differential equation that was obtained for a constant cross-
section fin, Eq. (1-179). Equation (1-350) is not solved by exponentials; to make this
clear, assume an exponential solution:

Ty = Cexp(mx) (1-352)
and substitute it into the homogeneous differential equation:
% [xCm exp (mx)] — BC exp(mx) =0 (1-353)
or, using the chain rule:
Cm exp(mx)+xCm? exp (mx) — BC exp(mx) =0 (1-354)
which can be simplified to:
m+xm?>—p =0 (1-355)

Unfortunately, there is no value of m that will satisfy Eq. (1-355) for all values of x.
There must be some other function that solves Eq. (1-350). A series solution is again
assumed:

o0
Th=ao+a1x+a2x2+a3)§+a4x4+-~-=Za,-xi (1-356)
i=0

The series is substituted into the governing differential equation in order to identify the
characteristics of the series that solves this new class of differential equation. Expanding
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Eq. (1-350) using the chain rule shows that both the first and second derivatives are
required:

a1, dT,
— =BT, =0 1-357
X3 + e BTy ( )

These derivatives were derived in Section 1.8.2:

dT, i
d—x”=a1+2a2x+3a3x2+4a4x°’+5a5x4+...zga,-u% 1 (1-358)
aTy 4

- =21 a2 +3Q) a3x+4B) ay > +54) asx> +6(5) agx* + - --

=S aii—1) ¢ (1-359)

i=2

Substituting Egs. (1-356), (1-358), and (1-359) into Eq. (1-357) leads to:

da’Ty,

5 > 2() @x+3(2) 3 +40B) as X +5() asx* +6(5) agxX + - -

X

ar
+d—xh—>a1+2a2x+3a3x2+4a4)9+5a5x4+-~- (1-360)

—BTh— —Bay—Parx—par’ — fas X’ — pagx + - -
=0

or, collecting like terms:

[a; — Baol +[2(1) ay +2a> — Ba]x+ [3(2) a3 + 3 a3 — Bax] ¥

1-361
+[4(B) as+4ay—Baz] X +[54) as +5as — Bag]x*--- =0 ( )

For the series to solve the differential equation, each of the coefficients must be zero;
again, considering the coefficients one at a time leads to a recursive formula that defines
the series.

a = Bag
(2(1)+2) ap = ,3611
—

22
(3(2)+3) az = ,3612
—

32
(43)+4) ay=Bas
———

42
(5(#) +5) as = Pay
———

52

(1-362)
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or
a; = Bay
@=£m=ﬁ%
22 22
az = % ap = ﬁ—32610
3 [3(2)]
g (1-363)
a4y = — a3 = ——x Qo
4 [43) @
ﬂS
aS = — (,14 = —a()
52 [54)(3)@)F
More generally, the coefficients are defined by the equation:
a; = _izag where i=1---00 (1-364)

(@)

Equation (1-364) defines a function (let’s call it F) that provides a general solution to
the homogeneous differential equation, Eq. (1-350).

F=a) ((’j ');)2 (1-365)
(il

The function F is actually a combination of Bessel functions; this is simply the name
given to the series solutions of a particular class of differential equations (just as hyper-
bolic sine and hyperbolic cosine are names given to series solutions of a different class
of differential equations). The Bessel functions behave according to a set of formalized
rules (just as hyperbolic sines and cosines do) that must be carefully obeyed when using
them to solve problems. Bessel functions and the rules for manipulating them are com-
pletely recognized by Maple. Therefore, the combination of Maple and EES together
allow you to avoid much of tedium associated with recognizing the correct Bessel func-
tion and then manipulating it to satisfy the boundary conditions of the problem.

For the wedge fin problem considered here, it is possible to enter the governing
differential equation, Eq. (1-346), in Maple:

> restart;
> ODE:=diff(x*diff(T(x),x),x)-beta*T(x)=-beta*T_infinity;

) ) 2
ODE = (l—T(,\‘)> +.\"<(—,T(,\') —RBT(x) = —B T _infinity
dx ) dx?
and solve it:

> Ts:=dsolve(ODE);

Ts := T(x) = Bessell(0,2, V/— B v/Xx)_C2 + BesselY (0, 2/— B v/X) _C1 + T _infinity
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Maple has recognized that the solution to the governing differential equation includes
two Bessel functions: the functions BesselJ and BesselY corresponding to Bessel func-
tions of the first and second kind, respectively. The first argument indicates the order of
the Bessel function and the second indicates the argument. The parameter g was defined
in Eq. (1-351) and involves the product of only positive quantities. Therefore, 8 must be
positive and the arguments of both of the Bessel functions are complex (i.e., they involve
the square root of a negative number); Bessel functions evaluated with a complex argu-
ment result in what are called modified Bessel functions (Bessell and BesselK are the
modified Bessel functions of the first and second kind, respectively). Maple will identify
this fact for you, provided that you specify that the variable beta must be positive (using
the assume command) and solve the equation again:

> assume(beta>0);
> Ts:=dsolve(ODE);

Ts := T(x) = Bessell(0, 2, /B ~+/x) _C2 + BesselK (0, 2/B ~+/x) _C1 + T _infinity

The trailing tilde (~) notation is used in Maple to indicate that the variable is associated
with an assumption regarding its value; this convention can be changed in the prefer-
ences dialog in Maple. The solution is expressed in terms of modified Bessel functions
with real arguments rather than Bessel functions with complex arguments. It is worth
noting that if the argument of the function cosh is complex, then the result is cosine;
thus the cosine function can be thought of as the modified hyperbolic cosine. The same
behavior occurs for the sine and hyperbolic sine functions. All of the Bessel functions
are built into EES and therefore the solution from Maple can be copied and pasted into
EES for evaluation and manipulation.
Maple has identified the general solution to the wedge fin problem:

T = G, Bessell(0,2/8x) + C1 BesselK(0,2 /Bx) + T (1-366)

All that remains is to determine the constants C; and C; so that Eq. (1-366) also sat-
isfies the boundary conditions. It is tempting to assume that one boundary condition
must force the rate of heat transfer at the tip to be zero; however, the fact that the
cross-sectional area at the tip is zero guarantees this fact, provided that the temperature
gradient and therefore the temperature at the tip (i.e., at x = 0) is finite.

T < 00 (1-367)
Substituting Eq. (1-366) into Eq. (1-367) leads to:
G, Bessell (0, 0) + C; BesselK (0, 0) + T, < 00 (1-368)

Figure 1-51 illustrates the behavior of the zeroth order modified Bessel function of the
first (Bessell) and second (BesselK) kind.

Notice that the zeroth order modified Bessel function of the second kind is un-
bounded at zero and therefore the solution cannot include BesselK; the constant C;
must be zero. The remaining boundary condition corresponds to the specified base tem-
perature of the fin:

T =Ty (1-369)
Substituting Eq. (1-366) into Eq. (1-369) leads to:
G Bessell(0,2/BL)+ Too = Tp (1-370)
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Figure 1-51: Modified zeroth order Bessel functions of the first and second kind.

Solving for the constant C, leads to:
G = (Tb - Too)
=
Bessell (0,2 /BL)

Substituting Eq. (1-371) into Eq. (1-366) (with C; = 0) leads to the solution for the
temperature distribution for a wedge fin:

T = (Ty— T Bessell(0, 2 /B x) LT (1372)

Bessell(0,2 /B L)

(1-371)

which can be expressed as:

[ x
(T = To) - Bessell <O, 2 ﬂLZ)

(Tp—Tw)  Bessell(0,2./BL)
Figure 1-52 illustrates the dimensionless temperature, (T — Tw,)/(T» — T), as a func-
tion of the dimensionless position, x/L, for various values of 8 L.
Note that according to Eq. (1-351), the dimensionless parameter 8 L is:
2h1?
kth
and resembles the fin parameter, m L, for a constant cross-sectional area fin. The

parameter 8 L plays a similar role in the solution. The resistance to conduction in the
x-direction is approximately:

(1-373)

BL = (1-374)

2L
Rcom x N 1-375
T kWih (1-375)
and the resistance to convection is approximately:
1
Reony = = 1-376
M h2Lw (1-376)
The ratio of Reongx t0 Reony is related to S L:
R 2L h2LW  hI?
cond-x =4 28L (1-377)

Reoms kWth 1 kth —



1.8 Analytical Solutions for Non-Constant Cross-Section Extended Surfaces 149

1
0.9
0.8
0.7
0.6
0.5
0.4
0.3

0.2 -

0

Dimensionless temperature

0O 01 02 03 04 05 06 07 08 09 1
Dimensionless position

Figure 1-52: Dimensionless temperature distribution as a function of dimensionless position for
various values of 8 L.

As B L is reduced, the resistance to conduction in the x-direction becomes small relative
to the resistance to convection and so the fin becomes nearly isothermal at the base tem-
perature. If 8 L is large, then the convection resistance is large relative to the conduction
resistance and so the fin temperature approaches the fluid temperature.

The rate of heat transfer to the fin is given by:

dT
n=kWth — 1-378
q x| (1-378)
Substituting Eq. (1-372) into Eq. (1-378) leads to:
d Bessell(0, 2 /
Gpin = kW th ~ |:(Tb _p,) Bessell0.2VB0) -, } (1-379)
dx Bessell(0,2 /B L)
or
kWith (Ty— Teo
(T — )—Bmﬂmh/ﬂk (1-380)

afin = Bessell (0,2 /BL) dx

Rules for manipulating Bessel functions are presented in Section 1.8.4; however, Maple
can be used to work with Bessel functions. The derivative required by Eq. (1-380) is
computed easily using Maple:

> restart;
> diff(Bessell(0,2*sqrt(beta*x)),x);

Bessell(1,2 /B x) B

2

Bx

so that Eq. (1-380) can be written as:

Bessell(1,2/BL)
Bessell(0,2 /8 L)

é]ﬁn =kWth (Tb - Too) (1-381)
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Figure 1-53: Fin efficiency of a wedge fin as a function of S L.

The efficiency of the wedge fin is defined as discussed in Section 1.6.5:

Qﬁn
N 1-382
T RAW L (Ty — Tow) (1-382)

Substituting Eq. (1-381) into Eq. (1-382) leads to:

kth Bessell(1,2./BL) /B
Nin = = £ (1-383)
h2 L Bessell(0,2/BL)V L

or

_ Bessell(1,2/BL)
fifin = Bessell(0,2 /BL) /B L
Figure 1-53 illustrates the fin efficiency of a wedge fin as a function of the parameter 8 L.

Notice that the fin efficiency approaches unity when g L approaches zero because
the fin is nearly isothermal and the efficiency decreases as 8 L increases.

(1-384)

1.8.4 Rules for using Bessel Functions

Bessel functions are well-defined functions with specific rules for integration and differ-
entiation. These rules are summarized in this section; however, the use of Maple will
greatly reduce the need to know these rules.

The differential equation:

d do

— (=) £Fx¥6=0 1-385

dx (x dx) cxo ( )
or, equivalently

d*o e

xpﬁ - pxpfla +2xX0=0 (1-386)
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Governing differential equation:

4 xpﬁ +c2x°0 =0
dx dx

Yy

Calculate solution parameters:

Y

(-p) 2 n_(1-p) T
n=-— a=-— —= ( —1) —4c¢" >0
(s p+2)+ (s p+2) a 2 @ ((p—1)2—4cz<0)

g . . . . 1 .
Last term in dif. eq. is negative: Calculate solution parameters:

Calculate solution parameters:
df pd0) g (-p), |(p-1)
E(x ;]—C x'0=0 4 :T+ 1 —C2 d:(l—p)
2 2
' (1-p) /(p—l) 2 , 2
= - - -1
N r 5 4 c o= C2_(p )

4

n, 1
0=C x/” BesselI(n, caxA)
n, 1
+C, xA BesselK (n, ca xA) *
~ - [«9 = x! cos[eln (x)] J

¥ +Cyx” sin[eln (x)]

v
Last term in dif. eq. is positive:\ (p- 1)2 —4¢%=0
i(xpd—g]+c2 x'0=0
dx dx ) Calculate solution parameter:
(1-»)
e ‘ N d= T
n, 1
0=¢ xA Bessell (n, caxA)
+C, /4 BesselY n, cax%) (9 =Cx'+Cx'In (x)]
N\ J

Figure 1-54: Flowchart illustrating the steps involved with identifying the correct solution to
Bessel’s equation.

where 0 is a function of x and p, ¢, and s are constants is a form of Bessel’s equation that
has been solved using power series. The rules for identifying the appropriate solution
given the form of the equation are laid out in flowchart form in Figure 1-54.

Following the path outlined in Figure 1-54, the first step is to evaluate the quantity
s — p+2;if s — p+ 2 is not equal to zero, then the intermediate solution parameters n
and a should be calculated.

l-p
== 1-387
" s—p+2 ( )
2
= — 1-388
) (1-388)
n 1-p
A 1-38
a 2 ( %

The solution depends on the sign of the last term in Eq. (1-385); if the sign of the last
term is negative, then the solution is expressed as:

1
a

6=C x'/a BesselI(n, cax’ ) + G x/a BesselK(n, caxl/“> (1-390)
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where C; and C, are the undetermined constants that depend on the boundary condi-
tions. The functions Bessell and BesselK are modified Bessel functions of the first and
second kind, respectively. The first parameter in the function is the order of the modified
Bessel function and the second parameter is the argument of the function. The EES code
below provides the zeroth order modified Bessel function of the second kind evaluated
at 2.5 (0.06235).

y=BesselK(0,2.5)

The order of the Bessel function can either be integer (e.g.,0, 1,2, ...) or fractional (e.g.
0.5).
If the sign of the last term in Eq. (1-385) is positive, then the solution is:

0=C x /a BesselJ(n, c axl/") + G x /a BesselY(n, ca xl/“) (1-391)

where the functions Bessel] and BesselY are Bessel functions of the first and second
kind, respectively.

If s — p+ 2 is equal to zero, then the solution depends on the sign of the parameter
(p—1)> —4c. If (p — 1)* — 4c? is positive, then the solution is:

=Ci X"+ Cx* (1-392)
where
1-p) , [(p=1"
= - 1-
" 5+ J ¢ (1-393)
and
_(-p  [|(p-1"
=" 7 ¢ (1-394)
If (p — 1)? — 4¢? is zero, then the solution is:
0=C ¥+ Gx In(x) (1-395)
where
d= (1;—”) (1-396)

Finally, if (p — 1)*> — 4¢? is negative, then the solution is:

6 = C1 x* cos (e In (x)) + C, X sin (e In (x)) (1-397)

o 2 _ 2 - 1’ (1-398)

The zeroth and first order modified Bessel functions of the first and second kind are
shown in Figure 1-55. Notice that the modified Bessel functions of the second kind are
unbounded at zero while the modified Bessel functions of the first kind are unbounded
as the argument tends towards infinity; this characteristic can be helpful to determine
the undetermined constants.

where
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Figure 1-55: Modified Bessel functions of the first and second kinds and the zeroth and first orders.

The zeroth and first order Bessel functions of the first and second kind are shown in
Figure 1-56. Notice that the Bessel functions of the second kind, like the modified Bessel
functions of the second kind, are unbounded at zero.

The rules for differentiating zeroth order Bessel and zeroth order modified Bessel

functions are:

d d
— [Bessell(0, u)] = BesselI(1, u«) a“ (1-399)
dx dx

d du

e [BesselK(0, )] = —BesselK(1, u) I (1-400)

1% kind, 0" order BesselJ(0, x)

—— 1% kind, 1% order BesselJ(1, x)

Bessel function

0.75 //\2“d kind, 1% order BesselY(1, x)

0 1 2 3 4 5 6 7 8 9 10
Argument of Bessel function

Figure 1-56: Bessel functions of the first and second kinds and the zeroth and first orders.
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d d
e [BesselJ(0, u)] = —BesselJ(1, u) d—z

d d
o [BesselY(0, u)] = — BesselY(1, u) d—l;

(1-401)

(1-402)

For arbitrary order Bessel and modified Bessel functions with positive integer order #,

the rules for differentiation are:

d
d—BesselI(n, mx) = mBessell(n — 1, mx) — EBesselI(n, mXx)
X X
d n
d—BesselK(n, mx) = —m BesselK(n — 1, mx) — —BesselK(n, m x)
X X
d n
EBesselJ(rz, mx) = mBessellJ(n — 1,mx) — ;Bessel](n, mXx)

d
EBesselY(n, mx) =mBesselY(n — 1, mx) — gBesselY(n, mx)
Finally, the following differentials are also sometimes useful:
d
— essell(n, mx)] = mx" Bessell(n — 1, mx
7 [ Bessell( )] X' Bessell(n — 1 )
X
d
— esselK(n, mx)] = —mx" BesselK(n — 1, mx
7 [" BesselK( )] X' BesselK(n — 1 )
X
d
— essell(n, mx)] = mx" Bessell(n — 1, mx
7 [ BesselJ( )] xX'BesselJ(n — 1 )
X
d
o [x" BesselY(n, mx)] = —mx" BesselY(n — 1, mx)
d.  _ -
Ec[x " Bessell(n, mx)] = mx™" Bessell(n + 1, mx)
d. . _ _
—[x7" BesselK(n, mx)] = —mx~" BesselK(n + 1, mx)
X

d
—[x7" Bessell(n, mx)] = —mx~" Bessell(n + 1, mx)
X

d
d—[x’” BesselY(n, mx)] = —mx " BesselY(n + 1, m x)
X

(1-403)

(1-404)

(1-405)

(1-406)

(1-407)

(1-408)

(1-409)

(1-410)

(1-411)

(1-412)

(1-413)

(1-414)



1.8 Analytical Solutions for Non-Constant Cross-Section Extended Surfaces 155

EXAMPLE 1.8-1: PIPE IN A ROOF

A pipe with outer radius r, = 5.0 cm emerges from a metal roof carrying hot gas
at Tpor = 90°C. The pipe is welded to the roof, as shown in Figure 1. Assume that
the temperature at the interface between the pipe and the roof is equal to the gas
temperature, The. The inside of the roof is well-insulated, but the outside of the
roof is exposed to ambient air at T, = 20°C. The average heat transfer coefficient
between the outside of the roof and the ambient air is h = 50 W/m?2-K. The outside
of the roof is also exposed to a uniform heat flux due to the incident solar radiation,
4! = 800 W/m”. The spatial extent of the roof is large with respect to the outer radius
of the pipe. The metal roof has thickness th = 2.0cm and thermal conductivity
k =50W/m-K.

4. =800 W/m’

i ¢ T.=20°C
h = 50 W/m’-K
Tor =90°C

th=2 cm
k=50 W/m-K

Figure 1: Pipe passing through a roof exposed to
solar radiation.

:Mrp:5cm

adiabatic

a) Can the roof be modeled using an extended surface approximation?

The input parameters are entered in EES:

‘EXAMPLE 1.8-1: Pipe in a Roof”

$UnitSystem SI MASS RAD PAK J
$Tabstops 0.2 0.4 0.6 3.5 in

“Input Parameters”

r_p=5.0 [cm]*convert(cm,m) “Pipe radius”
T_hot=converttemp(C,K,90[C]) “Hot gas temperature”
T_infinity=converttemp(C,K,20[C]) “Air temperature”
h_bar=50 [W/m"2-K] “Heat transfer coefficient”
qf_s=800 [W/m"2] “Solar flux”

th=2.0 [cm]*convert(cm,m) “Roof thickness”

k=50 [W/m-K] “Roof conductivity”

The extended surface approximation ignores any temperature gradients across
the thickness of the roof. This is equivalent to ignoring the resistance to conduction
across the thickness of the roof while considering the resistance associated with
convection from the top surface of roof. The ratio of these resistances is calculated
using an appropriately defined Biot number:
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156 One-Dimensional, Steady-State Conduction
which is calculated in EES:
Bi=h_bar*th/k “Biot number to check extended surface approximation”

The Biot number is 0.02, which is sufficiently less than 1 to justify the extended
surface approximation.

b) Develop an analytical model for the roof that can be used to predict the tem-
perature distribution in the roof and also determine the rate of heat loss from
the pipe by conduction to the roof.

Because the roof is large relative to the spatial extent of our problem, the edge of
the roof will have no effect on the temperature distribution in the metal around the
pipe and the temperature distribution will be axisymmetric; the problem can be
solved in radial coordinates.

An energy balance on a differential segment of the roof is shown in Figure 2.
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Figure 2: Differential energy balance.
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The energy balance includes conduction, convection and solar irradiation:
qF + qs = Qr+dr + QConv
or
. dq
qS = dqr
r

Substituting the rate equations:

dr + q conv

qr =—k2nrth(i—z

gs=q; 2nrdr
Geoms = 271 drh (T — Tx)

into the energy balance leads to:

L . d dT -
q;2nrdr= I [—anrthE] dr+2nrdrh(T - T)

Simplifying leads to:

d [ dT h h q/
—[f—] Tkt T TR T ket
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The solution is split into its homogeneous and particular components:
T=Ty+T,
which leads to:
d[ dT,] h d[ dT,] h _h g/
e L L e

= 0 for homogeneous differential equation whatever is left is the particular differential equation

The solution to the particular differential equation:

d [ dTp} h h q!

S r R - Ty = — Ty — 5
dr|["7dr | keh"PT Tken' T ki
is a constant:
g5
Tp = Too + i
The homogeneous differential equation is:
d [ dTy )
E[FI}_IH rT,=0 (1)
where
o h
- Vkth
Equation (1) is a form of Bessel’s equation:
d do
= (xr=2 2450 —
dX(X dX>:I:CX6 0 2)

where p = 1, ¢ = m, and s = 1. Referring to the flow chart presented in Figure 1-54,
the value of s —p + 2 is equal to 2 and therefore the solution parameters n and a
must be computed:

1-1
n= —m—— =
1-1+2
2
a=——=1
1-1+2

The last term in Eq. (1) is negative and therefore the solution to Eq. (2), as indicated
by Figure 1-54, is given by:
9 =0C x'/a BesselI(n, Caxl/“> +C, x'/a BesselK(n, Caxl/“)

where x = r and ¢ = m for this problem. The homogeneous solution is:
T, = C; Bessell (0, mr) + C, BesselK (0, mr)

The temperature distribution is the sum of the homogeneous and particular solu-
tions:

T = C; Bessell (0, mr) + C» BesselK (0, mr) + Ty + qf 3)
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158 One-Dimensional, Steady-State Conduction
Maple can be used to obtain the same result:

> restart;
> ODE:=diff(r*diff(T(r),r),r)-m"2*r*T(r)=-m"2*r*T_infinity-qf_s*r/(k*th);

d d? . .
ODE :=(—T@k)) + r | —=Tk) | — m*r T(r) = —m*r T _infinity —
dr dr? :

> Ts:=dsolve(ODE);

qf —sr
kth

m? T _infinity k th + qf _s

Ts := T(r) = Bessell (0, mr)_C2 + BesselK (0, mr)_C1 +
m? k th

Note that the constants C; and C, are interchanged in the Maple solution but it is
otherwise the same as Eq. (3).

The boundary conditions must be used to obtain C; and C,. As r approaches
o0, the effect of the pipe disappears. In this limit, the heat gain from the sun exactly
balances convection, therefore:

q;, = ]_1 (Tr—>oo - Too) (4)
Substituting Eq. (3) into Eq. (4) leads to:

g’ =h [cl Bessell (0, 00) + C; BesselK (0, 00) + Tho + qf - Tw}

or
C, Bessell (0, o0) + C, BesselK (0, 00) =0

Figure 1-55 shows that the zeroth order modified Bessel function of the first kind
(i.e., Bessell(0,x)) limits to co as x approaches co while the zeroth order modified
Bessel function of the second kind (i.e., BesselK(0,x)) approaches 0 as x approaches
oo. This information can also be obtained using Maple and the limit command:

> limit(Bessell(0,x),x=infinity);

> limit(BesselK(0,x),x=infinity);

Therefore, C; must be zero while C, can be any finite value.
T = C, BesselK (0, mr) + Tao + qf 3)

The temperature where the roof meets the pipe is specified:

Tr = Thot

=rp

or

1

C, BesselK (0, mr,) + Too + qf = Thot
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The solution is programmed in EES:

m=sqrt(h_bar/(k*th)) “fin parameter”
C_2*BesselK(0,m*r_p)=T_hot-T_infinity-qf_s/h_bar “boundary condition”
T=C_2*BesselK(0,m*r)+T _infinity+qf_s/h_bar “solution”
T_C=converttemp(K,C,T) “inC”

The temperature in the roof as a function of position is shown in Figure 3 for
h=50W/m*K (as specified in the problem statement) and also for h = 5 W/m?*-K.

180

h =5 W/m?K

160 [
140
120

100
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Radius (m)

Figure 3: Temperature as a function of radius for # = 50 W/m*-K and & = 5 W/m*-K with q; =
800 W/m®.

The heat transfer between the pipe and the roof (g,) is evaluated using Fourier’s
law at r =rp:

. dT
qp = —kth2mr, — ~ 4)
Substituting Eq. (3) into Eq. (4) leads to:

Gp=—kth2nr,C, %[BesselK (0, mr)l;—r,

which can be evaluated using the differentiation rule provided by Eq. (1-400):
qp =kth2nr,C; mBesselK(1, mr),)

or using Maple:
> q_dot_p:=-k*th*2*pi*r_p*C_2*eval(diff(BesselK(0,m*r),r),r=r_p);

q-dot_p:=2kthnr_pC_2BesselK(1, mr_p)m
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The solution is programmed in EES:
q-dot_p=k*th*2*pi*r_p*C_2*m*BesselK(1,m*r_p) “heat transfer into pipe”

Figure 4 illustrates the rate of heat transfer into the pipe as a function of the heat
transfer coefficient and for various values of the solar flux.
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-300]

400t
0 10 20 30 40 50 60 7% 80 90 100
Heat transfer coefficient (W/m-K)

Figure 4: Heat transfer from pipe to roof as a function of the heat transfer coefficient for various
values of the solar flux.

It is always important to understand your solution after it has been obtained. Notice
in Figure 4 that the rate of heat transfer to the roof tends to increase with increas-
ing heat transfer coefficient. This makes sense, as the temperature gradient at the
interface between the roof and the pipe will increase as the heat transfer coeffi-
cient increases. However, when there is a non-zero solar flux, the heat transfer
rate will change direction (i.e., become negative) at low values of the heat transfer
coefficient indicating that the heat flow is into the pipe under these conditions.
This effect occurs when the solar flux elevates the temperature of the roof to the
point that it is above the hot gas temperature. Figure 4 shows that we can expect
this behavior for h = 5 W/m2-K and ¢/ = 800 W/m? and Figure 3 illustrates the
temperature distribution under these conditions.
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EXAMPLE 1.8-2: MAGNETIC ABLATION WITH BLOOD PERFUSION

EXAMPLE 1.3-1 examined an ablative technique for locally heating cancerous tis-
sue using small, conducting spheres (thermoseeds) that are embedded at precise
locations and exposed to a magnetic field. Each thermoseed experiences a volumet-
ric generation of thermal energy that causes its temperature and the temperature of
the adjacent tissue to rise. In EXAMPLE 1.3-1, blood perfusion in the tissue was
neglected; blood perfusion refers to the volumetric removal of energy in the tissue
by the blood flowing in the microvascular structure.

The blood perfusion may be modeled as a volumetric heat sink that is propor-
tional to the difference between the local temperature and the normal body temper-
ature (T = 37°C); the constant of proportionality, 8, is nominally 20,000 W/m?®-K.
The thermoseed has a radius r;s = 1.0 mm and it experiences a total rate of thermal
energy generation of g;;= 1.0 W. The temperature far from the thermoseed is the
body temperature, Tp. The tissue has thermal conductivity k; = 0.5 W/m-K.

a) Determine the steady-state temperature distribution in the tissue associated
with a single sphere placed in an infinite medium of tissue considering blood
perfusion.

The input parameters are entered in EES:

“‘EXAMPLE 1.8-2: Magnetic Ablation with Blood Perfusion”

$UnitSystem SI MASS DEG PAC J
$Tabstops 0.2 0.4 0.6 0.8 3.5

“Inputs”

r_ts=1.0 [mm]*convert(mm,m) “radius of thermoseed”
T_b=converttemp(C,K,37 [C]) “blood and body temperature”
g-dot_ts=1.0 [W] “generation in the thermoseed”
beta=20000 [W/m"3-K] “blood perfusion constant”
k_t=0.5 [W/m-K] “tissue conductivity”

Figure 1 illustrates a differential control volume in the tissue that balances
conduction with blood perfusion. The energy balance on the control volume is:

Qr = qr+dr + g
where ¢ is conduction and g is the rate of energy removed by blood perfusion.

- ~o
, - ~ N
K . N \
/ 7

I,: ,,/ r I qr\\‘ g\‘:‘jwdr
. . . . . [ [
Figure 1: Differential control volume in the tissue.
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162 One-Dimensional, Steady-State Conduction

and the rate of energy removal by blood perfusion is:
g=4nr’drp (T —Tp)
Combining these equations leads to:

0= a —kt47tr2d—T dr+4nridrp (T —Tp)
dr dr

which can be simplified:

d |:1‘2 dT:|— p rsz—ﬁrsz

dr| dr| k ki
The solution is divided into its homogeneous and particular components:
T=Th+Ty
so that:
d [ ,dT; B , d[ ,dT, B o B
$|:I' W]—k—tr Th +Erﬁ—k—tr Tp_—k—trT

= 0 for homogeneous differential equation  whatever is left is the particular differential equation

The particular solution is:

T, =Ty
The homogeneous differential equation is:
d [ ,dT, 2 2
E[I‘ W]—mI‘Th—O (1)
where
m= |2
k¢

Equation (1) is a form of Bessel’s equation:

d (Xp?) +c2x°0=0

dx x

where p = 2, ¢ = m, and s = 2. Referring to the flow chart presented in Figure 1-54,
the value of s —p+ 2 is equal to 2 and therefore the solution parameters n and a
must be computed:

_1-2 1
S 2-242 2
2

a=——=1
2—-2+42

n

The last term in Eq. (1) is negative and therefore the solution is given by:
9 =0C; x/a BesselI(n, caxl/“> + C, x'/a BesselK(n, caxl/">
or

—C 1 1 1
T,=Cir BesselI( 5 mr) +Cyr BesselK( Z,mr)
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The solution is the sum of the homogeneous and particular solutions:

— s _1 2 _1
T=Cir BesseH( x mr) +Cyr BesselK( 5 mr) + Tp 2)

The constants are obtained by applying the boundary conditions. As r approaches
oo, the temperature must approach the body temperature:

’I}%oo = Tb (3)

Substituting Eq. (2) into Eq. (3) leads to:

1 1
Bessell (_5’ oo) BesselK (_E’ oo)
C C =0 4
1 > + 2 ,_OO ( )
At first glance it is unclear how Eq. (4) helps to establish the constants; however,

Maple can be used to show that C; must be zero because the first term limits to co
while the second term limits to 0:

> limit(Bessell(-1/2,r)/sqrt(r),r=infinity);

> limit(BesselK(-1/2,r)/sqrt(r),r=infinity);

The second boundary condition is obtained from an interface energy balance at
r = ry; the rate of conduction heat transfer into the tissue must equal the rate of
generation within the thermoseed:

T .
I = Gts 5

2
—4mri ke

I'=Ttg

Substituting Eq. (2) with C; = 0 into Eq. (5) leads to:

d 1
—4mrf kG, a |:r1/2 BesselK (_E IIII‘)] = 816

Using Eq. (1-408) leads to:

_1 3 gts
—Cyr.. "2 m BesselK —— mry | = —2—
20t ( 2 “) amr? k

The constant C, is evaluated in EES:

“Determine constant”
m=sqrt(beta/k_t) “solution parameter”
-C_2*m*BesselK(-3/2,m*r_ts)/sqrt(r_ts)=-g_dot_ts/(4*pi*r_ts"2*k_t) “determine constant”
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The solution is programmed in EES and converted to Celsius:

“Solution”

T=C_2*BesselK(-0.5,m*r)/sqrt(r)+T_b “temperature”
T_C=converttemp(K,C,T) “‘in C”
r_mms=r*convert(m,mm) “radius in mm”

Figure 2 illustrates the temperature in the tissue as a function of radial position for
various values of blood perfusion. Note that the temperature distribution as 8 — 0
(i.e., in the absence of blood perfusion) agrees exactly with the solution for the
tissue temperature obtained in EXAMPLE 1.3-1 (which is overlaid onto Figure 2)
although the mathematical form of the solution looks very different. Figure 2 shows
that the effect of blood perfusion is to reduce the extent of the elevated temperature
region and therefore diminish the amount of tissue killed by the thermoseed.

200
\ ® EXAMPLE 1.3-1 result

180 _
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Figure 2: Temperature in the tissue as a function of radius for various values of blood perfusion;
also shown is the result from EXAMPLE 1.3-1 which was derived for the same problem in the
absence of blood perfusion (8 = 0).

1.9 Numerical Solution to Extended Surface Problems

1.9.1 Introduction

Sections 1.6 through 1.8 present analytical solutions to extended surface problems. Only
simple problems with constant properties can be considered analytically. There will be
situations where these simplifications are not justified and it will be necessary to use
a numerical model. Numerical modeling of extended surface problems is a straightfor-
ward extension of the numerical modeling techniques that are described in Sections 1.4
and 1.5.

If the extended surface approximation discussed in Section 1.6.2 is valid, then it is
possible to obtain a numerical solution by dividing the computational domain into many
small (but finite) one-dimensional control volumes. Energy balances are written for each
control volume; the energy balances can include convective and/or radiative terms in
addition to the conductive and generation terms that are considered in Sections 1.4 and
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1.5. Each term in the energy balance is represented by a rate equation that reflects the
governing heat transfer mechanism; the result is a system of algebraic equations that can
be solved using EES or MATLAB. The solution should be checked for convergence,
checked against your physical intuition, and compared with an analytical solution in the
limit where one is valid.

EXAMPLE 1.9-1: TEMPERATURE SENSOR ERROR DUE TO MOUNTING

& SELF HEATING

A resistance temperature detector (RTD) utilizes a material that has an electrical
resistivity that is a strong function of temperature. The temperature of the RTD
is inferred by measuring its electrical resistance. Figure 1 shows an RTD that is
mounted at the end of a metal rod and inserted into a pipe in order to measure
the temperature of a flowing liquid. The RTD is monitored by passing a known
current through it and measuring the voltage drop across it. This process results
in a constant amount of ochmic heating that will cause the RTD temperature to rise
relative to the temperature of the surrounding liquid; this effect is referred to as
a self-heating measurement error. Also, conduction from the wall of the pipe to
the temperature sensor through the metal rod can result in a temperature difference
between the RTD and the liquid; this effect is referred to as a mounting measurement
erTor.

L=5.0 cm- T,=20°C " pipe
| — ==
y > [*D=05mm
Figure 1: Temperature sensor mounted in a flowing v x ¢\ k=10 W/m-K

liquid. S~
= ° Jon = 2.5 mW
1.,= 5.0°C RTD qsh

N\

—— —\

i
I
|
i
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The thermal energy generation associated with ohmic heating is g;, = 2.5 mW.
All of this ohmic heating is assumed to be transferred from the RTD into the end
of the rod at x = L. The rod has a thermal conductivity k = 10 W/m-K, diameter
D = 0.5 mm, and length L = 5.0 cm. The end of the rod that is connected to the pipe
wall (at x = 0) is maintained at a temperature of T,, = 20°C.

The liquid is at a uniform temperature, T,, = 5°C. However, the local heat
transfer coefficient between the liquid and the rod (h) varies with x due to the
variation of the liquid velocity in the pipe. This problem resembles external flow
over a cylinder, which will be discussed in Chapter 4; however, you may assume
that the heat transfer coefficient between the rod surface and the fluid varies accor-
ding to:

h=2000 [ x08 1)

W
m28 K

where h is the heat transfer coefficient in W/m?*-K and x is position along the rod
in m.
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a) Can the rod be treated as an extended surface?

The input parameters are entered in EES; note that the heat transfer coefficient is
computed using a function defined at the top of the EES code.

“EXAMPLE 1.9-1: Temperature Sensor Error due to Mounting and Self Heating”

$UnitSystem SI MASS DEG PAC J
$Tabstops 0.2 0.4 0.6 0.8 3.5

“Function for heat transfer coefficient”

function h(x)
h=2000 [W/m"2.8-K]*x"0.8

end

“Inputs”

q-dot_sh=2.5 [milliW]*convert(milliW,W) “self-heating power”

k=10 [W/m-K] “conductivity of mounting rod”
D=0.5 [mm]*convert(mm,m) “diameter of mounting rod”
L=5.0 [cm]*convert(cm,m) “length of mounting rod”
T_w=converttemp(C,K,20 [C]) “temperature of wall”
T_infinity=converttemp(C,K,5 [C]) “temperature of liquid”

The appropriate Biot number for this case is:

_hD

Bi= -~
=2k

The Biot number will be largest (and therefore the extended surface approximation
least valid) when the heat transfer coefficient is largest. According to Eq. (1), the
highest heat transfer coefficient occurs at the tip of the rod; therefore, the Biot
number is calculated according to:

Bi=h(L)*D/(2*k) “Biot number”

The Biot number calculated by EES is 0.0046, which is much less than 1.0 and
therefore the extended surface approximation is justified.

b) Develop a numerical model of the rod that will predict the temperature distri-
bution in the rod and therefore the error in the temperature measurement; this
error is the difference between the temperature at the tip of the rod (i..e, the
temperature of the RTD) and the liquid.

The development of the numerical model follows the same steps that are discussed
in Section 1.4. Nodes (i.e., locations where the temperature will be determined) are
positioned uniformly along the length of the rod, as shown in Figure 2. The location
of each node (x;) is:

(i—-1)

i=—>—L i=1.N
X; N 1) I
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where N is the number of nodes used for the simulation. The distance between
adjacent nodes (Ax) is:

A L
X=-———
(N-1)
This distribution is entered in EES:
N=100 “number of nodes”
duplicate i=1,N
x[i]=(i-1)*L/(N-1) “position of each node”
end
DELTAXx=L/(N-1) “distance between adjacent nodes”

A control volume is defined around each node; the control surface bisects the
distance between the nodes, as shown in Figure 2.
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The control volume for internal node i shown in Figure 2 is subject to conduc-
tion heat transfer at each edge (g:op and gpottom) and convection (qcony). The energy
balance is:

qmp + Qbottom + QConv =0

The conduction terms are approximated according to:

. kn D?
Qtop = AAx (Ti-1 — T7)
. kn D?
Qbottom = m (i1 —T)

The convection term is modeled using the convection coefficient evaluated at the
position of the node:

qconv = hXj m DAx (Too - Tl)
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Combining these equations leads to:

kn D? kn D?
R R
4 Ax (Tiea )+ 4 Ax

(Tis1—T;) + hy 7 DAX(To, — T)) =0 for i = 2..(N—1)
(2)

“internal control volume energy balances”
duplicate i=2,(N-1)
k*pi*D"2*(T[i-1]-T[i])/(4*DELTAX)+k*pi*D"2*(T[i+1]-T[i])/(4*DELTAX)+ &
pi*D*DELTAX*h(x[i])*(T _infinity-T[i])=0
end

The nodes at the edges of the domain must be treated separately. At the pipe wall,
the temperature is specified:

TM=T-w “boundary condition at wall”

The ohmic dissipation, gs; is assumed to enter the half-node at the tip (i.e., node
N) and therefore is included in the energy balance for this node (see Figure 2):

kn D? hy, 7w DAx
Tv_ 1 —T S\ e —
4AX(N1 N)+ 2

(To = TN)+ Gsh =10 4)

Note the factor of 2 in the denominator of the convection term that arises because
the half-node has half the surface area of the internal nodes.

k*pi*D"2*(T[N-1]-T[N])/(4*DELTAX)+pi*D*DELTAXx*h(x[N])* (T _infinity-T[N])/2+q_dot_sh=0
“boundary condition at tip”

Equations (2) through (4) are a system of N equations in an equal number of
unknown temperatures that are entered in EES. The solution is converted to
Celsius:

duplicate i=1,N
T_Cli]=converttemp(K,C, T[i]) “solution in Celsius”
end

Figure 3 illustrates the temperature distribution in the rod for N = 100 nodes. The
temperature elevation of the tip relative to the fluid is about 3.4 K and represents
the measurement error. For the conditions in the problem statement, it is clear that
the measurement error is primarily due to self-heating because the effect of the wall
(the temperature elevation at the base) has died off after about 2.0 cm.
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Figure 3: Temperature distribution in the mounting rod.
As with any numerical solution, it is important to verify that a sufficient number of
nodes have been used so that the numerical solution has converged. The key result

of the solution is the tip-to-fluid temperature difference, which is the measurement
error for the sensor (67T):

3T =Ty — T
deltaT=T[N]-T_infinity “measurement error”

Figure 4 illustrates the tip-to-fluid temperature difference as a function of the num-
ber of nodes and shows that the solution has converged for N greater than 100
nodes.

35¢

25|

1.5]

Temperature measurement error (K)

0.5L
1 10 100 1000
Number of nodes (-)

Figure 4: Tip-to-fluid temperature difference as a function of the number of nodes.
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The analytical solution for this problem in the limit of a constant heat transfer
coefficient and an adiabatic tip was derived in Section 1.6.3 and is included in
Table 1-4:

T—-Ts,  cosh(m (L - x))

T,—Tx  cosh(mL)

L _|4h
“VkD

The analytical solution is programmed in EES:

where

“Analytical solution for verification in the limit q_dot_sh=0 and h=constant”

m=sqrt(4*h(L)/(k*D)) “fin parameter”
duplicate i=1,N
T_an[i]=T_infinity+(T _w-T_infinity)*cosh(m*(L-x[i]))/cosh(m*L) “analytical solution”
T_an_CJi]=converttemp(K,C, T _an[i]) “in C”
end

The numerical solution is obtained in this limit by setting the variable q_dot_sh
equal to zero and modifying the function h so that it returns 100 W/m?*-K regardless
of position.

“Function for heat transfer coefficient”

function h(x)
{h=2000 [W/m"2.8-K]*x"0.8}
h=100 [W/m"2-K]

end

“Inputs”
g—dot_sh=0 [W] {2.5 [milliW]*convert(milliW,W)} “self-heating power”

The temperature distribution predicted by the numerical model is compared with
the analytical solution in Figure 5.

22.5—
[ ® Analytical solution

20 ——Numerical model

17.5[

15[

12.5[

10

750

Temperature (°C)

0 0.01 0.02 0.03 0.04 0.05
Axial position (m)

Figure 5: Verification of the numerical model against the analytical solution in the limit that the
heat transfer coefficient is constant at # = 100 W/m?-K and there is no self-heating, g;, = 0 W.
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c) Investigate the effect of thermal conductivity on the temperature measurement
error. Identify the optimal thermal conductivity and explain why an optimal
thermal conductivity exists.

Figure 6 illustrates the temperature measurement error as a function of the ther-
mal conductivity of the rod material; note that the function h has been set
back to its original form and the variable g_dot_sh restored to 2.5 mW. Fig-
ure 6 shows that the optimal thermal conductivity, corresponding to the minimum
measurement error, is around 100 W/m-K. Below the optimal value, the self-heating
error dominates as the local temperature rise at the tip of the rod is large. Above the
optimal value, the conduction from the wall dominates.
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Figure 6: Temperature measurement error as a function of rod thermal conductivity.

EXAMPLE 1.9-2: CRYOGENIC CURRENT LEADS

It is often necessary to supply a cryogenic experiment or apparatus with electrical
current. Some examples include current for superconducting electronics and mag-
nets, to energize a resistance-based temperature sensor, and to energize a heater
used for temperature control. In any of these cases, careful design of the wires
that are used to supply and return the current to the facility is important. The
heat transfer to the cryogenic device from these wires should be minimized as this
energy must be removed either by a refrigeration system (i.e., a cryocooler) or by
consumption of a relatively expensive cryogen (e.g., by the boil off of liquid helium
or liquid nitrogen). There is an optimal wire diameter for any given application that
minimizes this parasitic heat transfer to the device.

Figure 1 illustrates two current leads, each carrying I = 100 ampere (one supply
and the other return). These current leads extend from the room temperature wall
of the vacuum vessel, where the wire material is at Ty = 20°C, to the experiment,
where the wire material is at T; = 50 K. The length of both current leadsis L=1.0m
and their diameter, D, should be optimized. The vacuum in the vessel prevents any
convection heat transfer from the surface of the wires. However, the surface of the

F HEATING

[ 2]
=]
<T
Ll
-
=
=
(]
c
e
=2
o
=
=
Ll
S
o



T LEADS

172 One-Dimensional, Steady-State Conduction

wires radiate to their surroundings, which may be assumed to be at Ty = 20°C. The
external surface of the wires has emissivity, ¢ = 0.5.

2 current leads, each Ty =20°C
carrying / =100 ampere —L=10m
with emissivity & = 0.5 < yy ’

Ty =20°C

Figure 1: Cryogenic current leads.
T =50 K

The leads are made of oxygen free, high-conductivity copper; the thermal conduc-
tivity and resistivity of copper can vary substantially at cryogenic temperatures
depending on the purity and history of the material (e.g., whether it has been
annealed or not). The purity of the metal is often expressed as the Residual Resis-
tivity Ratio (RRR), which is defined as the ratio of the metal’s electrical resistivity
at 273 K to that at 4.2 K. Oxygen free, high conductivity copper (OFHC) has an RRR
of approximately 200. The thermal conductivity and electrical resistivity of RRR
200 copper as a function of temperature is provided in Table 1 (Iwasa (1994)).

Table 1: Thermal conductivity and electrical resistivity of

OFHC copper.
Temperature Thermal conductivity Electrical resistivity
500K 4.31 W/em-K 3.19 pohm-cm
400K 4.15 W/cm-K 2.49 pohm-cm
300K 3.99 W/cm-K 1.73 pohm-cm
250K 4.04 W/ecm-K 1.39 pohm-cm
200K 411 W/cm-K 1.06 pohm-cm
150K 4.24 W/cm-K 0.72 pohm-cm
125K 4.34 W/cm-K 0.54 pohm-cm
100K 4.71 W/em-K 0.36 pohm-cm
90K 4.98 W/cm-K 0.29 pohm-cm
80K 5.43 W/cm-K 0.22 pohm-cm
70K 6.25 W/cm-K 0.15 pohm-cm
60K 7.83 W/cm-K 0.098 pohm-cm
55K 9.11 W/cm-K 0.076 pohm-cm
50K 11.0 W/ecm-K 0.057 pohm-cm

a) Develop a numerical model in MATLAB that can predict the rate of heat transfer
to the cryogenic experiment from the pair of current leads.

The input conditions are entered in a MATLAB function EXAMPLE1p9_2.m; the two
arguments to the function are diameter (the variable D) and number of nodes (the
variable N) as we know that these parameters will be varied during the verification
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and optimization process. Any of the other parameters can be added in order to
facilitate additional parametric studies or optimization.

function [ FEXAMPLE1p9_2(D,N)

1=100; %current (amp)

T_H=20+273.2; %hot temperature (K)

T_C=50; %cold temperature (K)

L=1; %length of lead (m)

eps=0.5; Y%emissivity of lead surface (-)
sigma=5.67e-8; %Stefan-Boltzmann constant (W/m"2-K"4)

Notice that we have not, to this point, specified what parameters are returned when
the function executes (i.e., there are no variables listed between the square brackets
in the function header).

Functions are defined (at the bottom of the M-file) that return the conduc-
tivity and electrical resistivity of the OFHC copper; the interp1 function is used
to carry out interpolation on the data provided in Table 1 using a cubic spline
technique.

% Property functions——
function[k]=k_cu(T)
%returns the thermal conductivity (W/m-K) given temperature (K)
Td=[500,400,300,250,200,150,125,100,90,80,70,60,55,50]; %temperature data (K)
kd=[4.31,4.15,3.99,4.04,4.11,4.24,4.34,4.71,4.98,5.43,6.25,7.83,9.11,11.0]*100;
%conductivity data (W/m-K)

k=interp1(Td,kd,T);
end

function[rho_e]=rho_e_cu(T)
%returns the electrical resistivity (ohm-m) given temperature (K)
Td=[500,400,300,250,200,150,125,100,90,80,70,60,55,50]; %temperature data (K)
rho_ed=[3.19,2.49,1.73,1.39,1.06,0.72,0.54,0.36,0.29,0.22,0.15,0.098,0.076,0.057]/(1e6*100);
Y%electrical resistivity data (ohm-m)
rho_e=interp1(Td,rho_ed,T);
end

The first step is to position the nodes throughout the computational domain. For
this problem, the nodes will be distributed uniformly, as shown in Figure 2:

(i—1)

Xi = ml‘ fori =1..N

The distance between adjacent nodes (Ax) is:
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174 One-Dimensional, Steady-State Conduction
The MATLAB code that accomplishes these assignments is:

%Position nodes

fori=1:N
x(i,1)=(i-1)*L/(N-1); %position of each node (m)
end
DELTAx=L/(N-1); %distance between adjacent nodes (m)

A control volume for an internal node is shown in Figure 2; the control volume
experiences conduction heat transfer from the adjacent nodes above and below
(Gtop and Gpottom, Tespectively), as well as radiation (g,qq) and generation due to the
ohmic dissipation associated with the current (g). An energy balance for the control
volume is:

qu + éIbottom + g = QIad (1)
T,
C?top ’_, Ti—l
[]md i e. E Tl
Gbottom £ T Figure 2: Control volume for an internal node and associ-
® | el ated energy terms.
Ty

The conductivity used to approximate the conduction heat transfer rates must be
evaluated at the temperature of the boundaries in order to avoid energy balance vio-
lations, as discussed in Section 1.4.3. With this understanding, these rate equations
become:

. n D*
Grop = Kr=(1;471;.1)/2 1A% (Ti-a — T) (2)
2
Qvottom = KT=(1;+T;,1)/2 2 Ax (Tia — T3) 3)

The rate of thermal energy generation is calculated using the resistivity evaluated
at the temperature of each node:

4Ax ,

g = pe,T=T,- _71' Dz I (4)

The rate of radiation heat transfer is approximately given by:

Grad =0 DAx (T* = T;}) )
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where ¢ is the emissivity of the surface of the leads and o is the Stefan-Boltzmann
constant. Substituting Egs. (2) through (5) into Eq. (1) leads to:

7 D? r D? 4 Ax
kr— o1 —— (Tio1 = T;) + kr—(1a1: — (Ti1 — T; =T I?
=0+ T)2 gy Limt = T+ krgiene o (T = T o+ per—1, —;
=con DAx (T* - T) fori=2.(N—1) (6)
The remaining equations specify the boundary temperatures:
Th =Ty (7)
Ty = Tc ®)

Equations (6) through (8) are a set of N equations in the N unknown tempera-
tures; however, the temperature dependence of the material properties (k and pe)
as well as the non-linear rate equation associated with radiation heat transfer cause
the system of equations to be non-linear. Therefore, a relaxation technique will be
employed in order to obtain the solution; the relaxation process is discussed in Sec-
tion 1.5.6. The assumed solution (T") will be successively substituted with the pre-
dicted solution. This process will continue until the assumed and predicted solu-
tions agree to within an acceptable tolerance. The solution proceeds by assuming
a temperature distribution that can be used to evaluate the coefficients in the lin-
earized equations. A linear temperature distribution provides a reasonable start for
the iteration:
(i—1)

%Start relaxation with a linear temperature distribution
fori=1:N

Tg(i,1)=T_H-(T_H-T_C)*(i-1)/(N-1);
end

In order to solve this problem using MATLAB, we will need a set of linear equa-
tions; linear equations cannot contain products of the unknown temperatures with
other unknown temperatures or functions of the unknown temperatures. Therefore,
the temperature-dependent material properties must be evaluated at the assumed
temperatures (1)

, m D?
Qtop = kT:(TﬁTH)/Z 2 Ax (Ti-a = T0) )
)  D?
Gbottom = kT:(TiJFTM)/z 2 Ax (Tiva — T0) (10)
. 4 Ax
8= Per=t, —pa I’ (11)

The fourth power temperature terms cause the radiation equation, Eq. (5), to be non-
linear. Therefore, it is necessary to linearize the radiation equation so that it can
be placed in matrix format, as was done for the material properties. The radiation
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terms can be linearized most conveniently using the same factorization that was
previously used to define a radiation resistance in Section 1.2.6:

Grad = 0 e D AX(T? + T3 ) (T; + Ty )(T; — Tyy) (12)

Substituting the linearized rate equations, Egs. (9) through (12), into the energy
balance for an internal node, Eq. (1), leads to:

x D? 7 D? 4 Ax
kr_(titia)e g ag T = T+ kpogatin)e iy T = T+ Pert, —— ?
=oenw DAx (T 4+ T2)T, + Ty)(T, — Ty) for i=2..(N —1) (13)

Equations (7), (8), and (13) must be placed in matrix format:
AX =)

where X is a vector of unknown temperatures, A is a matrix containing the coef-
ficients of each equation, and b is a vector containing the constant terms for each
equation. The matrix A is declared as sparse in MATLAB; note that Eq. (13) indi-
cates that there are at most three nonzero entries in each row of A:

%Setup A and b
A=spalloc(N,N,3*N);
b=zeros(N,1);

Equation (7) can be placed in row 1 of the matrix equation:

T (1] = Tn (14)
—_ =
A1 by
and Eq. (8) can be placed in row N of the matrix equation:
Ty [1] = T¢ (15)
—_ =~
ANN by

Equation (13) must be rearranged to make it clear which row and column each
coefficient should be entered into the matrix:

m D? m D? o o g
T | ~kro(tiat ) g oy~ Kr=(heti)e g oy — 0 €7 DAX (T2 +T) (T + Ty)

Aii
7 D? 7 D?
+ﬂ1<h4ﬂm»wzz;)+ﬂﬂ(MAﬁmMMzz;> (16)

Aji-a Ajin

4 Ax

T

=—ocen DAx ('f;z + Th%)(ﬁ + TH) Ty — pert,

b;

The numerical solution is placed within a while loop that checks for convergence
of the relaxation scheme. The variable err is used to terminate the while loop
and represents the average, absolute error between the assumed and predicted
temperature distribution. (There are other criteria that could be used, but this is
sufficient for most problems.) The while loop is terminated when the variable err
decreases to less than the input parameter tol, which represents the convergence
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tolerance for the relaxation process. Initially, the value of err is set to a value greater
than tol to ensure that the while loop executes at least one time.

err=999; %error that terminates the while loop (K)
tol=0.1; %ocriteria for terminating the while loop (K)
while(err>tol)

end
end

Within the while loop, the matrix is filled in using the coefficients suggested by Eq.
(14),

%specify the hot end temperature
A(1,1)=1;
b(1,1)=T_h;

Eq. (15),

%specify the cold end temperature
A(N,N)=1;
b(N,1)=T_C;

and Eq. (16).

%internal nodes
for i=2:(N-1)

A(i,i)=-k_cu((Tg(i+1,1)+Tg(i,1))/2)*pi*D"2/(4*DELTAX)- . . .
k_cu((Tg(i-1,1)+Tg(i,1))/2)*pi*D"2/(4*DELTAX)-. . .
sigma*eps*pi*D*DELTAX*(Tg(i,1)"2+T_H"2)*(Tg(i,1)+T_H);

A(i,i-1)=k_cu((Tg(i-1,1)+Tg(i,1))/2)*pi*D"2/(4*DELTAX);

A(i,i+1)=k_cu((Tg(i+1,1)+Tg(i,1))/2)*pi*D"2/(4*DELTAX);

b(i,1)=-rho_e_cu(Tg(i,1))*4*DELTAX*I"2/(pi*D"2)- . ..
sigma*eps*pi*D*DELTAX*(Tg(i,1)"2+T_H"2)*(Tg(i,1)+T_H)*T_H;

end

Note that the three periods in the above code is a line break; it indicates that the
code is continued on the subsequent line. The matrix equation is solved and the
error between the assumed and predicted temperature is computed.

The final step in the while loop is to update the assumed temperature distribution
with the predicted temperature distribution.

T=full(A/b);
err=sum(abs(T-Tg))/N %compute the error
Tg=T; %update the guess temperature array
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Note that the full command in the above code converts the sparse matrix, T, that
results from the operation on the sparse matrix A into a full matrix.

The header of the function is modified to specify the output arguments, x
and T:

function[x, TI=EXAMPLE1p9_2(D,N)

Because the statement that calculates the variable err is not terminated with a
semicolon, the result of the calculation will be echoed in the workspace allowing
you to keep track of the progress. If you call this program with a diameter of
5.0 mm you should see:

>> [x, TI=EXAMPLE 1p9_2(0.005,100);
err =
41.2789
err =
16.1165
err =
6.2792
err =
2.4864
err =
1.0023
err =
0.4110
err =
0.1685
err =
0.0693

The relaxation process had to iterate several times in order to converge due to the
nonlinearity of the problem. Figure 3 illustrates the temperature distribution in the
current lead for several different values of the diameter.

500
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400
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o O
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200
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100}
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0 01 02 03 04 05 06 07 08 09 1
Axial position (m)

Temperature (K)

Figure 3: Temperature distribution in the current lead for various values of the diameter.
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Notice that the smaller diameter leads result in large amounts of ohmic dissipation
and therefore the wire tends to become hotter and the temperature gradient at the
cold end increases. For a given temperature gradient, larger diameter leads will
result in a higher rate of heat transfer to the cold end due to the larger area for
conduction. There is a balance between these effects that results in an optimal
diameter.

The heat transferred to the cold end (g.) is calculated using an energy balance
on node N:

. 7 D? 2 Ax Ax
Qo = Kr=(Ty+Ty_1)/2 1Az N1 = IN) + per=ry mfz —oen D—- (T — Ty)

or, in MATLAB:

g-_dot_c=k_cu((T(N)+T(N-1))/2)*pi*D"2*(T(N-1)-T(N))/(4*DELTAX)+...
rho_e_cu(T(N))*2*DELTAX*I"2/(pi*D"2)-sigma*eps*pi*D*DELTAX*(T_H"4-T(N)"4)/2;
%heat transfer to cold end

The function header is modified so that ¢, is also returned:
function[q_dot_c,x,TI=EXAMPLE1p9_2(D,N)

It is necessary to verify that the solution has a sufficient number of nodes and, if
possible, verify the result against an analytical solution. The critical parameter for
the solution is the rate of heat transfer to the experiment per current lead; therefore
Figure 4 illustrates g, as a function of the number of nodes in the solution, N.
The information shown in Figure 4 was generated quickly using the script varyN
(below), which calls the function EXAMPLE1p9_2 multiple times with varying
values of N:

%Script varyN.m
clear all;
D=0.005;
N=[2,5,10,20,50,100,200,500,1000,20007;
fori=1:10
i
[g_dot_c(i,1),x,TI=EXAMPLE1p9_2(D,N(i));
end

The clear all statement at the beginning of the script clears all variables from mem-
ory. Using the clear all statement is often a good idea as it prevents previous elements
(e.g., from previous runs) of the variables gq_dot_c or N from being retained. If you
had previously run the script varyN with more than 10 runs, then N and q_dot_c
would exist in memory with more than 10 elements. Running the script varyN as
shown above would overwrite the first 10 elements of these variables, but leave all
subsequent elements which could lead to confusion.
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Figure 4: Heat transferred to the cold end per lead as a function of the number of nodes for a
5.0 mm lead.

Figure 4 suggests that at least 100 nodes should be used for sufficient accuracy.
In the absence of any radiation heat transfer (¢ = 0) and with constant resistivity
and conductivity, it is possible to compare the numerical solution to the analytical
solution for the temperature in a generating wall with fixed end conditions. This
result was derived in Section 1.3.2 and is repeated below:

5 T 2 —
@)

L
where the volumetric generation is given by:

x+ Ty

g = 1612 p,
T m2DA

%constant property analytical solution
g_dot_vol=16*I"2*rho_e_cu(T_H)/(pi"2*D"4);
fori=1:N
T_an(i,1)=g_dot_vol*L"2*((x(i)/L)-(x(i)/L)"2)/(2*k _cu(T_H))- . ..
(T_H-T_C)*x(i)/L+T_H;
end

The property functions in MATLAB are modified to return, temporarily, constant
values of k = 200 W/m-K and p, = 1 x 10~8 chm-m.

%—-Property functions———

function[k]=k_cu(T)
Y%returns the thermal conductivity (W/m-K) given temperature (K)
Td=[500,400,300,250,200,150,125,100,90,80,70,60,55,50]; %temperature data (K)
kd=[4.31,4.15,3.99,4.04,4.11,4.24,4.34,4.71,4.98,5.43,6.25,7.83,9.11,11.0]*100;

%conductivity data (W/m-K)

Y%k=interp1(Td,kd,T);
k=200;

end
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function[rho_e]=rho_e_cu(T)
%returns the electrical resistivity (ohm-m) given temperature (K)
Td=[500,400,300,250,200,150,125,100,90,80,70,60,55,50]; %temperature data (K)
rho_ed=[3.19,2.49,1.73,1.39,1.06,0.72,0.54,0.36,0.29,0.22,0.15,0.098,0.076,0.057]/(1e6*100);

Y%electrical resistivity data (ohm-m)

%rho_e=interp1(Td,rho_ed,T);
rho_e=1e-8;

end

The emissivity is set to 0 and the MATLAB code is run for a 5.0 mm diameter lead.
The temperature distribution predicted by the MATLAB code is compared with the
analytical solution in Figure 5. Note that with these modifications (i.e., constant k
and p. and ¢ = 0), the problem becomes linear and therefore a single iteration is
required in order to reduce the relaxation error to 0.

400
. _0—0—0-0—,
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© 250 Ne
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IS X \.
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: N
1000 —numerical solution \
[ @ analytical solution ®
0] S

0O 01 02 03 04 05 06 07 08 09 1
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Figure 5: Comparison of the analytical and numerical solutions in the limit that k = 200 W/m-K
(constant), p. = le-8 ohm-m (constant) and ¢ = 0 for a 5.0 mm diameter wire.

Finally, it is possible to parametrically vary the wire diameter, D, in order to min-
imize the heat flow to the cold end of the current lead. The code is returned to its
original, non-linear form. A script (varyd) is used to call the function multiple times
with various diameters in order to carry out a parametric study of this parameter:

%Script varyd.m
clear all;
N=100;
D=linspace(0.0038,0.01,100)’; %generate 100 values of D between 0.0038 and 0.01 [m]
fori=1:100
[g_dot_c(i,1),x, TI=EXAMPLE1p9_2(D(i),N);
end
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Figure 6 illustrates the heat leak to the cold end as a function of wire diameter (note
that the functions for k and p, were reset and the value of ¢ was reset to 0.50) and
shows that there is a clear optimal diameter around 5.1 mm for this application.
Smaller values of D lead to excessive self-heating whereas larger values provide a
large path for conduction heat transfer.

R p—
12

)

10(

optimal lead diameter

Heat leak per lead (W

0.003 0.004 0.005 0.006 0.007 0.008 0.009 0.01
Diameter (m)

Figure 6: Heat leak to the cold end of each current lead as a function of diameter.

MATLAB has powerful, built-in optimization algorithms that allow you to automate
the process of determining the optimal diameter. The MATLAB function fminbnd is
the simplest available and carries out a bounded, 1-D minimization. The function
fminbnd is called according to:

x_opt=fminbnd(function,x1,x2)

where function is the name of a function that requires a single argument and provides
a single output (that should be minimized) and x1 and x2 are the lower and upper
bounds of the argument to use for the minimization. First, it is necessary to modify
the function EXAMPLE1p9_2 so that it takes a single argument (D) and returns a
single output (q_dot_c):

function[q_dot_c]=EXAMPLE1p9_2(D)

N=100; Y%number of nodes (-)

Then the fminbnd function can be called directly from the workspace:

>> D_opt=fminbnd(‘EXAMPLE1p9_2’,0.004,0.01);

in order to identify the optimal diameter.
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>> D_opt
D_opt =
0.0051

Note that the calculation of the variable err in the function EXAMPLE1p9_2 is
terminated with a semicolon so that the error is not echoed to the workspace during
each iteration. The function fminbnd will return the optimized value of the heat leak
as well by adding an additional output argument to the fminbnd call:

>>[D_opt,q_dot_c_min]=fminbnd(‘EXAMPLE1p9_2",0.004,0.01);
which indicates that the optimal value of the heat leak is 5.57 W.

>> g_dot_c_min
g-dot_c_min =
5.6815

It is possible to control the details of the optimization using an optional fourth input
argument to the function fminbnd that sets the optimization parameters; the easiest
way to set this last argument is using the optimset command. If you enter

>> help optimset

into the workspace then a complete list of the parameters that can be controlled
is returned. It is possible, for example, to display the progress of the optimization
using:

> [D_opt,q_dot_c_min]=fminbnd(‘EXAMPLE1p9_2’,0.004,0.01,optimset(‘Display’,‘iter ))

Func-count X f(x) Procedure
1 0.0062918 6.35363 initial

2 0.0077082 8.12533 golden

3 0.00541641 5.73753 golden

4 0.0043798 6.14038 parabolic
5 0.00523819 5.68985 parabolic
6 0.00515231 5.6824 parabolic
7 0.00511897 5.68148 parabolic
8 0.00508564 5.68212 parabolic

Optimization terminated:
the current x satisfies the termination criteria using OPTIONS.TolX of 1.000000e-004

D_opt =
0.0051
g-dot_c_min

5.6815
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The first argument to optimset specifies the parameter to be controlled (‘Display’,
which controls the level of display) and the second indicates its new value (‘iter’,
which indicates that the progress should be displayed after each iteration).

It would be inconvenient to use the fminbnd function to carry out a parametric
variation of how the optimal value of the variables D and q_dot_c are affected by
current or some other parameter. In its current format, it is not possible to pass the
value of the current (I) to the fminbnd function and therefore the study would have
to be carried out manually by running the fminbnd function and then changing the
value of the variable | within the function EXAMPLE1p9_2. This process would
become tedious and can be avoided by parameterizing the function. For example,
suppose you want to determine how the optimal value of diameter changes with
current. First, include current as an additional argument to the function:

function[q_dot_c]=EXAMPLE1p9_2(D,|)

N=100; %number of nodes (-)
% 1=100; %current (amp)

If you try to repeat the optimization using the previous protocol you will receive
an error:

>> [D_opt,q_dot_c_min]=fminbnd(‘EXAMPLE1p9_2',0.004,0.01)
??? Input argument “I” is undefined.

Error in ==> EXAMPLE9_2 at 42
b(i,1)=-rho_e_cu(Tg(i,1))*4*DELTAX*I"2/(pi*D"2)-. . .

Error in ==> fminbnd at 182
x=xf; fx=funfcn(x,varargin{:});

However, you can parameterize the function using a one-argument anonymous
function that captures the value of | (set in the workspace) and calls EXAMPLE1p9_2
with two arguments:

>> |=100;
>> [D_opt,q_dot_c_min]=fminbnd(@(D) EXAMPLE1p9_2(D,1),0.004,0.01)
D_opt =
0.0051
g-dot_c_min =
5.6815

Now it is possible to generate a script, varyl, that evaluates the optimized diameter
and heat flow as a function of current.

%Script varyl.m
clear all;
I=linspace(1,100,10)’;
fori=1:10
[d_opt(i,1),q-dot_min(i,1)]=fminbnd(@(d) EXAMPLE1p9_-2(d,(i,1)),0.0025,0.01)
end
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Figure 7 illustrates the optimal diameter and the associated heat leak as a func-
tion of current. Note that the optimal diameter and minimized heat leak are both
approximately linear functions of the current.
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Figure 7: Optimal diameter and minimized heat leak to cold end of each current lead as a function
of current.
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The website associated with this book (www.cambridge.org/nellisandklein) provides
many more problems than are included here.

Conduction Heat Transfer

1-1 Section 1.1.2 provides an approximation for the thermal conductivity of a
monatomic gas at ideal gas conditions. Test the validity of this approximation by
comparing the conductivity estimated using Eq. (1-18) to the value of thermal con-
ductivity for a monotonic ideal gas (e.g., low pressure argon) provided by the inter-
nal function in EES. Note that the molecular radius, o, is provided in EES by the
Lennard-Jones potential using the function sigma_LJ.

a.) What are the value and units of the proportionality constant required to make
Eq. (1-18) an equality?

b.) Plot the value of the proportionality constant for 300 K argon at pressures
between 0.01 and 100 MPa on a semi-log plot with pressure on the log scale.
At what pressure does the approximation given in Eq. (1-18) begin to fail?

Steady-State 1-D Conduction without Generation

1-2 Figure P1-2 illustrates a plane wall made of a thin (t4,, = 0.001 m) and conductive
(k =100 W/m-K) material that separates two fluids. Fluid A is at 74 = 100°C and
the heat transfer coefficient between the fluid and the wall is h4= 10 W/m?-K while
fluid B is at T = 0°C with Az = 100 W/m2-K.



186 One-Dimensional, Steady-State Conduction

< »—th, = 0.001 m
T,=100°C Ty = 0°C
;=10 W/m?-K hg =100 W/m®*-K
Sk = 100 W/im-K

Figure P1-2: Plane wall separating two fluids.

a.) Draw a resistance network that represents this situation and calculate the value
of each resistor (assuming a unit area for the wall, A = 1 m?).

b.) If you wanted to predict the heat transfer rate from fluid A to fluid B very
accurately then which parameters (e.g., thy, k, etc.) would you try to under-
stand/measure very carefully and which parameters are not very important?
Justify your answer.

1-3 You have a problem with your house. Every spring at some point the snow imme-
diately adjacent to your roof melts and runs along the roof line until it reaches the
gutter. The water in the gutter is exposed to air at temperature less than 0°C and
therefore freezes, blocking the gutter and causing water to run into your attic. The
situation is shown in Figure P1-3.

snow melts at this surface
Z:)ur, I/_lum =15 W/m2 -K

b=z mch—\ snow, k, = 0.08 W/m-K
insulation, k;,; = 0.05 W/m-K
T, = 22°C, ;=10 W/m>-K

L, =3inch

plywood,
L,= 0.51inch, k, =0.2 W/m-K

Figure P1-3: Roof of your house.

The air in the attic is at 7;, = 22°C and the heat transfer coefficient between the

inside air and the inner surface of the roof is /;, = 10 W/m2-K. The roof is composed

of a L;;; = 3.0 inch thick piece of insulation with conductivity k;,; = 0.05 W/m-K

that is sandwiched between two L, = 0.5 inch thick pieces of plywood with con-

ductivity k, = 0.2 W/m-K. There is an L; = 2.5 inch thick layer of snow on the roof

with conductivity k; = 0.08 W/m-K. The heat transfer coefficient between the out-

side air at temperature 7,,, and the surface of the snow is Hpy = 15 W/m2-K. Neglect

radiation and contact resistances for part (a) of this problem.

a.) What is the range of outdoor air temperatures where you should be concerned
that your gutters will become blocked by ice?

b.) Would your answer change much if you considered radiation from the outside
surface of the snow to surroundings at 7,,,? Assume that the emissivity of snow
is &, = 0.82.

1-4 Figure P1-4(a) illustrates a composite wall. The wall is composed of two materi-
als (A with k4 =1 W/m-K and B with kg =5 W/m-K), each has thickness L =
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1.0 cm. The surface of the wall at x = 0 is perfectly insulated. A very thin heater
is placed between the insulation and material A; the heating element provides
g’ = 5000 W/m? of heat. The surface of the wall at x = 2L is exposed to fluid at
Tt,in = 300 K with heat transfer coefficient 4;, = 100 W/m?-K.

. material A
¢"=5000 Wm>  k,=1W/m-K
insulateq i / < >— 1= 1cm

7

x T, =300 K
J;, =100 W/m?*-K

L= 1cm material B
ky =5 W/m-K

Figure P1-4 (a): Composite wall with a heater.

You may neglect radiation and contact resistance for parts (a) through (c) of this

problem.

a.) Draw a resistance network to represent this problem; clearly indicate what each
resistance represents and calculate the value of each resistance.

b.) Use your resistance network from (a) to determine the temperature of the heat-
ing element.

c.) Sketch the temperature distribution through the wall. Make sure that the sketch
is consistent with your solution from (b).

Figure P1-4(b) illustrates the same composite wall shown in Figure P1-4(a), but

there is an additional layer added to the wall, material C with k¢ = 2.0 W/m-K and

L=10cm.

¢”=5000 W/m? material A

material C
k,=1W/m-K
ko =2 Wim-K 8 "
7 / j¢e—>-L= lcm
insulated
AN

T =300 K
B =100 W/m?-K

material B

L= 1cm—|<—>|<—>l—L: 1cm kg =5 W/m-K

Figure P1-4 (b): Composite wall with material C.

Neglect radiation and contact resistance for parts (d) through (f) of this problem.

d.) Draw a resistance network to represent the problem shown in Figure P1-4(b);
clearly indicate what each resistance represents and calculate the value of each
resistance.

e.) Use your resistance network from (d) to determine the temperature of the heat-
ing element.

f.) Sketch the temperature distribution through the wall. Make sure that the sketch
is consistent with your solution from (e).
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Figure P1-4(c) illustrates the same composite wall shown in Figure P1-4(b), but
there is a contact resistance between materials A and B, R/ = 0.01 K-m?/W, and
the surface of the wall at x = —L is exposed to fluid at T ,,, = 400 K with a heat

transfer coefficient Ao, = 10 W/m2-K.

material C q”z 5000 W/m?  material A

k, =1 W/m-K
ke =2W/m-K 4 m
je—>-L=1cm
T/; out = 400 K
B =10 W/m?-K x T, =300 K

hin =100 W/m?-K

material B
L=1 cm—|<—>‘<—|—>| kg =5 W/m-K

L=Tem o001 Kem2/W

Figure P1-4 (c): Composite wall with convection at the outer surface and contact resistance.

Neglect radiation for parts (g) through (i) of this problem.

g.) Draw a resistance network to represent the problem shown in Figure P1-4(c);
clearly indicate what each resistance represents and calculate the value of each
resistance.

h.) Use your resistance network from (g) to determine the temperature of the heat-
ing element.

i.) Sketch the temperature distribution through the wall.

You have decided to install a strip heater under the linoleum in your bathroom in
order to keep your feet warm on cold winter mornings. Figure P1-5 illustrates a
cross-section of the bathroom floor. The bathroom is located on the first story of
your house and is W = 2.5 m wide x L = 2.5 m long. The linoleum thickness is
th;, = 5.0 mm and has conductivity k;, = 0.05 W/m-K. The strip heater under the
linoleum is negligibly thin. Beneath the heater is a piece of plywood with thick-
ness thp = 5 mm and conductivity kp = 0.4 W/m-K. The plywood is supported
by thy = 6.0cm thick studs that are W; = 4.0 cm wide with thermal conductiv-
ity ks = 0.4 W/m-K. The center-to-center distance between studs is p; = 25.0 cm.
Between each stud are pockets of air that can be considered to be stagnant with
conductivity k, = 0.025 W/m-K. A sheet of drywall is nailed to the bottom of the
studs. The thickness of the drywall is th; = 9.0 mm and the conductivity of drywall
is k; = 0.1 W/m-K. The air above in the bathroom is at T, ; = 15°C while the air
in the basement is at 7,;,., = 5°C. The heat transfer coefficient on both sides of the
floor is & = 15 W/m2-K. You may neglect radiation and contact resistance for this
problem.

a.) Draw a thermal resistance network that can be used to represent this situation.
Be sure to label the temperatures of the air above and below the floor (7,1 and
Tair2), the temperature at the surface of the linoleum (77), the temperature of
the strip heater (7}), and the heat input to the strip heater (g;,) on your diagram.

b.) Compute the value of each of the resistances from part (a).

c.) How much heat must be added by the heater to raise the temperature of the
floor to a comfortable 20°C?

d.) What physical quantities are most important to your analysis? What physical
quantities are unimportant to your analysis?



Chapter 1: One-Dimensional, Steady-State Conduction 189

Tin1=15°C,h =15 W/m* K linoleum, k; = 0.05 W/m-K
plywood, k, = 0.4 W/m-K
strip heater

thy =6 cm

| /
W, =4 cm —|e—]| f _f
studs, k£, = 0.4 W/m-K _
drywall, k,= 0.1 W/m-K Ty 2=5°C,h =15 W/m*-K
air, k, = 0.025 W/m-K

Figure P1-5: Bathroom floor with heater.
e.) Discuss at least one technique that could be used to substantially reduce the

amount of heater power required while still maintaining the floor at 20°C. Note
that you have no control over 71 or A.

1-6 You are a fan of ice fishing but don’t enjoy the process of augering out your fishing

hole in the ice. Therefore, you want to build a device, the super ice-auger, that melts
a hole in the ice. The device is shown in Figure P1-6.

heater, activated with
V=12Vand /=150 A

7 =50 W/m?-K
T, =5°C plate,
k,=10 W/m-K
insulati =09
WK D =10 inch
[ th,, = 0.5 inch

—

Y |
d th,, =5 inch
P = 920 kg/m?

Ai, =333.6 kl/kg

Figure P1-6: The super ice-auger.

A heater is attached to the back of a D = 10 inch plate and electrically activated
by your truck battery, which is capable of providing V =12 V and I = 150 A. The
plate is th, = 0.75 inch thick and has conductivity k, = 10 W/m-K. The back of the
heater is insulated; the thickness of the insulation is th;,; = 0.5 inch and the insu-
lation has conductivity k;,; = 2.2 W/m-K. The surface of the insulation experiences
convection with surrounding air at 7, = 5°C and radiation with surroundings also
at T = 5°C. The emissivity of the surface of the insulation is ¢ = 0.9 and the heat
transfer coefficient between the surface and the air is A = 50 W/m2-K. The super
ice-auger is placed on the ice and activated, causing a heat transfer to the plate-ice
interface that melts the ice. Assume that the water under the ice is at T;.. = 0°C so
that no heat is conducted away from the plate-ice interface; all of the energy trans-
ferred to the plate-ice interface goes into melting the ice. The thickness of the ice is
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th;ce = 5 inch and the ice has density p;.. = 920 kg/m3. The latent heat of fusion for

the ice is Aiy,; = 333.6 kl/kg.

a.) Determine the heat transfer rate to the plate-ice interface.

b.) How long will it take to melt a hole in the ice?

c.) What is the efficiency of the melting process?

d.) If your battery is rated at 100 amp-hr at 12 V then what fraction of the battery’s
charge is depleted by running the super ice-auger.

Steady-State 1-D Conduction with Generation

1-7 One of the engineers that you supervise has been asked to simulate the heat transfer
problem shown in Figure P1-7(a). This is a 1-D, plane wall problem (i.e., the tem-
perature varies only in the x-direction and the area for conduction is constant with
x). Material A (from 0 < x < L) has conductivity k4 and experiences a uniform
rate of volumetric thermal energy generation, g”. The left side of material A (at
x = 0) is completely insulated. Material B (from L < x < 2L) has lower conduc-
tivity, kg < ka. The right side of material B (at x = 2L) experiences convection
with fluid at room temperature (20°C). Based on the facts above, critically examine
the solution that has been provided to you by the engineer and is shown in Fig-
ure P1-7(b). There should be a few characteristics of the solution that do not agree
with your knowledge of heat transfer; list as many of these characteristics as you
can identify and provide a clear reason why you think the engineer’s solution must

be wrong.
250
200
:(3 150
£ 100
” j— L.—>|<—L. *g I
/ material A material B g
}q_) 0
Ka KeSka 57 =200c 0
e o Material A Material B
gA = g gB _0 100 .a eria ) ) al erlei
X 0 L 2L
Position (m)
(a) (b)

Figure P1-7 (a): Heat transfer problem and (b) “solution” provided by the engineer.

1-8 Freshly cut hay is not really dead; chemical reactions continue in the plant cells and
therefore a small amount of heat is released within the hay bale. This is an example
of the conversion of chemical to thermal energy. The amount of thermal energy
generation within a hay bale depends on the moisture content of the hay when it
is baled. Baled hay can become a fire hazard if the rate of volumetric generation is
sufficiently high and the hay bale sufficiently large so that the interior temperature
of the bale reaches 170°F, the temperature at which self-ignition can occur. Here,
we will model a round hay bale that is wrapped in plastic to protect it from the rain.
You may assume that the bale is at steady state and is sufficiently long that it can
be treated as a one-dimensional, radial conduction problem. The radius of the hay
bale is Rpse = 5 ft and the bale is wrapped in plastic that is ¢, = 0.045 inch thick
with conductivity k, = 0.15 W/m-K. The bale is surrounded by air at T, = 20°C
with 4 = 10 W/m2-K. You may neglect radiation. The conductivity of the hay is
k =0.04 W/m-K.
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1-9

a.) If the volumetric rate of thermal energy generation is constant and equal to
g" =2 W/m® then determine the maximum temperature in the hay bale.

b.) Prepare a plot showing the maximum temperature in the hay bale as a function
of the hay bale radius. How large can the hay bale be before there is a problem
with self-ignition?

Prepare a model that can consider temperature-dependent volumetric generation.

Increasing temperature tends to increase the rate of chemical reaction and there-

fore increases the rate of generation of thermal energy according to: g’ =a+bT

where a = —1 W/m® and b = 0.01 W/m’-K and T'is in K.

c.) Enter the governing equation into Maple and obtain the general solution (i.e.,
a solution that includes two constants).

d.) Use the boundary conditions to obtain values for the two constants in your gen-
eral solution. (hint: one of the two constants must be zero in order to keep the
temperature at the center of the hay bale finite). You should obtain a symbolic
expression for the boundary condition in Maple that can be evaluated in EES.

e.) Overlay on your plot from part (b) a plot of the maximum temperature in the
hay bale as a function of bale radius when the volumetric generation is a func-
tion of temperature.

Figure P1-9 illustrates a simple mass flow meter for use in an industrial refinery.

T. =20°C insulation
o =20 Wi K Kins = 1.5 W/m-K
r =1 inch—— test section
&¢"=1x107 W/m?
7, = 0.75 inch— k=10 W/m-K
P& 9
A —» m=0.75kg/s
—remee S T, =18°C
4l IV
L =3 inch—e——-> Eth. =0.25 inch

ins

Figure P1-9: A simple mass flow meter.

A flow of liquid passes through a test section consisting of an L = 3 inch section of
pipe with inner and outer radii, r;, = 0.75 inch and r,,, = 1.0 inch, respectively. The
test section is uniformly heated by electrical dissipation at a rate g = 1x10” W/m?>
and has conductivity kK = 10 W/m-K. The pipe is surrounded with insulation that is
th;,s = 0.25 inch thick and has conductivity k;,; = 1.5 W/m-K. The external surface
of the insulation experiences convection with air at 7, = 20°C. The heat transfer
coefficient on the external surface is f,,; = 20 W/m?-K. A thermocouple is embed-
ded at the center of the pipe wall. By measuring the temperature of the thermo-
couple, it is possible to infer the mass flow rate of fluid because the heat transfer
coefficient on the inner surface of the pipe (%;,) is strongly related to mass flow
rate (7). Testing has shown that the heat transfer coefficient and mass flow rate are
related according to:

_ I 0.8
hyp=C | ———
(1 [kg/S]>

where C = 2500 W/m?-K. Under nominal conditions, the mass flow rate through
the meter is rin = 0.75kg/s and the fluid temperature is 7y = 18°C. Assume that the
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ends of the test section are insulated so that the problem is 1-D. Neglect radiation

and assume that the problem is steady state.

a.) Develop an analytical model in EES that can predict the temperature distribu-
tion in the test section. Plot the temperature as a function of radial position for
the nominal conditions.

b.) Using your model, develop a calibration curve for the meter; that is, prepare
a plot of the mass flow rate as a function of the measured temperature at the
mid-point of the pipe. The range of the instrument is 0.2 kg/s to 2.0 kg/s.

The meter must be robust to changes in the fluid temperature. That is, the calibra-

tion curve developed in (b) must continue to be valid even as the fluid temperature

changes by as much as 10°C.

c.) Overlay on your plot from (b) the mass flow rate as a function of the measured
temperature for 7y = 8°C and Ty = 28°C. Is your meter robust to changes in
T¢?

In orfder to improve the meters ability to operate over a range of fluid tempera-

ture, a temperature sensor is installed in the fluid in order to measure 7y during

operation.

d.) Using your model, develop a calibration curve for the meter in terms of the
mass flow rate as a function of AT, the difference between the measured tem-
peratures at the mid-point of the pipe wall and the fluid.

e.) Overlay on your plot from (d) the mass flow rate as a function of the difference
between the measured temperatures at the mid-point of the pipe wall and the
fluid if the fluid temperature is 7y = 8°C and T = 28°C. Is the meter robust to
changes in T;?

f.) If you can measure the temperature difference to within SAT = 1 K then what
is the uncertainty in the mass flow rate measurement? (Use your plot from part
(d) to answer this question.)

g.) Set the temperature difference to the value you calculated at the nominal con-
ditions and allow EES to calculate the associated mass flow rate. Now, select
Uncertainty Propagation from the Calculate menu and specify that the mass
flow rate as the calculated variable while the temperature difference is the mea-
sured variable. Set the uncertainty in the temperature difference to 1 K and
verify that EES obtains an answer that is approximately consistent with part (f).

h.) The nice thing about using EES to determine the uncertainty is that it becomes
easy to assess the impact of multiple sources of uncertainty. In addition to the
uncertainty AT, the constant C has relative uncertainty of 6C = 5% and the
conductivity of the material is only known to within 6k = 3%. Use EES’ built-
in uncertainty propagation to assess the resulting uncertainty in the mass flow
rate measurement. Which source of uncertainty is the most important?

i.) The meter must be used in areas where the ambient temperature and heat trans-
fer coefficient may vary substantially. Prepare a plot showing the mass flow rate
predicted by your model for AT = 50K as a function of T, for various values
of Moy If the operating range of your meter must include —5°C < T, < 35°C
then use your plot to determine the range of A,,, that can be tolerated without
substantial loss of accuracy.

Numerical Solutions to Steady-State 1-D Conduction Problems using EES

1-10 Reconsider the mass flow meter that was investigated in Problem 1-9. The conduc-
tivity of the material that is used to make the test section is not actually constant,
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as was assumed in Problem 1-9, but rather depends on temperature according
to:

k=10%+0.035 [ W ](T—300[K])

m-K?

a.) Develop a numerical model of the mass flow meter using EES. Plot the tem-
perature as a function of radial position for the conditions shown in Fig-
ure P1-9 with the temperature-dependent conductivity.

b.) Verify that your numerical solution limits to the analytical solution from Prob-
lem 1-9 in the limit that the conductivity is constant.

c.) What effect does the temperature dependent conductivity have on the calibra-
tion curve that you generated in part (d) of Problem 1-9.

Numerical Solutions to Steady-State 1-D Conduction Problems using MATLAB

1-11

1-12

Reconsider Problem 1-8, but obtain a solution numerically using MATLAB. The

description of the hay bale is provided in Problem 1-8. Prepare a model that

can consider the effect of temperature on the volumetric generation. Increas-
ing temperature tends to increase the rate of reaction and therefore increase the
rate of generation of thermal energy; the volumetric rate of generation can be

approximated by: &” = a+ b T where a = —1 W/m® and b = 0.01 W/m*-K and T

is in K.

a.) Prepare a numerical model of the hay bale. Plot the temperature as a function
of position within the hay bale.

b.) Show that your model has numerically converged; that is, show some aspect of
your solution as a function of the number of nodes and discuss an appropriate
number of nodes to use.

c.) Verify your numerical model by comparing your answer to an analytical
solution in some, appropriate limit. The result of this step should be a plot
that shows the temperature as a function of radius predicted by both your
numerical solution and the analytical solution and demonstrates that they
agree.

Reconsider the mass flow meter that was investigated in Problem 1-9. Assume that

the conductivity of the material that is used to make the test section is not actu-

ally constant, as was assumed in Problem 1-9, but rather depends on temperature
according to:

k= 10£+0.035 [ w
m-K

m_Kz} (T — 300 [K])

a.) Develop a numerical model of the mass flow meter using MATLAB. Plot the
temperature as a function of radial position for the conditions shown in Fig-
ure P1-9 with the temperature-dependent conductivity.

b.) Verify that your numerical solution limits to the analytical solution from Prob-
lem 1-9 in the limit that the conductivity is constant.



194 One-Dimensional, Steady-State Conduction

Analytical Solutions for Constant Cross-Section Extended Surfaces

1-13 A resistance temperature detector (RTD) utilizes a material that has a resistivity
that is a strong function of temperature. The temperature of the RTD is inferred by
measuring its electrical resistance. Figure P1-13 shows an RTD that is mounted at
the end of a metal rod and inserted into a pipe in order to measure the temperature
of a flowing liquid. The RTD is monitored by passing a known current through
it and measuring the voltage across it. This process results in a constant amount
of ohmic heating that may tend to cause the RTD temperature to rise relative
to the temperature of the surrounding liquid; this effect is referred to as a self-
heating error. Also, conduction from the wall of the pipe to the temperature sensor
through the metal rod can result in a temperature difference between the RTD and
the liquid; this effect is referred to as a mounting error.

— Ano )
L=50cm. L, =20°C  pipe

| e

* > <« D=0.5mm
i =150[W/m? K | ¥ $\k= 10 W/m-K

= J. sh .

f——=

- —\

Figure P1-13: Temperature sensor mounted in a flowing liquid.

The thermal energy generation associated with ohmic heating is g, = 2.5 mW.
All of this ohmic heating is assumed to be transferred from the RTD into the end
of the rod at x = L. The rod has a thermal conductivity kK = 10 W/m-K, diameter

D = 0.5mm, and length L = 5.0cm. The end of the rod that is connected to the

pipe wall (at x = 0) is maintained at a temperature of T, = 20°C. The liquid is at

a uniform temperature, 7', = 50°C and the heat transfer coefficient between the

liquid and the rod is & = 150 W/m2-K.

a.) Is it appropriate to treat the rod as an extended surface (i.e., can we assume
that the temperature in the rod is a function only of x)? Justify your answer.

b.) Develop an analytical model of the rod that will predict the temperature dis-
tribution in the rod and therefore the error in the temperature measurement;
this error is the difference between the temperature at the tip of the rod and
the liquid.

c.) Prepare a plot of the temperature as a function of position and compute the
temperature error.

d.) Investigate the effect of thermal conductivity on the temperature measure-
ment error. Identify the optimal thermal conductivity and explain why an opti-
mal thermal conductivity exists.

1-14 Your company has developed a micro-end milling process that allows you to easily
fabricate an array of very small fins in order to make heat sinks for various types
of electrical equipment. The end milling process removes material in order to gen-
erate the array of fins. Your initial design is the array of pin fins shown in Fig-
ure P1-14. You have been asked to optimize the design of the fin array for a partic-
ular application where the base temperature is 7p4e = 120°C and the air tempera-
ture is T, = 20°C. The heat sink is square; the size of the heat sink is W = 10 cm.
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The conductivity of the material is k = 70 W/m-K. The distance between the edges
of two adjacent fins is a, the diameter of a fin is D, and the length of each fin is L.

7;”:2 ° 97
array of fins 0°C, D

k:7OW/m-I\ >
.\- - LY 3%61

|| g — =10 cm
Tase =120°C

Figure P1-14: Pin fin array.

Air is forced to flow through the heat sink by a fan. The heat transfer coefficient
between the air and the surface of the fins as well as the unfinned region of the
base, &, has been measured for the particular fan that you plan to use and can be
calculated according to:

=40 [m\lVK} <0.00§ [m])m (ﬁ)m

Mass is not a concern for this heat sink; you are only interested in maximizing the

heat transfer rate from the heat sink to the air given the operating temperatures.

Therefore, you will want to make the fins as long as possible. However, in order

to use the micro-end milling process you cannot allow the fins to be longer than

10x the distance between two adjacent fins. That is, the length of the fins may be

computed according to: L = 10a. You must choose the optimal values of a and D

for this application.

a.) Prepare a model using EES that can predict the heat transfer coefficient for a
given value of a and D. Use this model to predict the heat transfer rate from
the heat sink for a = 0.5cm and D = 0.75cm.

b.) Prepare a plot that shows the heat transfer rate from the heat sink as a function
of the distance between adjacent fins, a, for a fixed value of D = (0.75cm. Be
sure that the fin length is calculated using L = 10a. Your plot should exhibit a
maximum value, indicating that there is an optimal value of a.

c.) Prepare a plot that shows the heat transfer rate from the heat sink as a function
of the diameter of the fins, D, for a fixed value of a = 0.5 cm. Be sure that the
fin length is calculated using L = 10a. Your plot should exhibit a maximum
value, indicating that there is an optimal value of D.

d.) Determine the optimal values of a and D using EES’ built-in optimization
capability.

Analytical Solutions for Advanced Constant Cross-Section Extended Surfaces

1-15 Figure P1-15 illustrates a material processing system.
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oven wall temperature varies with x

gap filled with gas
th =0.6 mm

k,=0.03 W/m-K
u=0.75m/s g

T, =300 K =

extruded material
k=40 W/m-K
a=0.001 m?/s

Figure P1-15: Material processing system.

Material is extruded and enters the oven at T}, = 300 K with velocity u = 0.75 m/s.
The material has diameter D = 5cm. The conductivity of the material is k =
40 W/m-K and the thermal diffusivity is & = 0.001 m?/s.

In order to precisely control the temperature of the material, the oven wall
is placed very close to the outer diameter of the extruded material and the oven
wall temperature distribution is carefully controlled. The gap between the oven
wall and the material is th = 0.6 mm and the oven-to-material gap is filled with
gas that has conductivity k, = 0.03 W/m-K. Radiation can be neglected in favor of
convection through the gas from the oven wall to the material. For this situation,
the heat flux experienced by the material surface can be approximately modeled
according to:

k
q/c/onv ~ i (Tw - T)
where T, and T are the oven wall and material temperatures at that position,
respectively. The oven wall temperature varies with position x according to:

Ty =Ty — (Tf — Tup) exp (—i>

L.
where T, ¢ is the temperature of the wall at the inlet (at x = 0), Ty = 1000 K is the
temperature of the wall far from the inlet, and L. is a characteristic length that dic-
tates how quickly the oven wall temperature approaches 7. Initially, assume that

Ty,0=500K, Ty =1000K, and L. = 1 m. Assume that the oven can be approxi-

mated as being infinitely long.

a.) Is an extended surface model appropriate for this problem?

b.) Assume that your answer to (a) was yes. Develop an analytical solution that
can be used to predict the temperature of the material as a function of x.

c.) Plot the temperature of the material and the temperature of the wall as a func-
tion of position for 0 < x < 20m. Plot the temperature gradient experienced
by the material as a function of position for 0 < x < 20 m.

The parameter L. can be controlled in order to control the maximum temperature

gradient and therefore the thermal stress experienced by the material as it moves

through the oven.

d.) Prepare a plot showing the maximum temperature gradient as a function of
L.. Overlay on your plot the distance required to heat the material to 7, =
800K (Lp). If the maximum temperature gradient that is allowed is 60 K/m,
then what is the appropriate value of L. and the corresponding value of L,?
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1-16 The receiver tube of a concentrating solar collector is shown in Figure P1-16.

T, =25°C
i h, =25 W/m*-K
r=5cm
th=2.5 mm
k=10 W/m-K

T, =80°C
=100 W/m?-K

Figure P1-16: A solar collector.

The receiver tube is exposed to solar radiation that has been reflected from a
concentrating mirror. The heat flux received by the tube is related to the position
of the sun and the geometry and efficiency of the concentrating mirrors. For this
problem, you may assume that all of the radiation heat flux is absorbed by the
collector and neglect the radiation emitted by the collector to its surroundings.
The flux received at the collector surface (¢,) is not circumferentially uniform
but rather varies with angular position; the flux is uniform along the top of the
collector, m < ¢ < 2x rad, and varies sinusoidally along the bottom, 0 < ¢ <«
rad, with a peak at ¢ = /2 rad.

q/ form<¢<2m

i (@) = { q/+ (c’]’[; — q;’) sin(¢) for0<o¢<m

where ¢/ = 1000 W/m? is the uniform heat flux along the top of the collector tube

and ¢/, = 5000 W/m? is the peak heat flux along the bottom. The receiver tube

has an inner radius of r = 5.0 cm and thickness of th = 2.5 mm (because th/r < 1

it is possible to ignore the small difference in convection area on the inner and

outer surfaces of the tube). The thermal conductivity of the tube material is

k =10 W/m-K. The solar collector is used to heat water, which is at 7, = 80°C

at the axial position of interest. The average heat transfer coefficient between

the water and the internal surface of the collector is /4, = 100 W/m?-K. The
external surface of the collector is exposed to air at T, = 25°C. The average heat
transfer coefficient between the air and the external surface of the collector is

h, =25 Wim*-K.

a.) Can the collector be treated as an extended surface for this problem (i.e., can
the temperature gradients in the radial direction in the collector material be
neglected)?

b.) Develop an analytical model that will allow the temperature distribution in
the collector wall to be determined as a function of circumferential position.

Analytical Solutions for Non-Constant Cross-Section Extended Surfaces

1-17 Figure P1-17 illustrates a disk brake for a rotating machine. The temperature

distribution within the brake can be assumed to be a function of radius only.
The brake is divided into two regions. In the outer region, from R, =3.0cm to
R; = 4.0cm, the stationary brake pads create frictional heating and the disk is not
exposed to convection. The clamping pressure applied to the pads is P = 1.0 MPa
and the coefficient of friction between the pad and the disk is 4 = 0.15. You may
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assume that the pads are not conductive and therefore all of the frictional heating
is conducted into the disk. The disk rotates at N = 3600 rev/min and is b = 5.0 mm
thick. The conductivity of the disk is k = 75 W/m-K and you may assume that the
outer rim of the disk is adiabatic.

stationary coefficient of friction, 4 = 0.15
brake pads

4—

<— clamping pressure
< P=]MPa

4—

T T, =30°C, i

R =3cm
Rd ]
LN center line
k=75 W/m-K

disk, rotates at N = 3600 rev/min

Figure P1-17: Disk brake.

The inner region of the disk, from O to R,, is exposed to air at T, = 30°C. The
heat transfer coefficient between the air and disk surface depends on the angular
velocity of the disk, w, according to:

W W w 1.25
h=20 [mz-K] 1500 [m2-K] (100 [rad/s])

a.) Develop an analytical model of the temperature distribution in the disk brake;
prepare a plot of the temperature as a function of radius for r = 0 to r = R.

b.) If the disk material can withstand a maximum safe operating temperature of
750°C then what is the maximum allowable clamping pressure that can be
applied? Plot the temperature distribution in the disk at this clamping pres-
sure. What is the braking torque that results?

c.) Assume that you can control the clamping pressure so that as the machine
slows down the maximum temperature is always kept at the maximum allow-
able temperature, 750°C. Plot the torque as a function of rotational speed for
100 rev/min to 3600 rev/min.

Figure P1-18 illustrates a fin that is to be used in the evaporator of a space con-

ditioning system for a space-craft. The fin is a plate with a triangular shape. The

thickness of the plate is 2 = 1 mm and the width of the fin at the base is W, = 1 cm.

The length of the fin is L =2 cm. The fin material has conductivity k£ = 50 W/m-K.

The average heat transfer coefficient between the fin surface and the air in the

space-craft is & = 120 W/m?-K. The air is at T, = 20°C and the base of the fin is at

T, = 10°C. Assume that the temperature distribution in the fin is 1-D in x. Neglect

convection from the edges of the fin.

a.) Obtain an analytical solution for the temperature distribution in the fin. Plot
the temperature as a function of position.

b.) Calculate the rate of heat transfer to the fin.

c.) Determine the fin efficiency.
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h =120 W/m*-K
T..=20°C X

p, = 8000 kg/m?

th=1mm

k=50 W/m-K
p=3000 kg/m?

T, =10°C

th,, —me}:\ zhg:2mm
~W,=1cm

Figure P1-18: Fin on an evaporator.

The fin has density p = 3000kg/m> and is installed on a base material with thick-

ness th, = 2 mm and density p, = 8000 kg/m”. The half-width of the gap between

adjacent fins is th, = 2mm. Therefore, the volume of the base material associated
with each fin is th, W (th + 2thy).

d.) Determine the ratio of the absolute value of the rate of heat transfer to the fin
to the total mass of material (fin and base material associated with the fin).

e.) Prepare a contour plot that shows the ratio of the heat transfer to the fin to
the total mass of material as a function of the length of the fin (L) and the fin
thickness (th).

f.) What is the optimal value of L and th that maximizes the absolute value of the
fin heat transfer rate to the mass of material?

Numerical Solution of Extended Surface Problems

1-19 A fiber optic bundle (FOB) is shown in Figure P1-19 and used to transmit the light
for a building application.

h =5 W/m2-K
T.=20°C lout =2 CM

- ——

q”=1x10° W/m2 —>
—>

—>

fiber optic bundle
Figure P1-19: Fiber optic bundle used to transmit light.

The fiber optic bundle is composed of several, small-diameter fibers that are each
coated with a thin layer of polymer cladding and packed in approximately a hexag-
onal close-packed array. The porosity of the FOB is the ratio of the open area of
the FOB face to its total area. The porosity of the FOB face is an important charac-
teristic because any radiation that does not fall directly upon the fibers will not be
transmitted and instead contributes to a thermal load on the FOB. The fibers are
designed so that any radiation that strikes the face of a fiber is “trapped” by total
internal reflection. However, radiation that strikes the interstitial areas between
the fibers will instead be absorbed in the cladding very close to the FOB face.
The volumetric generation of thermal energy associated with this radiation can be

represented by:
. ¢q" X
nmo__ _
&= Lch cxp Lch
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where ¢” =1 x 10° W/m? is the energy flux incident on the face, ¢ = 0.05 is the
porosity of the FOB, x is the distance from the face, and L. = 0.025 m is the
characteristic length for absorption of the energy. The outer radius of the FOB is
rour = 2cm. The face of the FOB as well as its outer surface are exposed to air at
T+ = 20°C with heat transfer coefficient & = 5 W/m?-K. The FOB is a compos-
ite structure and therefore conduction through the FOB is a complicated problem
involving conduction through several different media. Section 2.9 discusses meth-
ods for computing the effective thermal conductivity for a composite. The effective
thermal conductivity of the FOB in the radial direction is ke, = 2.7 W/m-K. In
order to control the temperature of the FOB near the face, where the volumetric
generation of thermal energy is largest, it has been suggested that high conduc-
tivity filler material be inserted in the interstitial regions between the fibers. The
result of the filler material is that the effective conductivity of the FOB in the axial
direction varies with position according to:

keff,x = kgff,x,oo + Akeﬁ,x exp <_Li>
k

where kg oo = 2.0 W/m-K is the effective conductivity of the FOB in the x-
direction without filler material, Ak = 28 W/m-K is the augmentation of the
conductivity near the face, and L; = 0.05 m is the characteristic length over which
the effect of the filler material decays. The length of the FOB is effectively infinite.

Assume that the volumetric generation is unaffected by the filler material.

a.) Isit appropriate to use a 1-D model of the FOB?

b.) Assume that your answer to (a) was yes. Develop a numerical model of the
FOB.

c.) Overlay on a single plot the temperature distribution within the FOB for the
case where the filler material is present (Akey . = 28 W/m-K) and the case
where no filler material is present (Akep » = 0).

An expensive power electronics module normally receives only a moderate cur-

rent. However, under certain conditions it might experience currents in excess of

100 amps. The module cannot survive such a high current and therefore, you have

been asked to design a fuse that will protect the module by limiting the current

that it can experience, as shown in Figure P1-20.

+——L=25cm—»

v

Tond =20°c/ } \7;,14 =20°C

e=09

D=0.9 mm

T..=20°C

7 =5 W/m2-K k=150 W/m-K
P, =1x107 ohm-m
1=100 amp

Figure P1-20: A fuse that protects a power electronics module from high current.

The space available for the fuse allows a wire that is L =2.5cm long to be
placed between the module and the surrounding structure. The surface of the
fuse wire is exposed to air at T, = 20°C. The heat transfer coefficient between
the surface of the fuse and the air is 4 = 5.0 W/m?-K. The fuse surface has an
emissivity of ¢ = 0.90. The fuse is made of an aluminum alloy with conductivity
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k = 150 W/m-K. The electrical resistivity of the aluminum alloy is p, = 1 x 107’
ohm-m and the alloy melts at approximately 500°C. Assume that the properties of
the alloy do not depend on temperature. The ends of the fuse (i.e., at x = 0 and
x = L) are maintained at 7,,; = 20°C by contact with the surrounding structure
and the module. The current passing through the fuse, /, results in a uniform vol-
umetric generation within the fuse material. If the fuse operates properly, then it
will melt (i.e., at some location within the fuse, the temperature will exceed 500°C)
when the current reaches 100 amp. Your job will be to select the fuse diameter; to
get your model started, you may assume a diameter of D = 0.9 mm. Assume that
the volumetric rate of thermal energy generation due to ohmic dissipation is uni-
form throughout the fuse volume.

a.) Prepare a numerical model of the fuse that can predict the steady-state temper-
ature distribution within the fuse material. Plot the temperature as a function
of position within the wire when the current is 100 amp and the diameter is
0.9 mm.

b.) Verify that your model has numerically converged by plotting the maximum
temperature in the wire as a function of the number of nodes in your model.

c.) Prepare a plot of the maximum temperature in the wire as a function of the
diameter of the wire for I = 100 amp. Use your plot to select an appropriate
fuse diameter.
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Chapter 1 discussed the analytical and numerical solution of 1-D, steady-state problems.
These are problems where the temperature within the material is independent of time
and varies in only one spatial dimension (e.g., x). Examples of such problems are the
plane wall studied in Section 1.2, which is truly a 1-D problem, and the constant cross
section fin studied in Section 1.6, which is approximately 1-D. The governing differential
equation for these problems is an ordinary differential equation and the mathematics
required to solve the problem are straightforward.

In this chapter, more complex, 2-D steady-state conduction problems are considered
where the temperature varies in multiple spatial dimensions (e.g., x and y). These can
be problems where the temperature actually varies in only two coordinates or approxi-
mately varies in only two coordinates (e.g., the temperature gradient in the third direc-
tion is negligible, as justified by an appropriate Biot number). The governing differen-
tial equation is a partial differential equation and therefore the mathematics required to
analytically solve these problems are more advanced and the bookkeeping required to
solve these problems numerically is more cumbersome. However, many of the concepts
that were covered in the context of 1-D problems continue to apply.

2.1 Shape Factors

There are many 2-D and 3-D conduction problems involving heat transfer between two
well-defined surfaces (surface 1 and surface 2) that commonly appear in heat transfer
applications and have previously been solved analytically and/or numerically. The solu-
tion to these problems is conveniently expressed in the form of a shape factor, S, which
is defined as:

1
kR
where k is the conductivity of the material separating the surfaces and R is the thermal

resistance between surfaces 1 and 2. Solving Eq. (2-1) for the thermal resistance leads
to:

S (2-1)

1
R=— 2-2
S (22)
Recall that the resistance of a plane wall, derived in Section 1.2, is given by:
L
R,, = 2-3
™= A (2-3)

where L is the length of conduction path and A, is the area for conduction. Comparing
Egs. (2-2) and (2-3) suggests that:

A,
S~ — 2-4
L (2-4)
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Vt:
.
w
Figure 2-1: Sphere buried in a semi-infinite medium. &

T, \D

The shape factor has units of length and represents the ratio of the effective area for
conduction to the effective length for conduction. Any shape factor solution should be
checked against your intuition using Eq. (2-4). Given a problem, it should be possible to
approximately identify the area and length that characterize the conduction process; the
ratio of these quantities should have the same order of magnitude as the shape factor
solution.

One example of a shape factor solution is for a sphere buried in a semi-infinite
medium (i.e., a medium that extends forever in one direction but is bounded in the
other) as shown in Figure 2-1. In this case, the surface of the sphere is surface 1 (assumed
to be isothermal, at 77) while the surface of the medium is surface 2 (assumed to be
isothermal, at 75).

The shape factor solution for a completely buried sphere in a semi-infinite medium
is:

2nD
S = D (2'5)

11— —
4w

where D is the diameter of the sphere and W is the distance between the center of the
sphere and the surface. The thermal resistance characterizing conduction between the
surface of the sphere and the surface of the medium is:

D
! (1— m)
R=45~ 2Dk 6)

The rate of conductive heat transfer between the sphere and the surface (¢) is:

. T1 - T2 _ 27TDk(T1 - Tg)

R D

4w
There are numerous formulae for shape factors that have been tabulated in various ref-
erences; for example, Rohsenow et al. (1998). Table 2-1 summarizes a few shape factor

solutions.

A library of shape factors, including those shown in Table 2-1 as well as others,
has been integrated with EES. To access the shape factor library, select Function Infor-
mation from the Options menu and then scroll through the list to Conduction Shape

Factors, as shown in Figure 2-2. The shape factor functions that are available can be
selected by moving the scroll bar below the picture.

2-7)




Table 2-1: Shape factors.
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Figure 2-2: Accessing the shape factor library from EES.
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EXAMPLE 2.1-1: MAGNETIC ABLATIVE POWER MEASUREMENT

This example revisits the magnetic ablation concept that was previously described
in EXAMPLES 1.3-1 and 1.8-2. You want to measure the power generated by the
thermoseed that is used for the ablation process. The radius of the thermoseed
is r;s = 1.0 mm. The sphere is placed W = 5 cm below the surface of a solution
of agar, as shown in Figure 1. Agar is a material with well-known thermal prop-
erties that resembles gelatin and is sometimes used as a surrogate for tissue in
biological experiments. The agar is allowed to solidify around the sphere and the
container of agar is large enough to be considered semi-infinite. The surface of the
agar is exposed to an ice-water bath in order to keep it at a constant temperature,
Tice = 0°C. The sphere is heated using an oscillating magnetic field and its sur-
face temperature is measured using a thermocouple. The conductivity of agar is
k= 0.35 W/m-K.

Tee= 0°C

agar, k= 0.35 W/m-K
W=5.0cm
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Figure 1: Test setup to measure the power generated by the
thermoseed.

T.= 95°C r,= 1.0 mm

a) If the measured surface temperature of the sphere is T; = 95°C, how much
energy is generated in the thermoseed?

The inputs are entered in EES:

“‘EXAMPLE 2.1-1: Magnetic Ablative Power Measurement”

$UnitSystem SI MASS RAD PAK J
$Tabstops 0.2 0.4 0.6 3.5 in

“Inputs”

r_ts=1.0 [mm]*convert(mm,m) “thermoseed radius”
W=5 [cm]*convert(cm,m) “depth of sphere”
k=0.35 [W/m-K] “conductivity of agar”
T_ice=converttemp(C,K,0 [C]) “ice bath temperature”
T_s=converttemp(C,K,95 [C]) “surface temperature”

The shape factor associated with the buried sphere (S) is accessed from the EES
library of shape factors:

S=SF_1(2*r_ts,W) “shape factor for buried sphere”

The thermal resistance between the surface of the sphere and the semi-infinite body
(R) is:

1
R=15
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The heat transfer rate (q) is computed using the thermal resistance and the known
temperatures:

. Ts - ’I}'ce

1=k
R=1/(k*S) “thermal resistance”
g-_dot=(T_s-T_ice)/R “heat transfer rate”

which leads to a generation rate of 0.422 W.

b) Estimate the uncertainty in your measurement of the power. Assume that your
temperature measurements are accurate to §7 = 1.0°C, the conductivity of agar
is known to within 10% (i.e., §k = 0.035 W/m-K), the depth measurement has
an uncertainty of W = 2.0 mm, and the sphere radius is known to within éry =
0.1 mm.

It is possible to separately estimate the uncertainty introduced by each of the param-
eters listed above. For example, to evaluate the effect of the uncertainty in the
conductivity, simply increase the conductivity by ék:

deltak=0.035 [W/m-K] “uncertainty in conductivity”
k=0.35 [W/m-K]+deltak “conductivity of agar”

and re-run the model. The result is a change in the generation rate from 0.422 W to
0.464 W which translates into an uncertainty in the power of 0.042 W or 10%. This
process can be repeated for each of the independent variables in order to identify
the uncertainty that is introduced into the dependent variable calculation. These
contributions should be combined using the root-sum-square technique in order to
obtain an overall uncertainty. This process can be carried out automatically in EES;
select Uncertainty Propagation from the Calculate Menu to access the dialog shown
in Figure 2.

Determine Propagation of Uncertainty 21 x|

Calculated variable Measured variable(s)

. k

R R_sp

5 T_ice
== | Ts

Red variables may be moved g‘; Set uncertainties | x Cancel I

to the Measured variables list.

Figure 2: Propagation of uncertainty dialog.

The possible dependent (calculated) and independent (measured) variables are
listed; highlight the independent variables that have some uncertainty (all of them
for this problem). The calculated variable that you want to examine is q_dot. Select
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the Set uncertainties button to reach the window shown in Figure 3. Set each of the
uncertainties either in absolute or relative terms; note that each of these quantities
can also be set using variables that are defined in the main equation window.

Uncertainties of Measured Variables 7| x|

Enter a numerical value or variable name

Variable Value Units Absolute Relative
Uncertainty Uncertainty
k 0.35 WK 01
R_sp 0.001 m
T_ice 2731 K 1
e 388.2 K 1
w 0.05 m 0.002

X e

Figure 3: Uncertainty of measured variables dialog.

Select OK twice in order to initiate the calculations; the results appear the Uncer-
tainty Results window (Figure 4) which shows the total uncertainty in the variable
g_dot (0.06 W or 14%) as well as a delineation of the source of the uncertainty.

(@sotion - (0] x|

Uncertainty Results I Solution [ =

Unit Settings: [JI/[K)/[Pal/[kg)/[radians]

VariabletUncertainty Partial derivative % of uncertainty
q=0.4221+0.06032 [W]

k=0.3520.035 [W/m-K] acyak=1.206 4896 %

fe =0.001£0.0001 [m] Ay, = 4263 43.95 %

Tiee =273.2¢1 [K] a3 Ty, =-0.004443 0.54 % =
T,=368.2¢1 [K] aya T = 0.004443 054%

W =0.05:0.002 [m] 3/aW =-0.08526 0.00%

Figure 4: Uncertainty of Results window.

Notice that the dominant sources of uncertainty for this problem are the conductiv-
ity of agar and the radius of the sphere (each contributing approximately 50% of the
total). The temperature measurements are adequate and the depth does not matter
at all since the shape factor becomes nearly independent of the depth provided W
is much larger than the diameter (see Eq. (2-5)).

2.2 Separation of Variables Solutions

2.2.1 Introduction

Two-dimensional steady-state conduction problems are governed by partial rather than
ordinary differential equations; the analytical solution to partial differential equations
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Figure 2-3: Plate.

is somewhat more involved. Separation of variables is a common technique that is
used to solve the partial differential equations that arise in many areas of science and
engineering. A complete understanding of separation of variables requires a substan-
tial mathematical background; in this section, the technique is introduced and used to
solve several problems. In the subsequent section, more difficult problems are solved
using separation of variables. It is not possible to cover separation of variables thor-
oughly in this book and the interested reader is referred to the textbook by G. E. Myers
(1998).

2.2.2 Separation of Variables

The method of separation of variables is most conveniently discussed in the context of
a specific problem. In this section, the flat plate shown in Figure 2-3 is considered. The
top and bottom surfaces of the plate are insulated and therefore there is no temperature
variation in the z-direction; the problem is truly two-dimensional, as the temperature
depends on x and y but not z. If the top and bottom surfaces were not insulated (e.g.,
they experienced convection to a surrounding fluid) but the plate was sufficiently thin
and conductive, then it still might be possible to ignore temperature gradients in the z-
direction and treat the problem as being two-dimensional. This assumption is equivalent
to the extended surface assumption that was discussed in Section 1.6.2 and should be
justified using an appropriately defined Biot number.

The plate in Figure 2-3 has conductivity k, thickness th, width (in the x-direction)
W, and extends to infinity in the y-direction. The governing differential equation for
the problem is derived in a manner that is analogous to the 1-D problems that have
been previously considered. A differential control volume is defined (see Figure 2-3)
and used to develop a steady-state energy balance. Note that the control volume must
be differential in both the x- and y-directions because there are temperature gradients
in both of these directions.

gx + Qy = {xtdx t Qy+dy (2'8)

The x + dx and y + dy terms are expanded as usual:
ol7 a4
et Gy = Get Ldx+ g, + Ly (2-9)
0x ay
Equation (2-9) can be simplified to:

0qx

3y
v+ dy=0 2-10
Xt oy Y (2-10)
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Fourier’s law is used to determine the conduction heat transfer rates in the x- and
y-directions:

oT

e = —kthdy & (2-11)
ax

, aT

qy = —kthdx a—y (2-12)

Equations (2-11) and (2-12) are substituted into Eq. (2-10):
0 oT 0 T
— | —kthdy — |dx+ — | —kthdx— |dy=0 2-13
8x|: yax:| x+3)’[ an}y @13)

If the thermal conductivity and plate thickness are both constant, then Eq. (2-13) can be
simplified to:

°T 3T
e + B_yz =0 (2-14)

which is the governing partial differential equation for this problem. Equation (2-14) is
called Laplace’s equation. Equation (2-14) is second order in both the x- and y-directions
and therefore two boundary conditions are required in each of these directions. The left
and right edges of the plate have a temperature of zero:

@15

To—w =0 (2-16)

The zero temperature boundaries are necessary here to ensure that the boundary con-
ditions are homogeneous, as explained below. However, these boundary conditions are
likely not of general interest. Techniques that allow the solution of problems with more
realistic boundary conditions are presented in subsequent sections.

The edge of the plate at y = 0 has a specified temperature that is an arbitrary func-
tion of position x:

Ty—o = Tp(x) (2-17)

The plate is infinitely long in the y-direction and the temperature approaches 0 as y

becomes infinite:
e

Requirements for using Separation of Variables

The method of separation of variables will not work for every problem; there are some
fairly restrictive conditions that limit where it can be applied. First, the governing equa-
tion must be linear; that is, the equation cannot contain any products of the dependent
variable or its derivative. Equation (2-14) is certainly linear. An example of a non-linear

equation might be:
FT T T
— 4+ —~-— =0 2-19
ox? + dx 0y? 2-19)

The governing equation must also be homogeneous, which is a more restrictive condi-
tion. If 7 is a solution to a homogeneous equation then C T is also a solution, where C
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is an arbitrary constant. Equation (2-14) is homogeneous; to prove this, simply check if
CT can be substituted into the equation and still satisfy the equality:

2 (CT) N ?(CT)
0x2 -

P?T  9°T
c (ZL4+2L) = 221
(ax2 - ayZ) (2-21)

=0 according to Eq. (2-14)

0 (2-20)

or

A non-homogeneous equation would result, for example, if the plate were exposed to
a volumetric generation of thermal energy (g"); the governing differential equation for
this situation would be:
82T aZT g///
42 -0 2-22
0x2 * 0y? + k (2-22)

Substituting C T into Eq. (2-22) leads to:

82T BZT g///
c (&L, oh £ _o 223
< 0x2 + 9y? ) + k (2-23)
———
= —Lk/, according to Eq. (2-22)

Substituting Eq. (2-22) into Eq. (2-23) leads to:

g/// =11
c(-5)+5 =0 224
( k)+ s (2-24)

Equation (2-24) shows that C T is a solution to Eq. (2-22) only if g”= 0. We will show
how some non-homogeneous problems can be solved using separation of variables in
Section 2.3.

In order to apply the separation of variables method, the boundary conditions must
also be linear with respect to the dependent variable. Linear has the same definition for
the boundary conditions that it does for the differential equation; i.e., the boundary con-
dition cannot involve products of the dependent variable or its derivatives. The bound-
ary conditions for the plate in Figure 2-3 are given by Egs. (2-15) through (2-18) and are
all linear. A non-linear boundary condition would result from, for example, radiation.
If the right edge of the plate were radiating to surroundings at 7' = 0 then Eq. (2-15)
should be replaced with:

ko =oeTh,, (2-25)

9x x=W

which is non-linear. Finally, both of the boundary conditions in one direction must be
homogeneous (i.e., either both boundary conditions in the x-direction or both boundary
conditions in the y-direction). Again, the meaning of homogeneity for a boundary con-
dition is analogous to its meaning for the differential equation. If a boundary condition
is homogeneous then any multiple of a solution also satisfies the boundary condition.
Examination shows that all of the boundary conditions except for Eq. (2-17) are homo-
geneous. Therefore, both boundary conditions in the x-direction, Egs. (2-15) and (2-16),
are homogeneous. For this problem, x is therefore the homogeneous direction; this will
be important to keep in mind as we solve the problem.

A final criterion for the use of separation of variables is that the computational
domain must be simple; that is, it must have boundaries that lie along constant values of
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the coordinate axes. For a Cartesian coordinate system, we are restricted to rectangular
problems. The problem shown in Figure 2-3 meets all of the criteria and should therefore
be solvable using separation of variables.

Separate the Variables

The name of the technique, separation of variables, is related to the next step in the
solution; it is assumed that the solution 7, which is a function of both x and y, can be
expressed as the product of two functions, 7X which is only a function of x and TY
which is only a function of y:

T (x,y)=TX (x) TY (y) (2-26)
Substituting Eq. (2-26) into Eq. (2-14) leads to:
> 9
— [TXTY]|+ —=[TXTY]=0 2-27
ax2 [ ] + ayz [ ] ( )
or
’TX a’TY
TY TX =0 2-28
dx? dy? (2-28)
Dividing through by the product 7Y TX leads to:
LTX a’TY
— 2
w_ A (2:29)

TX TY
—— — —
function of x  function of y
The first term in Eq. (2-29) is a function only of x while the second is a function only
of y. Therefore, Eq. (2-29) can only be satisfied if both terms are equal and opposite
and constant. To see this clearly, imagine moving along a line of constant y (i.e., across
the plate in Figure 2-3 in the x-direction from one side to the other). If the first term
were not constant then, by definition, its value would change as x changes; however, the
second term is not a function of x and therefore it cannot change in response. Clearly
then the sum of the two terms could not continue to be zero in this situation. Equation
(2-29) can be expressed as two statements:

A’TX

dx? 2
_Gr 4 2-30
TX ( )

a’Ty

dy? 2

Ty =T A (2-31)
where A? is a constant that must be positive. Notice that there is a choice that must be
made at this point. The 7X group can either be set equal to a positive constant (1?) or a
negative constant (—A?). Depending on this choice, the TY group must be set equal to
a negative constant (—A?) or a positive constant (1?), in order to satisfy Eq. (2-29). The
choice at this point seems arbitrary but in fact it is important.

Recall that one condition for using separation of variables is that one of the coordi-
nate directions must have homogeneous boundary conditions; this was referred to as the
homogeneous direction. In this problem, the x-direction is the homogeneous direction
because the boundary conditions at x = 0, Eq. (2-15), and at x = W, Eq. (2-16), are both
homogeneous. It is necessary to choose the negative constant for the group associated
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with the homogeneous direction (i.e., for Eq. (2-30) in this problem). With this choice,
rearranging Egs. (2-30) and (2-31) leads to the two ordinary differential equations:

&’TX
pEas MTX =0 (2-32)
&’TY
T3 M TY =0 (2-33)
y

We have effectively converted our partial differential equation, Eq. (2-14), into two
ordinary differential equations, Egs. (2-32) and (2-33). The solutions to Egs. (2-32) and
(2-33) can be identified using Maple:

> restart;
> ODEX:=diff(diff(TX(x),x),x)+lambda"2*TX(x)=0;

ODEX = ( d

5 TX(,\')> +22TX(x) =0

dx
> Xs:=dsolve(ODEX);

Xs = TX(x) = _Clsin(ix) + _C2 cos(Ax)
> ODEY:=diff(diff(TY(y),y),y)-lambda2*TY(y)=0;
d

ODEY = ( 1’, TY(Y)) —R2TY(Y) =0
.ay-

> Ys:=dsolve(ODEY);
Ys:=TY(y) = _Cle"*") + _C2e*Y)

So the solution for TX (i.e., the solution in the homogeneous direction) is:
TX = C; sin(Ax) + C; cos (Ax) (2-34)

where C; and C, are undetermined constants. The solution for TY (i.e., in the non-
homogeneous direction) is:

TY = Csexp(—1y) + Csexp(ry) (2-35)

where C; and Cy4 are undetermined constants. Note that Eq. (2-35) could equivalently
be expressed in terms of hyperbolic sines and cosines:

TY = Cssinh (A y) + C4cosh (A y) (2-36)

where C3 and C4 are undetermined constants (different from those in Eq. (2-35)).

The choice of the negative value of the constant for the homogeneous direction (i.e.,
for Eq. (2-30)) has led directly to sine/cosine solutions in the homogeneous direction;
this result is necessary in order to use separation of variables.

Solve the Eigenproblem

It is necessary to address the solution in the homogeneous direction (in this problem,

T X) before moving on to the non-homogeneous direction. This portion of the problem

is often called the eigenproblem and the solutions are referred to as eigenfunctions.
The boundary conditions for 7.X can be obtained by revisiting the original boundary

conditions for the problem in the x-direction using the assumed, separated form of the

solution. Equation (2-15) becomes:

TX,—0TY =0 (2-37)
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which can only be true at an arbitrary location y if:
TX,—o =0 (2-38)
The remaining boundary condition in the x-direction is given by Eq. (2-16) and leads to:
TX,—w=0 (2-39)

Substituting the solution to the ordinary differential equation in the homogeneous direc-
tion, Eq. (2-34), into Eq. (2-38) leads to:

C;sin(A0) +C, cos(10) =0 (2-40)
i
or
G =0 (2-41)
So that:
TX = C sin (Ax) (2-42)
Substituting Eq. (2-42) into Eq. (2-39) leads to:
Cysin(AW)=0 (2-43)

Equation (2-43) could be satisfied if C; is 0, but that would lead to 7X = 0 (and therefore
T = 0) everywhere, which is not a useful solution. However, Eq. (2-43) is also satisfied
whenever the sine function becomes zero; this occurs whenever the argument of sine is
an integer multiple of 7

MW =im wherei=0,1,2,...00 (2-44)

Equation (2-43) satisfies the eigenproblem (i.e., the ordinary differential equation in the
x-direction, Eq. (2-32), and both boundary conditions in the x-direction, Egs. (2-38) and
(2-39)) for each value of A; identified by Eq. (2-44).
TX;=Cy;sin(A;x) where}; = an i=1,2,...00 (2-45)
Note that the i = 0 case is not included in Eq. (2-45) because the sine of 0 is zero; there-
fore this solution does not provide any useful information. The functions 7X; given by
Eq. (2-45) are referred to as the eigenfunctions that solve the linear, homogeneous prob-
lem for TX and the values A; are the eigenvalues associated with each eigenfunction.
The function sin(i 7x/W) is referred to as the i" eigenfunction and A; = i /W is the i"
eigenvalue.

Solve the Non-homogeneous Problem for each Eigenvalue
With the eigenproblem solved, it is necessary to return to the non-homogeneous portion
of the problem, TY. Each of the eigenvalues identified by Eq. (2-44) is associated with
an ordinary differential equation in the y-direction according to Eq. (2-33):

a’Ty; )

— A TYi=0 2-46

dyz L ( )

These ordinary differential equations have either an exponential or hyperbolic solution
according to Egs. (2-35) or (2-36). The choice of one form over the other is arbitrary
and either will lead to the same solution. Because one of the boundary conditions is at
y — 0o, the exponentials will provide a more concise solution for this problem.
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However, in most other cases, the sinh and cosh solution will be easier to work with.
The solution for TY; is:

TY; = G iexp(—A;iy) + Cyiexp (1 y) (2-47)

Obtain Solution for each Eigenvalue
According to Eq. (2-26), the solution for temperature associated with the i'" eigenvalue
is:

Ti=TX;TY; = Cy;sin(%;x) [Cs;exp (—X; y) + Caiexp (X;y)] (2-48)

The products of the undetermined constants C;; C3; and Cy; Cy4; are also undetermined
constants and therefore Eq. (2-48) can be written as:

T,' = sin ()L, X) [C3J' exp (—)\l y) + C4,,' exp ()L, y)] (2-49)

Equation (2-49) will, for any value of i, satisfy the governing differential equation,
Eq. (2-14), and satisfy both of the boundary conditions in the homogeneous direction,
Egs. (2-15) and Eq. (2-16). This is a typical outcome of solving the eigenproblem: a set
of solutions that each satisfy the governing partial differential equation and all of the
boundary conditions in the homogeneous direction. It is worth checking that your solu-
tion has these properties using Maple.

First, it is necessary to let Maple know that i is an integer using the assume
command.

> restart;
> assume(i,integer);

Next, define A; according to Eq. (2-44):

> l[ambda:=i*Pi/W;

Note the use of Pi rather than pi in the Maple code; Pi indicates that 7 should be eval-
uated symbolically whereas pi is the numerical value of x. Create a function T in the
independent variables x and y according to Eq. (2-49):

> T:=(x,y)->sin(lambda*x)*(C3*exp(-lambda*y)+C4*exp(lambda*y));
T := (x,y) — sin(Ax)(C3e"™™) + C4e™)

You can verify that the two homogeneous direction boundary conditions, Egs. (2-15)
and (2-16), are satisfied:

>T(Oy): 0
> T(W.y); 0

and also that the partial differential equation, Eq. (2-14), is satisfied;
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> diff(diff(T(x,y).x),x) +diff(diff(T(x.y).y).y);
751“ (1 :;‘) i~* ((‘3c(*T‘) 4 (a_,lc(f))

W2

+ sin (

i~ 7T.\’> C3i ~2 p2e-F) I C4i~? p2eF)
W w2 W2
> simplify(%);

0

Create the Series Solution and Enforce the Remaining Boundary Conditions
Because the partial differential equation is linear, the sum of the solutions for each
eigenvalue, 7; given by Eq. (2-49), is itself a solution:

o] oo

T =Y T;=) sin(Ax)[Csiexp(—1;y) + Caiexp (hi )] (2-50)
i=1 i=1

The final step of the solution selects the constants so that the boundary conditions in
the non-homogeneous direction are satisfied. Equation (2-18) provides the boundary
condition as y approaches infinity; substituting Eq. (2-50) into Eq. (2-18) leads to:

Tyooo = Z sin (A;x) | C3; exp (—00)+ Cy4; exp(oc0) | =0 (2-51)
] T ——
or
Z sin (A;x) Cy;00 =0 (2-52)

i=1

Equation (2-52) can be solved by inspection; the equality can only be satisfied if C4; =0
for all i.

T = i G5 sin (2, x) exp (—1;y) (2-53)

i=1

Because only C3; remains in our solution it is no longer necessary to designate it as the
third undetermined constant:

T = Z C; sin(A;x) exp (—=2X;y) (2-54)
i=1

Equation (2-17) provides the boundary condition at y = 0; substituting Eq. (2-54) into
Eq. (2-17) leads to:

Ty = i C; sin (1, x) exp (—2;0) = Ty (x) (2-55)

i=1 1
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or

i Cl‘ sin ()‘-i x) = Tb (x) (2-56)

i=1

Equation (2-56) defines the constants in the solution; they are the Fourier coefficients of
the non-homogeneous boundary condition. At first glance, it may seem like we have not
really come very far. The solution to the problem is certainly provided by Egs. (2-54)
and (2-56), however an infinite number of unknown constants, C;, are needed to evalu-
ate this solution and it is not clear how Eq. (2-56) can be manipulated in order to evalu-
ate these constants. Fortunately the eigenfunctions have the property of orthogonality,
which makes it relatively easy to determine the constants C;.

The meaning of orthogonality becomes evident when Eq. (2-56) is multiplied by a
single eigenfunction, say the j one, and then integrated in the homogeneous direction
from one boundary to the other (i.e., from x = 0 to x = W):

oo w . . w .
Zl: G /sin <1Wﬂ x> sin (]Wn x) dx = / Ty (x) sin (%T x) dx (2-57)
= 0 0

The property of orthogonality guarantees that the only term in the summation on the left
side of Eq. (2-57) that will not integrate to zero is the one where i = j. We can verify this
result by consulting a table of integrals. The integral of the product of two sine functions
is:

(D) . (7 (i+)) W
FiGgepon ()2 (™ s ) (—(W) SI

0

This result can be obtained using Maple:

> assume(j,integer);
> assume(i,integer);
> int(sin(i* Pi*x/W)*sin(j*Pi*x/W),x);

W sin m(=it)x W sin i+ )~
W 1 w

(=i + j) 2 7(i+ )

N —

Applying the limits of integration to Eq. (2-58) leads to:

Jon (o (o)s- B[ 50 S 0]

The term involving sin (7 (i + j)) must always be zero for any positive integer values of i
and j because the sine of any integer multiple of 7 is zero. The first term on the right side
of Eq. (2-59) will also be zero provided j # i. However, if j = i then both the numerator
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and denominator of this term are zero and the value of the integral is not obvious. In the
limit that j = i, the value of the integral in Eq. (2-59) is:

O/W () = L [Hnt G=00] o)

b4

The limit of the bracketed term in Eq. (2-60) can be evaluated using Maple:

> restart;
> limit(sin(Pi*x)/x,x=0);

which leads to:

w
/sm ( )dx = % (2-61)
0

This behavior lies at the heart of orthogonality: the integral of the product of two differ-
ent eigenfunctions between the homogeneous boundary conditions will always be zero
while the integral of any eigenfunction multiplied by itself between the same boundary
conditions will not be zero. It is possible to prove that this behavior is generally true for
any solution in the homogeneous direction (see Myers (1987)). The orthogonality of the
eigenfunctions simplifies the problem considerably because it allows the summation in
Eq. (2-57) to be replaced by a single integration. (All of the terms on the left hand side
where j # i must integrate to zero and disappear.)

w w
G /sin <1W71 x) sin (an x) dx = / Ty (x) sin (% x) dx fori=1..00 (2-62)
0 0

The only term in the sum that has been retained is the integration of the eigenfunction
sin(irr x/W) multiplied by itself; notice that Eq. (2-62) provides a single equation for
each of the constants C; and therefore completes the solution.

A more physical feel for the orthogonality of the eigenfunctions can be obtained by
examining various eigenfunctions and their products. For example, Figure 2-4 shows the
first eigenfunction, sin (7 x/ W), and the second eigenfunction, sin (2 7 x/W). Also shown
in Figure 2-4 is the product of these two eigenfunctions; notice that the integral of the
product must be zero as the areas above and below the axis are equal.

Figure 2-5 illustrates the behavior of the second and fourth eigenfunctions and their
product; while their oscillations are more complex, it is clear that the product of these
eigenfunctions must also integrate to zero. Finally, Figure 2-6 shows the behavior of the
third eigenfunction and its value squared; the square of any real valued function is never
negative and therefore it cannot integrate to zero.

The eigenfunctions that are appropriate for other problems with different boundary
conditions will not be sin(i w x/W). However, they will be orthogonal functions. As a
result, the sum that defines the constants in the series can always be reduced to one
equation that allows each constant to be evaluated; the equivalent of Eq. (2-57) can
always be reduced to the equivalent of Eq. (2-62).
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Figure 2-4: Behavior of the first and second eigenfunctions and their product.
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Figure 2-5: Behavior of the second and fourth eigenfunctions and their product.

Equation (2-62) provides an integral equation that can be used to evaluate each of
the coefficients:

w

/ T (x) sin <V;/T x) dx

C; = 7 i=1..00 (2-63)
/sm < )dx
0

Still, it is necessary to determine both of the integrals in Eq. (2-63) in order to evaluate
each coefficient. In some cases, the integrals can be evaluated by inspection or by the
use of mathematical tables; usually these integrals can be evaluated easily with the aid
of Maple. The integral in the denominator of Eq. (2-63) was previously evaluated in
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Figure 2-6: Behavior of the third eigenfunction and its square.

Eq. (2-61). The integral could also be evaluated with the aid of trigonometric identities
and integral tables:

fsin2 l—nx dx—/ 1—cos Zl—ﬂ dx = )_C_lsin 21_” _K
w )12 w 12 2z \w ), T2
0 0

(2-64)
Maple makes this process much easier:
> int((sin(i*Pi*x/W))"2,x=0..W);
w
2
The i coefficient is therefore:
2 r [
G = / Ty (x) sin (% x) dx (2-65)
0

The remaining integral in Eq. (2-65) depends on the functional form of the boundary
condition. The simplest possibility is a constant temperature, 75, which leads to:

w

2T ] 2T ' Yoar

C ==L [ sin ) dx = —Z " 1cos i =-° [1 —cos(in)] (2-66)
w w i w 0 im

0

or, using Maple:

> 2*Tb*int(sin(i*pi*x/W),x=0..W)/W;
2Tb(—1 + cos(im))

i
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Substituting Eq. (2-66) into Eq. (2-54) leads to:
2Ty i in
T=Y Z"2[1-cos(in)] sin( — - 2-67
; e [1 — cos (in)] sm(Wx)eXp< Wy) (2-67)

It is usually more convenient to let Maple carry out the symbolic math and then evaluate
the solution using EES. The input parameters are entered in EES:

$UnitSystem SI MASS RAD PAK J
$Tabstops 0.2 0.4 0.6 3.5 in

“Inputs”

W=1.0 [m] “‘width of plate”

k=10 [W/m-K] “conductivity of plate”
T_b=1 [K] “base temperature”

The temperature is evaluated at an arbitrary location:

“position to evaluate temperature”
x=0.1 [m] “x-position”
y=0.25 [m] “y-position”

Each of the first N terms of the series solution in Eq. (2-67) are evaluated using a dupli-
cate loop. The coefficient for each term is evaluated using the formula obtained in Maple
by copying and pasting it into EES.

N=10 [-] “number of terms in the solution to evaluate”
duplicate i=1,N
Cli]=-2*T_b*(-1+cos(i*pi))/(i* pi) “constant for i'th term in the series”
T[i]=C[il*sin(i* pi*x/W)*exp(-i* pi*y/W) “I'th term in the series”
end

The terms in the series are summed using the sum function in EES:

T=sum(T[1..N]) “sum of N terms in the series”

A parametric table is created in order to examine the temperature as a function of posi-
tion along the bottom of the plate, y = 0. The ability of the solution to match the imposed
boundary condition depends on the number of terms that are used. Figure 2-7 illustrates
the solution with 5, 10, and 100 terms.

A contour plot of the temperature distribution is generated by creating a parametric
table containing the variables X, y, and T that includes 400 runs. Click on the arrow in the
x-column header in order to bring up the dialog that allows values to be automatically
entered into the table. Click the check box for the option to repeat the pattern of running
x from 0 to 1 every 20 rows, as shown in Figure 2-8(a). Repeat the process for the y
column, but in this case apply the pattern of running y from 0 to 1 every 20 rows, as
shown in Figure 2-8(b).

When the table is solved, the solution is obtained over a 20 x 20 grid ranging from
0 to 1 in both x and y. Select X-Y-Z Plot from the New Plot Window selection under the
Plots menu and select Isometric Lines to generate the contour plot shown in Figure 2-9.
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14

N =100 terms N =5 terms

1.2

o
o

Temperature (K)

0O 01 02 03 04 05 06 07 08 09 1
Position, x (m)

Figure 2-7: Temperature as a function of x at y = 0 for different values of N.

#: coumn 1 kiES| . v covmnz 21 x|
FistRow [l 2] | C Clear Values Apply FistRow [l 2] | C Clear Values Apply
Last Row |Iill ¢l @ Enter Values Last Row |Iill ¢l ' Enter Values

~Enter Values : : . Enter Values :
First Value |U m First Value |D m
Il_a:l value ;I |1 m Il_a:l value ;I |1 m
¥ |Repeat pattern every x| |20 %] roms ¥ |Apply pattern every =] [200 %] rows
¢ OK X Cancel | ¢ OK X Cancel |
(a) (b)

Figure 2-8: Automatically entering repeating values for (a) x and (b) y.

More complicated boundary conditions can be considered at y = 0. For example,
the temperature may vary linearly from O to 1 K according to:

X
T (x) =T W (2-68)
The coefficients in the general solution, Eq. (2-54) are obtained by substituting
Eq. (2-68) into Eq. (2-65):
2T r [
C =57 / x sin (% )dx (2-69)
0

which can be evaluated using Maple:

> restart;
> assume(i,integer);
> Cl[i]:=2*T_b*int(x*sin(i*pi*x/W),x=0..W)/W"2;

2T _b(—sin(i ~ m) + cos(i ~ )i ~ )

I',\,Z 7,2

C/W =
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Position, y (m)

0.9
0 01 02 03 04 05 06 07 08 09 1
Position, x (m)

Figure 2-9: Contour plot of temperature distribution for constant temperature boundary.

The Maple result is copied and pasted into EES to achieve:

»

N=100 [-] “number of terms in the solution to evaluate
duplicate i=1,N
{ Cli]=-2*T_b*(-1+cos(i*pi))/(i*pi)
“constant for i'th term in the series, constant temp. boundary”}
Cli]=-2*T _b*(-sin(i*pi)+cos(i*pi)*i*pi)/i"2/pi"2
“constant for i’'th term in the series, linear variation in boundary temp.”

T[i]=C[il*sin(i* pi*x/W)*exp(-i* pi*y/W) “I'th term in the series”
end
T=sum(T[1..N]) “sum of N terms in the series”

It is obviously not possible to include an infinite number of terms in the solution and
therefore a natural question is: how many terms are sufficient? The magnitude of the
neglected terms can be assessed by considering the magnitude of the last term that was
included. For example, Figure 2-10 shows the Arrays Table that results when the solu-
tion is evaluated at x = 0.1 m and y = 0.25 m with N = 11 terms. The size of the terms
in the solution drop dramatically as the index of the term increases. The accuracy of
the solution computed using 11 terms is within 3.2 x 10 K of the actual solution and
therefore it is clear that only a few terms are required at this position.

However, the number of terms that are required depends on the position within
the computational domain. More terms are typically required to resolve the solution
near the boundary and, in particular, near boundaries where non-physical conditions
are being enforced. For example, in this problem we are requiring that an edge at 7= 0
(i.e., the left edge) intersect with an edge at T =1 (i.e., the bottom edge) which results
in an infinite temperature gradient at x = y = 0 that cannot physically exist.

Summary of Steps
The steps required to solve a problem using separation of variables are summarized
below:

1. Verify that the problem satisfies all of the conditions that are required for separa-
tion of variables. The partial differential equation must be linear and homogeneous,
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- 101 x
Sort ; G i Ti
1] 0.6366 | 0.0897 |
2] -0.3183 -0.03889
3] 0.2122 0.01627
Figure 2-10: Arrays Table containing the solution [4] -0.1592 -0.006541
terms for x = 0.1 mand y = 025 m and N = 11 5] 0.1273 0.002509
rerms- [6] T-0.1061 | -0.0009065
[7] 0.09095 0.0003014
[B] -0.07958 | -0.00008735
9] 0.07074 | 0.00001861
[10] -0.06366 = 5.110E-18
[11] 0.05787 i

all boundary conditions must be linear, and both boundary conditions in one direc-
tion (the homogeneous direction) must be homogeneous. If the problem does not
meet these requirements then it may be possible to apply a simple transformation
to the boundary conditions (as discussed in Section 2.2.3), use superposition (as dis-
cussed in Section 2.4), or carefully divide the problem into its homogeneous and
non-homogeneous parts (as discussed in Section 2.3.2).

2. Separate the variables; that is, express the solution (7) as the product of a function
of x (T X) and a function of y (T'Y"). Use this approach to split the partial differential
equation into two ordinary differential equations; the ordinary differential equation
in the homogeneous direction should be selected so that it is solved by a function
involving sines and cosines.

3. Solve the ordinary differential equation in the homogeneous direction (the eigen-
problem) and apply the boundary conditions in this direction in order to obtain the
eigenfunctions and eigenvalues.

4. Solve the ordinary differential equation in the non-homogeneous direction for each
eigenvalue.

5. Determine a solution for temperature associated with each eigenvalue, 7;, using
the results from steps 3 and 4. This solution should satisfy the partial differential
equation and both of the homogeneous direction boundary conditions. It is helpful
to use Maple to check this solution.

6. Express your general solution as a series composed of the solutions for each eigen-
value that resulted from step 5.

7. Enforce the boundary conditions in the non-homogeneous direction in order to
determine the constants in the series. Note that this step will require that the prop-
erty of the orthogonality of the eigenfunctions be utilized at one or both of the two
non-homogeneous direction boundary conditions. The property of orthogonality is
utilized by multiplying the series solution by an arbitrary eigenfunction and inte-
grating between the two homogeneous boundaries. This mathematical operation
will reduce the series to a single equation involving the constants for only one of
the terms in the series. The integration required to carry out this step can often be
facilitated using Maple and the resulting equation can often be solved using EES.
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Figure 2-11: Rectangular plate problem stated (a) in terms of temperature, 7, and (b) in terms of
temperature difference, 6.

2.2.3 Simple Boundary Condition Transformations

The separation of variables technique discussed in Section 2.2.2 can be applied to a lin-
ear and homogeneous problem that has linear boundary conditions. In addition, both
of the boundary conditions in one direction must be homogeneous; that is, any solution
that satisfies the boundary condition must still satisfy the boundary condition if it is mul-
tiplied by a constant. Three types of linear boundary conditions are often encountered
in heat transfer problems: (1) specified temperature, (2) specified heat flux, and (3) con-
vection to a fluid of specified temperature. Direct application of any of these conditions
generally results in a non-homogeneous boundary condition. In general, it is possible to
deal with non-homogeneous boundary conditions through superposition, as discussed
in Section 2.4, or by breaking a solution into its particular and homogeneous compo-
nents, as discussed in Section 2.3.2. However, it is often possible to apply a relatively
simple transformation in order to reduce the number of non-homogeneous boundary
conditions by at least one, thereby (possibly) avoiding the need to use these advanced
techniques.

Consider the rectangular plate shown in Figure 2-11(a). The governing differential
equation (assuming that there is no convection from the top and bottom surfaces or
thermal energy generation within the plate material) is:

T 9T
o Ty 7Y @70)
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The differential equation is linear and homogeneous. The plate has a specified
temperature-type boundary condition at the bottom edge:

Tyeo =T (2-71)

Equation (2-71) is not homogeneous unless 7, = 0. The plate has a convection-type
boundary condition applied to the left edge:

_ T
7 (Ta — Toy) = —k 2L

o (2-72)

x=0
Equation (2-72) is not homogeneous unless T, = 0. The plate has specified heat flux-

type boundary conditions applied to the remaining two edges; these boundaries are adi-
abatic and therefore the specified heat flux is equal to 0:

oT

1 =0 (2-73)
X | w

oT

= =0 (2-74)
ay y=H

Because the specified heat flux is zero (i.e., the boundaries are adiabatic), Egs. (2-73)
and (2-74) are homogeneous.

The problem posed by Figure 2-11(a) cannot be directly solved using separation of
variables as neither direction is characterized by two non-homogeneous boundary con-
ditions. However, it is possible to reduce the number of non-homogeneous boundary
conditions by one. The problem is transformed and solved for the temperature differ-
ence relative to a boundary temperature; that is, the problem is solved in terms of either
0=T-Tx or 8 =T - T, rather than T. The governing differential equation that results
is unaffected by this modification (the derivatives of 6 are the same as those of T') and
it is easy to re-state the remaining boundary conditions in terms of 6 rather than 7. For
example, transforming the problem shown in Figure 2-11(a) to solve for:

0=T T, (2-75)

results in the problem shown in Figure 2-11(b). The problem posed in terms of 6 can
be solved directly by separation of variables because both boundary conditions in the
y-direction are homogeneous.

EXAMPLE 2.2-1: TEMPERATURE DISTRIBUTION IN A 2-D FIN

In Section 1.6 the constant cross-section, straight fin shown in Figure 1 was analyzed
under the assumption that it could be treated as an extended surface (i.e., tempera-
ture gradients in the y direction are neglected). In this example, the 2-D temperature
distribution within the fin will be determined using separation of variables.

Figure 1: Straight, constant cross-sectional area fin. =

b T,

)

th

Assume that the tip of the fin is insulated and that the width (W) is much larger than
the thickness (th) so that convection from the edges can be neglected. The length of
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the fin is L. The fin base temperature is T} and the fin experiences convection with
fluid at T, with average heat transfer coefficient, h.

a) Develop an analytical solution for the temperature distribution in the fin using
separation of variables.

The upper and lower halves of the fin are symmetric; that is, there is no difference
between the upper and lower portions of the fin and therefore no heat transfer across
the mid-plane of the fin. The mid-plane of the fin (i.e., the surface at y = 0) can
therefore be treated as if it were adiabatic. The computational domain including
the boundary conditions is shown in Figure 2(a).

aT -
—k— =h (L=~ 1.
dy y=th/2 ( - )
Y -7
Tmo=Tr— th/2 P ‘5\
—2+—2 =0 JaT _
ox ay y —| =0
; ox x=L
< L —»;
Y v
X v /
//////////////.3<//// 7/
i
=0
(a)
a0 —
—k— =hOy-mr—0..
dy y=th/2 (y )
f Ty
GXZO =0 ~~—e thi2 820 826 ;\ 00
—2+—2 =0 _ =0
ox”  dy v, ox|._s
; X
< L —»/
v %
DA / /
TITITT77777 777777
00
_ — 0
ay y=0

(b)

Figure 2: Problem statement posed in terms of (a) temperature, 7, and (b) temperature diff-
erence, 6.

The governing equation within the fin can be derived using the process described
in Section 2.2.2:

2T 92T
=0

dx? + dy?

Figure 2(a) indicates that the problem stated in terms of T has two non-homogeneous
boundary conditions (the base and the top surface). However, the boundary condi-
tion at the base can be made homogeneous by defining:

0=T-T,
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so that the governing equation becomes:

8% 9%0

2= 1
8X2+8y2 )

The boundary conditions for the transformed problem, illustrated in Figure 2(b),
are:

Ox—0=0 2)
a0
— =0 3)
0X |41
20
2l =0 )
8y y=0
06 -
—k — = h(@y—tn/2 — O0) 5)
OV | y—thy2 =
where
O = Too — T

The problem stated in terms of 6 satisfies all of the requirements discussed in
Section 2.2.2 with x being the homogeneous direction. Therefore, the separation of
variables solution proceeds using the steps laid out in Section 2.2.2. The solution
for the temperature difference (6) is expressed as the product of a function only of
x (0X) and a function only of y (6 Y):

0(x,y)=0X(x) 0Y (y) (6)

Substitution of Eq. (6) into Eq. (1) leads to two ordinary differential equations, as
shown in Section 2.2.2:

d?0X
T +A1%0X =0
d?ey
oy FA0Y =0

It is necessary to determine the sign of the constant A in the ordinary differential
equations. Recall that it is necessary to have the sine/cosine eigenfunctions in the
homogeneous direction. Therefore, it is necessary to select the positive sign for
the ordinary differential equation for 6X and the negative sign for the ordinary
differential equation for 6Y:

d?0X

dx? +220X =0 (7)
a2y
ay? —220Y =0 (8)

The next step is to solve the eigenproblem (i.e., the problem for 6X); the solution to
the ordinary differential equation for 6X, Eq. (7), is:

0X = Cysin (A x) + C, cos (A x) )
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The boundary conditions for X are obtained by substituting Eq. (9) into Egs. (2)
and (3):

9Xx_o =0 (10)
dox

_ 1
ax |, 0 (11)

Substituting Eq. (9) into Eq. (10) leads to:

0Xx—o=C18in(L0) +Cycos(A0)=0
~——— ~———
0 1

which can only be true if C; = 0. Substituting Eq. (9), with C, = 0, into Eq. (11)
leads to:
dox
- =CiArcos(AL)=0
dx |,_p

which can only be true if the argument of the cosine function is 7 /2, 37 /2, 57/2,
etc. Therefore, the argument of the cosine function must be:

(1+21)
2

The eigenfunctions of the problem are:

ML= 7 wherei=0,1,2,...

0X;=Cy;sin(r;x) wherei=0,1,2,... (12)
and the eigenvalues of the problem are:

(1+2i)7
Ai=—— 13

=t (13)

The next step is to solve the problem in the non-homogeneous direction. The ordi-

nary differential equation in the y-direction that is associated with each eigenvalue

1S:
d*ey;
—— —A9Y; =0
dy? !

which is solved by either
0Y; =Csiexp(riy)+ Caiexp(—2; y)
or
0Y; = C;;cosh (A; y) + Cs;sinh (A; y) (14)

The choice of either exponentials or sinh and cosh is arbitrary in that both will
lead to the correct solution. However, the proper choice often makes the solution
process easier. The plate in Figure 2-3 extended to infinity where the temperature
became zero. As a result, the constant multiplying the positive exponential was
forced to be zero, which made the problem easier to solve. Looking ahead for this
fin problem, we see that the gradient of temperature at y = 0 must be 0. This
boundary condition would not eliminate either of the exponential terms. On the
other hand, the boundary condition will force the constant C, ; in Eq. (14) to be zero
and therefore the sinh term will be eliminated. Clearly then, Eq. (14) is the better
choice; a little insight early in the problem can make the solution process easier.
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The next step is to determine the temperature difference solution associated
with each eigenvalue:

0; =0X;0Y; =sin (1; x) [Cs;cosh (A; y) + Ca s sinh (2; v)]

where the constant C; ; was absorbed into the constants Cs; and C, ;. This solution
should satisfy both of the homogeneous boundary conditions as well as the partial
differential equation for all values of i; it is worthwhile using Maple to verify that
this is true. Specify that i is an integer and enter the definition of the eigenvalues:

> restart;
> assume(i,integer);
> lambda:=(1+2*i)*Pi/(2*L);

=
[T
[=]
1
N
<<
=
=
=
-
=
=
oc
-
&2
[=]
L
oc
=
=

(1+2i~)rw
2L

Enter the solution for each eigenvalue:

> T:=(x,y)->sin(lambda*x)*(C3*cosh(lambda*y)+C4*sinh(lambda*y));
T := (x, y) — sin(Ax)(C3 cosh(ry) + C4 sinh(1y))

Verify that the solution satisfies the two boundary conditions in the x-direction,
Egs. (2) and (3):

> T(0,y);

> eval(diff(T(x,y),x),x=L);

and the partial differential equation, Eq. (1):

> diff(diff(T(x,y),x),x)+diff(diff(T(x,y),y).y);

n <7(] i ZiN)nx) (1 4+ 2i~)%n? <C3 cosh <7(] i 2i'v)7ry) + C4 sinh <7(1 S 21’N)ﬂy)>

1° 2L 2L 2L
4 L?
1+ 2i~ o
. C3cosh M (1 + 2i~)?xm?
i (14+2i~)mx 1 2L
S11 =
° 2L 4 L2

| C3sinh <M> (1 + 2i~)?n?

L1 2L
4 L2

> simplify(%);
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The sum of the solutions for each eigenvalue becomes the general solution to the
problem:

6 = Zei =60X;0Y; = Zsin (A; x) [C3,;cosh (A; y) + Ca i sinh (A; y)] (15)
i=0 i=0

The boundary conditions in the non-homogeneous directions are enforced. Substi-
tuting Eq. (15) into Eq. (4) leads to:

30 >
— = Z sin(A;x) | Cs ;A; sinh(A;0) + C4 ;2; cosh(2;0) | =0
W= 35 T

The cosh(0) = 1 and the sinh(0) = 0 (much like the cos(0) = 1 and the sin(0) = 0)
and therefore this boundary condition can be written as:

Z sin ()\i X) C4’1' )»1' =0
i=0
which can only be true if C,; = 0, therefore:
6 =Y C; sin(%; x) cosh (%; y) (16)
i=0
where the subscript 3 has been removed from Cj; as it is the only remaining unde-

termined constant. Equation (16) is substituted into the boundary condition at
y =th/2, Eq. (5):

= . . . th = (< . . th
-k Z C; sin (A; x) A; sinh <ki ?) =h (; C; sin (A; x) cosh <Ai ?) — 900>

i=0 i—

which can be rearranged:

> kA th th
Z C; sin (A; x) [ 7 sinh ()\.j ?> + cosh (Aj ?>i| =0 17)
i=0

The eigenfunctions must be orthogonal between x = 0 and x = L (it is not necessary
to prove this for each problem) and therefore Eq. (17) can be converted into an
algebraic equation for each individual constant. Equation (17) is multiplied by one
eigenfunction, sin(A; x), and integrated from x =0 to x = L:

oo

L L
ZCI- [kﬁ)‘i sinh (Ai%> + cosh (Ai %)]/sin(kix) sin (A x) dx zem/sin(xjx) dx

i=0 0 0
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Orthogonality guarantees that the integral on the left side of this equation will be
zero for every term in the summation except the one where i = j; therefore, the
series equation can be rewritten as:

L L
Ci [k)L ( th)—i—cosh( >:|/sm (A x)dx = 0s /sm (A x)
h 2
0 0

The coefficients are evaluated according to:

L
Ooo / sin (A; x)dx
Ci= 0 (18)

L
|:kk ( th) + cosh ()\1‘ El>i|/sin2 (rix)dx
7 2 2
0

The integrals in Eq. (18) can be evaluated either using math tables or, more easily,
using Maple:

> restart;
> assume(i,integer);
> lambda:=(1+2*i)*Pi/(2*L);

B (1+2i~)7
- 2L
> int(sin(lambda*x),x=0..L);
DL
(1 +2i~)w
> int(sin(lambda*x)*sin(lambda*x),x=0..L);
IL;
2

The constants can therefore be written as:
20

L; |:kT)” sinh (Ai ﬁ) + cosh (Ai ﬁ)}
h 2 2

Equations (16) and (19) together provide the analytical solution for the temperature
distribution within the fin.

Ci = (19)

b) Use the analytical solution to predict and plot the temperature distribution in a
fin that is L = 5.0 cm long, th = 4 cm thick, with conductivity k = 0.5 W/m-K, and
h =100 W/m?-K. The base temperature is T, = 200°C and the fluid temperature
is T, = 20°C.
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The inputs are entered in EES:
“‘EXAMPLE 2.2-1: 2-D Fin”

$UnitSystem SI MASS RAD PA C J
$Tabstops 0.2 0.4 0.6 0.8 3.5

“Inputs”

th_cm=4 [cm] “thickness of fin in cm”
th=th_cm*convert(cm,m) “thickness of fin”

L=5 [cm]*convert(cm,m) “length of fin”

k=0.5 [W/m-K] “thermal conductivity”
h_bar=100 [W/m"2-K] “heat transfer coefficient”
T_b=converttemp(C,K,200[C]) “base temperature”
T_infinity=converttemp(C,K,20[C]) “fluid temperature”

Dimensionless coordinates within the fin are defined in order to facilitate plotting
the temperature distribution:

y_bar=0.5 “dimensionless y-position”
x_bar=0.5 “dimensionless x-position”
y=y_bar*th “y-position”
x=x_bar*L “x-position”

The solution is implemented using a duplicate loop that calculates the first N terms
of the series. The number of terms that is required for accuracy should be checked
by exploring the sensitivity of the calculation to the number of terms in the same
way that a numerical model should be checked for grid convergence.

N=100 “number of terms in series”
duplicate i=0,N
lambdal[il=(1+2*i)*pi/(2*L) “eigenvalues”
Cli]=2*(T _infinity-T _b)/(L*lambdali]* (k*lambdali]*sinh(lambda[i]*th/2)/h_bar+cosh(lambdal[i]*th/2)))
“constants”
theta[i]=Cl[i]*sin(lambdal[i]*x)*cosh(lambdali]*y) “term in summation”
end
theta=sum(theta[0..N]) “temperature difference”
T=theta+T_b “temperature”
T_C=converttemp(K,C,T) “in C”

Figure 3 shows the temperature distribution as a function of x/L for various values
of y/th. Notice that for these conditions, an extended surface (i.e., 1-D) model of
the fin would not be justified because there is a substantial difference between the
temperature at the center of the fin (y/th = 0) and the edge (y/th = 0.5). This is
evident from the Biot number:
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Bi=h_bar*th/(2k) “Biot number”

which leads to Bi = 4.0.
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Figure 3: Temperature as a function of x/L for various values of y/th.

c) Use the analytical solution to predict the fin efficiency of the 2-D fin.

The rate of conductive heat transfer into the base of the fin is:

th/2

. a0
0

x=0

Substituting Egs. (16) and (19) into Eq. (20) leads to:

th/2

/ cosh (x; y)dy
kW &

. _ 0
Qfin = =4 O Z PEV th th
i=0 [ —sinh | A; — ) +cosh ([ A; —
T 2 2

The integral can be accomplished using Maple:

> restart;
> int(cosh(lambda*y),y=0..th/2);

sinh

Ath
N2

>/
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so that the rate of conductive heat transfer to the fin is:

sinh <A th)
00 1 i
) kw 2
Gin = —40 —7— D K . th th 1)
i=0 A; | —sinh (A; — ) +cosh [ A; —
iz 2 2

The fin efficiency, discussed in Section 1.6.5, is defined as the ratio of the rate of
heat transfer to the maximum possible rate of heat transfer rate that is obtained with
an infinitely conductive fin:

Qﬁn
pon = 2
T S RW L (T — To) )

Substituting Eq. (21) into Eq. (22) leads to the fin efficiency predicted by the 2-D
analytical solution:

. th
ok & sinh <Ai E)

Nfin,2D = = Z )
hL* = A [% sinh (Ai %) + cosh (Ai %)]

which is evaluated in EES according to:

duplicate i=0,N
eta_fin[i]=(2*k/(h_bar*lambdal[i]*L"2))*sinh(lambdali]*th/2)/(k*lambdali]* sinh(lambdal[i]*th/2)/h_bar+&
cosh(lambdali]*th/2))
end
eta_fin=sum(eta_fin[0..N])

d) Plot the fin efficiency predicted by the 2-D analytical solution as a function of
the fin thickness and overlay on the plot the fin efficiency predicted using the
extended surface approximation, developed in Section 1.6.

Figure 4 illustrates the fin efficiency predicted by the 2-D model as a function of
fin thickness. Overlaid on Figure 4 is the solution from Section 1.6 that is listed in
Table 1-4 for a fin with an adiabatic tip:

tanh (m L)
mlL

L—JEZL
ME=\ %

As the fin becomes thicker, the impact of the temperature gradients in the
y-direction, neglected in the 1-D solution, become larger and therefore the 1-D

Nfin,1D =

where
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and 2-D solutions diverge, with the 1-D solution always over-predicting the perfor-
mance.
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0 1 2 3 4 5 6 7 8 9 10
Fin thickness (cm)

Figure 4: Fin efficiency as a function of the fin thickness predicted by the 2-D solution and the 1-D
solution.

The ratio 7 2p/nfin,1p is shown in Figure 5 as a function of the Biot number; recall
that the Biot number was used to justify the extended surface approximation in
Section 1.6. Note that 1-D model is quite accurate (better than 2%) provided the
Biot number is less than 0.1 and, surprisingly, remains reasonably accurate (10%)
even up to a Biot number of 1.0.
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Figure 5: Ratio of the fin efficiency predicted by the 2-D solution to the fin efficiency predicted by
the 1-D solution as a function of the Biot number.
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236 Two-Dimensional, Steady-State Conduction

EXAMPLE 2.2-2: CONSTRICTION RESISTANCE

Figure 1 illustrates the situation where energy is transferred by conduction through
a structure that suddenly changes cross-sectional area. The conduction resistance
associated with this structure can be computed using separation of variables. This
problem also illustrates an issue that is often confusing for separation of variables
problems; specifically, the zeroth term in a cosine series must often be treated
separately from the rest of the series. The proper methodology for dealing with this
situation is demonstrated in this example.

¢=10,000 W/m’

Wi

c=1.5cm—e—>|
b=5.0cm

< »
< >

k=50W/m-K¢, ;= 10cm Figure 1: A constriction in a conduction path.
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The width of the larger cross-sectional area is b = 5.0 cm and its length is a =
10 cm. The heat flux, ¢”= 10,000 W/m?, is applied to the upper surface over a
smaller width, ¢ = 1.5 cm. The conductivity of the material is k = 50 W/m-K. The
bottom surface of the object is maintained at some reference temperature, taken to
be 0.

a) Develop a solution for the temperature distribution in the material.

The partial differential equation for the problem is:

0*T | 0°T _

—_ =0 1
8X2+8y2 M)

The boundary conditions in the x-direction are:

oT
0x

=0 @

x=0

oT
0x

=0 (3)

x=b

and the boundary conditions in the y-direction are:

Tyoo=0 “4)

)19 x<c
y:a_{o (5)

xX=c

oT

k—

9y

The first step in the solution is to verify that separation of variables can be applied
to the problem without transformation or superposition. The governing partial dif-

ferential equation is linear and homogeneous, all of the boundary conditions are
linear, and both boundary conditions in the x-direction are homogeneous. Therefore
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the problem meets all of the requirements discussed in Section 2.2.2 and separation
of variables can be applied, with x being the homogeneous directio